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PHEFACE 


In the author’s i>ook "Thooiy of Elasticity" thp deformation 
of bodies all three dimensioas of which are of the same order of 
mafjnflude nas considered. The present hook discusses only 
those problem-s in which one dimension of a body (the thickness 
of a plate or shell) can lie considered a-s small in comparison with 
the other dimensions 

There are many enpnecnng structures in which plates and 
shells are u«ed extensively Notable examples jnekidc the steel 
plates of ship hulls submitted to the action of water pressure, 
concrete and reinforced concrete slabs under the action of lateral 
loading, domes and thin-wwlled tanks and containere of various 
hhape.s submitted to the action of internal or external pressure. 
A variety of problems concerning (he bending of ciretdar plales 
or of conical and splicncal hhells is encountered in the design of 
lioilers, Jocomotivo engines and steam turbines. Particularly 
at the present time thiu-wallod structures are finding a wide 
application in the modem development of airplane structures. 

In all cases in w hich one dimension of a body is small in corn* 
parison with (he others, the problem of finding stresses and 
deflections can be simplified and various approximate methods 
of anal^-sLs have been developed This book is occupied pnn- 
cipally with the dwcussion of such methods. 

The book is written prineipalb’ for engineers engaged in the 
design of thin walled structures With specific applications in 
\iew, discussion of the general theory of plates ia limited to a 
minimum, most of the space being devoted to the investigation 
of particular problems. The treatment of these problem-s is not 
limited to the development of a general solution, but in many 
cases complete numerical calculations are earned out and pre- 
sented in the form of tables containing the values of the deflec- 
tions and stresses for various proportions of plates and for various 
load conditions. 

The preliminary knowledge of mathematics and strength 
of materials that Is taken for granted Is that usually covcreil by 
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our schools of engineering. Where additional mathematical 
equipment is neccssarj*, it is given in the book wth appropriate 
explanations To simplify the reading of the book, the portions 
which, although of practical importance, are such that they can 
l>e omitted during a first reading are put in small type. The 
reader may return to the study of such topics after finishing the 
more essential portions. 

Numerous references to papers treating problems on bending 
of plates and shells are given in the book. These references 
may be of interest to engineers who wish to study some special 
problems in more detail Thej’ give abo a picture of the modern 
development of the theory of plates and shells and may be of 
u«o to graduate students who are planning to take their work in 
this field 

In writing this volume the author made free use of his earlier 
Russian text dealing uith plates and shells.' The numerical 
tables for laterally loaded plates were taken, in many cases, 
from the books by J G Boobno\* and by B G. Galerkin.* 
In the preparation of (he chapters on thin shelb, the author 
consulted often the recent work on this subject by W. Flilggc * 

In the preparation of the manuscript, the author was helped 
by his former pupils, Dr. Stewart Way, Dr. Mikl63 Het^nyi, 
and Dr Elmer Bergman, and he takes this opportunity to thank 
them for the reading of portions of the manuscript and for various 
valuable suggestions which they have made. He abo expresses 
thanks to Mr. Walter Vincenli, his present student at Stanford, 
for help in the final preparation of the manuscript, for the pre- 
paration of the figures and for the reading of proofs. The author 
wishes here abo to express appreciation to the University of 
^lichigan and to Stanford University for financial assistance 
in the preparation of tables, diagrams and figures 

S. Timoshenko. 

SfAsrono Umvebsitt, 

I&40 

* “Theory of Elasticity,’’ vol 2, 1916, St Petersburg 

' '‘Theory ol Stnieture d SVups." 1914, Bt. Petersburg 

* “Dastic Thin Pistes,” 1933, Moscow 

* “Ststik und DjusmOt der Sebalen," 1034. Rerlm 
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Q.. Q, 


K., 


Rectangular coordinates 
Polar coordioatea 

Radii of curvature of llie middle eurfsce of a plate in xa- and 

I/r-plancs, respectively 

Thickness of a plate or a shell 

Intensity of a continnoualy dmtnbuted load 

Pressure 

Weight per unit volume 

Normal components of stress paralM to x-, y- and z-oxea 
Normal component of stress parallel to n-direction 
Rsdiat and tangential normal stresses in polar coordinates 
Shearing stress 

Shearing stress components in rectangular coordinates 
Components of displacements 
Unit elongation 

Unit elongations in x>, y- and e-direotions 

Radial and tangential unit elongations in polar coordinates 

Unit elongations of a shell in meridional direction and ui the 

direction of parallel circle, respoetively 

Shearing strain eomponents m rectangular coordinates 

Shearing strain in polar coonlinates 

Modulus of elasticity in tension and compression 

Modulus of elastiaty in shear 

Posseon'a ratio 

Strain energy 

Flexural rigidity of a plate 

Bending moments per unit length of sections of a plate per- 
pendicular to X- and y-axes, respeetiTely 
Tnisting moment per unit length of section of a plate perpen- 
dicular to z-axis 

Bending and twisting moments per unit length of a section of 
a plate perpendicular to n-directioa 

Shearing forces parallel to z-azis per unit length of Rcetiona ef 
a plate perpendicular to *-aod jf-axes, respectively 
Shearing force parallel to z-axIs per unit length of Si-ction of a 
plate perpendicular to n-direction 

Normal forces perunitJengthof sections of opiate perpcntLc- 
ular to X- and y-dirertiona, respectively 
Shearing force in direction of i^aius per uni* length of section 
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tiaii in tnrnilioiial ptnno and in the iiorninl piniic perpendic- 
ular to mendian, iv»pecU%cly 

X*, xt Changes of curvature of a shell in mendmnal pi me and in the 
jilanc perpendicular to meridian, respectively 
XI* T« 1st of a shell 

A'*, A'l, A'*» Membrane forees per unit leiiath of principal iionnat sections 
of a shell 

Mt, -If* IWiKliiig momenta in a shell l>er unit length of meridional 
section and n section perpendicular to meridian, resjiectively 

X«5 X* Changes of curvature of a cjlindncnl shell m axial plane and 
in a plane perpendicular to the axis, respectively 
Ni, Aft, A’t« Membrane forees per unit length of axial section and a section 
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Aft* Twi'Ung moment per uml tength of an axial section of ft 
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0*1 Qt Sheanng fom-s parallel to r>axia per unit length of an axial 
section and a section perpendicular to Iho axis of a cylindrical 
shell, respectively 
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CHAPTER I 

BENDING OF LONG RECTANGULAR PLATES 
TO A CYLINDRICAL SURFACE 


1. Differential Equation for Cylindrical Beading of Plates.- 
We shall begin the theory' of bending of plates with the simple 
problem of the bending of a long rectangular plate that is sub- 
jected to a transverse load that does not vary along the length of 


the plate. The deflected sur- 
face of a portion of such a plate 
at a considerable distance 
from the ends* can be as- 
sumed cylindrical, with tlie 
axis of the cylinder parallel to 
the length of the plate We 
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can therefore restnet ourselves 


to the invastigation of tho bending of an elemental strip cut from 
the plate by two planes perpendicular to the length of the plate 
and a unit distance (say 1 in ) apart. The deflection of thii strip 
is pven by a differential equation wluchlssimilar to the deflection 
equation of a bent beam. 

To obtain the equation for the deflection, we consider a plate 
of uniform thickness, equal to h, and take the iry-plane as the 
middle plane of the plate before loading, t e , as the plane midway 
betw een the faces of the plate. Let the y-axis coincide with one of 
the longitudinal edges of the plate and Jet the positive direction 
of the z-axis be downward, a.s shown in Fig. 1. Then if the width 
of tho plate is denoted by I, the elemental strip may be considered 


1 The relation between the length and the width of a plate m order that 
the maximum stress may approxiinate that in an infinitely long plate is 
discussed later; see pp 130 and 136 
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as a bar of rectangular cross section which lias a length of I and 
a depth of h In calculatii^ the bending stresses in such a bar 
we assume, as m the ordinary theory of beams, that cross sections 
of the bar remain plane dunng bending so that they undergo 
only a rotation with respect to their 
neutral axes. If no normal forces are 
applied to the end sections of the bar, 
the neutral surface of the bar coincides 
mth the middle surface of the plate, 
and the unit elongation of a fiber par- 
allel to the x-axis is proportional to its 
distAncezfcotathemiddleBurface. The 
curvature of the deflection curve can be 
taken equal to — d^tr/dx’, where w, the 
deflection of the bar in the *-dircction, 
is assumed to be small compared with 
the length of the bar 1. The unit elongation u of a fiber at a 
distance 2 from the middle surface (Pig 2) is then —a d*tp/dx*. 

Making use of Hooke’s lau, the unit elongations t, and in 
terms of the normal stresses^, and Vy acting on the element shown 
shaded m Fig. 2a are 



'•-E~ E 

where E is the modulus of elasticity of the material and v is 
Poisson’s ratio The lateral strain in the y-direction must bo 
zero in order to maintain continuity m the plate during bending, 
from which it follows from the second of equations (1) that 
V, = w*. Substituting this value in the first of equations (1), 
wc obtain 

. _ (I - 


( 2 ) 


If the plate is submitted to the acUon of tensile or compressive 
forces acting in the x-ihrection and uniformly distributed along 
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the longitudinal sides of the plate, the corresponding direct stress 
must be added to the stress (2) due to bending 
Having the expression for bending stress a„ ue obtain bv 
integration tlie bending moment in the elemental strip: 



Introducing the notation 


Eh* 

12(1 - >*) 


= 


(3) 


we represent the equation for the deflection cuiA'e of the elemental 
strip in the following form. 


(4) 


in tvhich the quantity D, taking the place of the quantity El m 
the case of beams, is called the flexural nffidity of a plate. It is 
seen that the calculation of deflections of the plate reduces to the 
integnation of Eq. (4) iibich has the same form as the difTerential 
equation for deflection of beams If there is only a lateral load 
flctlogon the plate, and the edges arc free to approach each other 
as deflection occurs, tlie expresjiion for the bending moment M 
can be readily derived, and the deflection curve will be obtmnetl 
by integrating Eq. (4). In practice the problem is more com- 
ph'cated, since the plate is usually attached to the boundarj’, and 
its edges are not free to move. Such a method of support sets 
up tensile reactions along the edges as soon a-s deflection takes 
place These reactions depend on the magnitude of deflection 
and affect the magnitude of bending moment if entering in 
Eq. (4). The problem rwiucos to the iniestigation of bending 
of an elemental strip subimtted to the action of lateral load and 
of an axial force the magnitude of which depends on the dcflcc-* 
tion of the strip.* In the following wc consider this problem for 

* In such H form the problem mu tint discussed by Z. G. Boohnovfses the 
English translation of lus aotlc in Trans, /nrt Naval Arch., vol 44, p 15, 
1002, and hu '‘Theory of SlmctoretdBhip*,'* toL 2, p. 545, Bl Petersburg, 
ion See also the paper by Steaart Way prwentnl at the Naluinal 
Meeting of Applied Mechanics, A S M E, New Hawn, June, 1032; from thU 
are taVen the curves used in Arts 2 and 3. 
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a particular case of uniform load acting on the plate and for 
various conditions along the edges 

2. Cylindrical Beading of Umformly Loaded Rectangular 
Plates with Simply Supported Edges. — ^Let us consider a uni- 
formly loaded long rectangular plate the longitudinal edges of 
which arc free to rotate but cannot move toward each other 
during bending An elemental atnp cut out from this plate, aa 
shown in Fig 1, is in the condition of a uniformly loaded bar 
submitted to the action of an aiial force S (Fig. 3), the magnitude 
of which is such as to pre\pnt the ends of the bar from moving 



Flu a 

along the x-axis Denoting liy q the intensity of the unifomt 
load, the bending moment at any cross section of the strip is 

. 1 / . 1 ', - 

Substituting in Eq (4), we obtain 

^ _qlx , qx' , . 

di* D ^ 22)'^2D’ 


Introducing the notation 


SP 

Di 


tt*. 


(5) 


the general solution of Eq. (o) can be wntten in the following 
form; 




qPx* 
8u*D ' 


Tlio constants of integration Ci and C» will be determined from the 
conditions at the ends. Since the deflections of the strip at the 
ends are zero, we liave 


IP = 0 for 1 = 0 and for x = f. (p) 
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Substituting for to its expression (b), Tie obtain from these tno 
conditions: 

C = 1 — cosh 2it „ _ t)l* 

' 16u^Z) sinh 2u ’ * 16u*D’ 

and the expression (b) for deflection to liecomes 

/l — cosh 2 m , 2Mr . . Zux 

“ ‘ iSait .inh2u ""''-r + “’I* — - 

-I- ii!£. 

8m*/) 

Substituting 

cosh 2 k co'h’ u + sinh’ w, smh 2a = 2 sinh u cosli «, 
co«h** M = 1 + sinli* u, 


SU’D 


Hovan repre«cnfc this expression m a simpler form. 



Thus, deRectioas of the elemental strip depend upon the quantity 
«, which, as i\"e see from Eq. (5), is a function of the axial force S. 
This force, so far, is unknown and can bo determined from the 
condition that the ends of the strip (Fig 3) do not moie along the 
i-axis. Hence the exteasion of the strip produced by the forces S 
is equal to the difference between the length of the arc along the 
deflection cim-e and the chord length I. This difference for 
small deflections can be represented by the formula* 



’ See aulhot’s "Strength of M"iteriab,'’Twt I, p 3S, 3930- 


(7) 
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In calciilatinR the extension of the strip produced by the 
forces S, \\c assume that lateral strain of the strip in the j/-direc- 
tion is prevented and use 1-tj (2) Tlwrn 



Substituting expression (G) for u* and performing the integration, 
we obtain the following eouation for caknilating S: 

■SCI — qH' / _5 tanh « _1_ tanh* u _ 5 , 1 V 

Ur~ 17»\25G u’ 25G M« 250u* 384uV’ 

or subsUtnting S = 4u*D/P, from Eq. (5), and the expression 
for D, from Eq. (3), we finally obtain the equation 


135 tanh » ^ tanh* u 

10 u» 10 u* 


135 , 0 


For a given material, a given ratio h/l, and a given load q the 
left side of this equation can be readily calculated, and the value 
of u satisfying the equation can be found by trial-and-error 
method. To simplify tins solution, the curves shomi in Fig. 4 
can be U-sed. The abscissas of these curves represent the values 
of u; and the ordinates, the quantities logn (lO'vTTi), where I/o 
denotes the numerical value of the right side of Eq. (8). \/t7fl is 
used because it is more easily calculated from the plate constants 
and load; and the factor 10* is introduced to make the logarithms 
positive. In each particular case we begin with calculation of 

the square root of the left side of Eq (8), equal to 
which gives us V^t/o The quantity logio (10*-v/t7B) then gives 
the ordinate which must be taken in Fig. 4, and the corresponding 
value of u can be readily obtmned from the curve. Having u, the 
value of the axial force S is obtained from Eq. (5). 

In calculating stres-ses wc observe that the total stress at any 
cross section of the strip consists of a bending stress propor- 
tional to the bending moment and a tensile stress of nuignitJifde 
S/k -which Is constant along the length of the strip. The maxi- 
mum stress occurs at the middle of the strip where the bending 



Log 10*VU7 
Logio*V^ 
LogI0*Vi]r 
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SubstitutiiiB OTim'-wion (C) forw, wcobL'iiii 


.W_. = f W«), 

(0) 

w hero 


. 1 — wch « 

M 

2 


Tlie values of are given b3’ curves in Fig. 6. 

It is .seen that 

ther« values dlm»tu.sK rapidly with increase of 

u, and for larger 

u the maximum bending moment is several times smaller than the 
moment 7IV8 which would l<c obtained if there were no tensile 

rsmetions at the ends of the strip 


The direct tensile sln-v, a, and the maximum bending stress 
ffi are now readily exi>rcs.sed m ternix of u, 7 and the plate con- 

slants M follow ■* 


S 4m»/> E«* A\ 

*; (10) 

■ S ■ «■ 

■” " p-’'" “ Ks) 

(IJ) 

The maximum stre-'* m the plate m then 



— ffi + <rj 

To show how the cuncs m Fign 4 and 5 can be used in cal- 
culating maximum slrw, let us take a numerical example and 
assume that a long roctangulAr steel plate 50 in. wulo and 5 i« 
thick carncs a uiiifo»'ml}" distributed load 7 =* 20 lb. per square 
inch. We start with romputaliou of y/lTt 


Vv,. 

Then, from tables, 


(I - Q.3*)20 10’ ' 

logw (10«V6^) = 2 2ir 


From the curve A in Fig 4 we find « * 3 795, and from Fig 5 
we obtain ^0 = 0 1329. 

Now, computing stress^ 1)3' u^g Eqi (10) and (II), we find 


30 -lO*- 3.795* 1 

“ g 31J — = 15,830 lb. per square inch, 

= I • 20 • 10’ • 0 1329 s= 19,930 lb. per square inch, 
= <ri -b irj = 35,760 lb. ])er square inch. 
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In calculating the maximum deflection we substitute x = 1/2 
in Eq. (6) of the deflection curve. In this manner we obtain 


where 


5ql> 


iMu), 


scch u — 1 + ^ 


/o(«) = 


24 


( 12 ) 


To simphf}’ calculations the values of /«(ii) are given by the 
curve m Fig. 5 If there were no tenstle reactions at the ends of 
the strip, the maximum deflection would be 5gfVS84P. The 
effect of tho tonsilo reactions is given by the factor /sCo) which 
diminishes rapidly with increasing u. 

Using Fig 5 in the nvimcncal example previously discussed, 
we find that for « = 3 795 the value of /c(u) is 0 145. Substi- 
tuting this value in Eq (12), we obtain 

- 4 74 • 0 145 » 0 688 in. 


It is seen from Eq (8) that the tensile parameter u depends, 
for a given material of the plate, upon the intensity of the load 
q and the ratio l/h of width to tluckncss of the plate. From 
Eqs. (10) and (11) wo see that the stresses vi and v* ore also 
functions of u, q and l/h Therefore, the maximum stress in 
the plate depends only .on the load q and tho ratio l/h. This 
means that we can plot a set of curves giving maximum stress 
in terms of q, each curve in tbc ect corresponding to a particular 
value of l/h. Such curves are given in Tig. C. It is seen tliat 
because of the presence of tensile forces S, wluch increase with 
the load, the majdmum stress is not proportional to the load q; 
and for large values of q this stress does not vary much with the 
thichness o! the plate. By tahing the curve marked l/h = JOO 
and assuming g = 20 lb. per equaro inch, we obtain from the 
cun'c tho value <r*«. calculated before in the numerical example. 

3. Cylindrical Bending of TTnifonaly Loaded Rectangular 
Plates with Built-in Edges. — ^We a.ssumo that the longitudinal 
edges of the plate arc fixed in such a manner that they cannot 
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rotate. Taking an elemental strip of unit width in the same 
manner as before (Fig 1), and denoting by lU the bending 
moment per unit length acting on the longitudinal edges of the 

I i T ^ i i I 

SIresMS nSied Pbt«$ wth L J 

Simply Uon ' -* 



L««diALb per Sq.ln 
Fra « 



plate, the fova^ acting on the strip will bo as sho\m in Fig. 7. 
The bending moment at any cross section of the strip is 

Substituting this expression in Eq (4) ne obtain 

d'ta S fltf . I*’ (a\ 

The general solution of this equation, using notaliou (5), will be 
represented in the following form: 
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_ . , 2nx , „ . 2ur , 

» C I Eiiih — + Cj cosh A 


OhscmnR that the deflection cun'c is s>'mmctrical with respect 
to the ndddlc of the stnp. we determine the constants of inte- 
gration Cl, Cj and the moment Jfa from the following three 
conditions' 

~ =s Q (uT r =» 0 and for r “ ^ , 

<lx 2} (c) 

u’ =» 0 for X “= 0. j 

Substituting expression (l») for te, we ohtnin from these conditions 


Substituting expression (l») for to, we ohtnin from these conditions 

[Lv> 

where 

u- tani, u 

The deflection to is therefore given hy the expression 
“■ “ ~\&D ^ + ito'T) 

Tlws can be {wrther sirapUfietl and finnllv pul in the following 
form: 

,, { -'■[“(■ - t )] 

16»*Dtanhw(. eosh « 8«*Z) 


For calculating the parameter u we proceed as in the prciious 
article and use Eq. (tf) of that article. Substituting in it o.xprcs- 
sion (14) for w and performing the int^ration, we obtain 

5(1 - ^ qV( 3 1 

hE “ Z)^\ 256u‘tanh« 256i4‘ sinh* u 
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Substituting S' from Eq. (5) and ezpret>sion (3) for D, the equation 
for calculating u finally ’becomes 

„ / 81 27 , 27 , y ^ 

(1 - \ Ifiu’tanhtt 16u* sinh* u 4us sW 

(15) 

To simplify the solution of this equation ivc use the curve m 
Fig. 8, in which the parameter u is taken as absciasa and the 
ordm&t&i are equal to logia C10*‘\/Wi), where Ui denotes the 
right side of Eq (15) For any given plate we begin wnth cal- 
culation of the square root of the left sid e of Eq (15), equal to 
FAV(1 -- i'*)9ZS which gives us -y/l/i The quantity logi^ 
(lO'VTT^) then gives the ordinate of the curve m Fig 8, and the 
corresponding absci&sa gives us the required value of u 
Having u, we can begin with calculation of maximum stress 
in the plate. The total stress at any point of a cross section 
of the strip consists of the constant tensile stress ft and bending 
stress. The maximum bending stress s’) will act at the built-in 
edges where the bending moment is the largest Using Eq (10) 
to calculate a-i and Eq (13) to calculate the bending moment 
J/oi ive obtain 

Eu* /kV 

<r«iM. = Vj + «f 

To simplify the calculation of bending stress o’), the values of 
the function ^i(u) are given by a curve in Fig 5 
The maximum deflection is at the middle of the strip and is 
obtained by substituting * = 1/2 in Eq (14), from which 

where . 

rf„) _u___^Y 

' ' «*\2 ^sinliK tanfa u/ 

To simplify the calculation of deflections, the function /i(h) i" 
also given by a curve in Fig 5, 


(16) 

(17) 









3 4 5«7«9K>aB0HI?l£ 

Loodin Ibvper S<i la 
Fw 0 

assumption of elmply supported edges (see page 8), it can be 
concluded that, owng to clsmpii^ of the edge®, the direct tensiic 
stress decreases coasicIeraWy, whereas the maTimum bending 
stress increases several times so that finally the maximum total 
stress in the case of clamped edges becomes larger than in the 
case of simply supported ed^s. 

Proceeding as in the previous article it can be shown tliat tlic 
maximum stress in a plate depends only on the load 9 and the 
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ratio l/k, and fle can plot a set of curves giving maximum stress 
in terms of q, each curve in the set corresponding to a particular 
value of I/A. Such curves are pven in Fig. 9. It is seen that 
for small values of the intensity of the load q, uhen the effect 
of the axial force on the defleefaons of the strip is small, the maxi- 
mum stress increases approximately in the same ratio as 7 
increases. But for larger values of q the relation betneen the 
load and the maximum stress becomes non-linear. 

In conclusion we give in Table 1 the numerical values of .all 
functions that were given in Figs 4, 5 .and 8. This tabic 
can be used instead of curves in calculating maximum stress and 
maximum deflections of long umformly loaded rectangular ptatc« 

4. Cylindrical Bending of Uniformly Loaded Rectangular 
Plates with Elastically Built-in Edges.~Let us assume that w hen 
bending occurs, the longitudinal edges of the plate rotate through 
an augle proportional to the bending moment at the edges In 
such a COSO the forces acting on an elemental stnp nail again be 
of such kind osshoun in Fig 7, and tveshail obtain expression (A) 
of the previous article for deflections tc. Howexcr, the condi- 
tions at the edges, from nidch the constants of integration and 
the moment ^/t arc determined, are different; rtr , the slojv* 
of the deflection ciirN’c at the ends of the strip Is no longer loro 
Imt Is proportional to the magnitude of the moment .Ift, and 
MC have 

(ffL - 

where d is a factor dejicnding on (he rigidity of restraint along 
the edges. If tWs restraint is very flexible, the quantity 0 U 
large, and the conditions at the edges approach ♦ho‘>e of simply 
supported edges. If the m-tralnt is vcq’ rigid, tlie quantity 0 
becomes small, and the edge conditions approach tho-c of abso- 
lutely built-in edges. The remaining two end condilioas are the 
same as we had in the previous article Tims we Jiave 

(tr)^ = 0, 

Using the-^' condition,*, we ‘•hall 6od lK>lh the constant'* of infegni- 
tion and tJie magnitude of .l/«in theexpreadon ffc)«f the previous 
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article Owing to flexibility of the bottndarj', tlic end moments 
Jlf« -vriU be >mnller than those given by Eq (13) for al)Solutcly 
biiilbin edges, and the final result can be put in tlie following 
form: 

M. - (10) 

where t is a nuracrical factor bnuiHrr than unity and given by the 
fonnula 

tanli u 

y — oT' "" 

+ tniih u 


It is seen that the magnitude of the moments *1/* at (he edges 
depends upon the raagmtuik of the cocfTicicnt ^ deGning the 
rigidity of the restraint When 5 is very email, the coefiicicnl y 
approaches unitj , and (lie moment .If* approaches the \ alucfJSj 
cftlculatcd for a\)so\ute$y InulUtn cslges \Yhcn g is very large, 
the cocRlcient y and the moment . 1 /* liecome small, and the edge 
ccmditioiSA approach tUo«e <»( sjnvply supporlc\l edges 
The deflection curve m the case under consideration can be 
represented in the following form: 


ic 


9 b tanh i< — 7 (lanli 
lOii'iJ (anhu 



Tor 7 “ 1 this expiession mluces to expiesoion (14) for deflec- 
tions of a plate witli absolutely* built-in edges For y = 0 we 
obtain expression ( 8 ) for a plate with simply supported edges. 

Ill calculating the tensile parameter u we proceed as in the 
previous cases and determine the tensile force S from the con- 
dition that the extension of the etemcntal strip is equal to (ho 
tUfference between the length of the arc along the deflection 
curve and the chord length I Hence 

s(i - 1 fYdu-Y , 

~he 2joW*- 

Substituting expres-sion (20) in this equation and performing the 
integration, we obtain 
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'(I ~ “ V(1 - ~()Ui, (21) 

where t/« and I/, denote the ri^t-hand sides of Eqs (8) and (15), 
respectively, and 

.j 27 (u - tanh «)*, . , , , ^ i , 

The values of logw (lO^V*!/*) are ^%cn in Table 1. By using 
this table, Eq (21) can be readily solved by tnal-and-orror 
method. For any particular plate we first calculate the left 
side of the equation and, by using the curves m Figs 4 and S, 
determine the values of the parameter m (1) for simply supported 
edges_ and (2) for absolutely built-in edges. Naturally u for 
elastically built-m edges must have a value intermediate between 
these two Assuming one such value for u, wo calculate U 9 , 
U\ and Vt by using Table 1 and dctcriuine the value 0 / the riglit 
side of Eq. (21) Generally this value will be different from the 
value of the left aide calculated previously, and a new trial 
calculation wnth a new assumed value for « must be made. Two 
such trial calculations will usually be sufficient to determine by 
interpolation the value 0 / « satisfying Eq (2l). As soon as the 
parameter u is determined, we calculate the bending moments 
at the ends from Eq (19). We can also calculate the moment 
at the rmddle of the strip and find the maximum stress. This 
stress will occur at the ends or at the middle depending on 
the rigidity of constraint at the edges 
6. The Effect on Stresses and Deflections of Small Displace- 
ments of Longitudinal Edges in the Plane of the Plate. — It was 
assumed in the previous discussion that dunng bending the 
longitudinal edges of the plate have no displacement in the plane 
of the plate. On the basis of this assumption the tensile force S 
was calculated in each particular case Let us assume now that 
the plate edges undergo a displacement toward each other 
specified by A Owing to this displacement the extension of the 
elemental strip will be diminished by the same amount, and the 
equation for calculating the tensile force S liecomes 

At the same time Eqs. (0), (14), and (20) for the dcpecUon cun c 
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hold true regardless of the magnitude of the tensile force S. 
They may be differentiated and sutetitutcd under the integral 
sign in Eq. (a). After evaluating this integral and substituting 
S = 4u*i)/Z*, we obtain for 8 impl 3 supported edges 


9*(i - ’-n* 


( 22 ) 


and for built-in edges 


, 1(1 - ,»)>/» - 


(23) 


If A is made zero, Eqs (22) and (23) reduce to Eqs. (8) and (15) 
obtained previously for immovable edges 
The simplest case is obtained by placing compression bars 
between the longitudinal sides of tlie boundarj' to prevent free 
motion of one edge of the plate toward the other during bending. 
Tcn.silo forces S m the plate produce contraction of these bars 
which results in a displacement A proportional to If ^ is the 
factor of proportionahtj* depending on elasticity and cross- 
sectional area of the bars, we obtain 


S = JtA, 

or, substituting, S = 4H*D/f*, we obtain 


and 


, _ I £u*A* 



1 4- 


F.h 

m - y') 


Thus the second factor on the left side of Eqs (22) and (23) is a 
constant that can be readily calculated if the dimensions and the 
elastic properties of the structure air know n. Having the magni- 
tude of tliis factor, tho soluUon of Eqs. (22) and (23) can !>•’ 
accomplished in exactlj' the same manner as was done before for 
the cases of immovable edges. 

‘ The edge support is a&siuncd to be such that a is uniform along Ih' 
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la the general case the second factor on the left side of Eqs. 
(22) and (23) may depend on the magnitude of the load acting 
on the structure, and the detcnnination of the parameter u can 
be accomplbhed only bj* trial-and-crror method. This pro- 
cedure will now be illustrated by an example that we encounter 
in analj'zing stresses in the hull of a ship. TIic bottom plates in 
the hull of a ship are subjected to a uniformly distnbutcd watei 
pressure and also to forces in the plane of the plates due to 
bonding of the hull as a beam. Let b be the width of the ship 
at a cross section mn (Fig 10) 
and I be the fore-and-aft distance 
between the frames in the bot- 
tom. ^VTien a vessel is resting on 
two waves, as shown in Fig. 11, 
bending of the hull is produced, ^ ^ 

andthenorraaldistance/betneen Fio lo 

tho frames at the bottom will bo 

increased by a certain amount. To calculate accurately this 
displacement we must consider not only the action of the bending 
moment 3/ on the hull but al«o the effect on this bending of a 
certain change in tensile forees S dUtributed along the edges tnn 
and Mini of the bottom plate mnm,n> (Fig 10) which will be 
M M 



Tto tl 


considered as a long rectangular plate uniformly loaded by water 
pressure. Owing to the fact that the plates between the con- 
secutive frame-s are equally loaded, there will be no rotation at 
the longitudinal edges of the plates, and they may be considered 
as absolutely built in along these edges. 

To determine the value of A, which denotes, as before, the dis- 
placement of the edge mn toward the edge Wi»i in Fig 10 and 
which is produced by the hull bendii^ moment and the tensile 
reactions S per unit length along the edges tnn and mini of 
bottom plate, let ua imagine that the pl.ate mnrnini is removed 
and replaced by uniformly distributed forces S so that the total 
force along mn and mini is Sb (Fig 13). We can then say that 
the displacement A of one frame relative to another is die to 
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the bending moment M and to the eccentric load Sb applied 
to the hull uithout bottom plating. 

If ri, / and c arc citHv-«ectional area, central moment of 
inertia and distance from the bottom plate to the neutral axis 
of the complete hull aection and if Ai, I\ and c\ are the corre- 
uponding quantities for the hull section without bottom plates, 


M 

r 

■ ^ 


i 

Centroid A\-\ 




Centroid A ”1 c c, 


1. 1. 


• t ' ♦ ^ 


Sb” 




L 


the latter set of 
the relations 


quantities can be donved from the former by 



(fl) 


The relative displacement Ai protUiced by the eccentrically 
applied forces Sb is 



The displacement due to the liendmg moment AI is 


Mcxl 

Eh' 


Hence the total chsplaecmeiit w 


A = + A, 




Substituting in this expression 


e finally obtain 

A = s 


^ , 6c5\ 3/Zci 

■r*)Vd,‘^/,y £77' 
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This quantity must be substituted m Eq (23) for determining 
the tcasilo parameter u. 

Let us apply this theory to a numerical example As^unle 
6 = 54 ft , / = 1,668 ft *, d = 13 5 ft *. c = 12 87 ft , A = 0 75 
in. *= 0.0625 It ,l = 45 in. = 3 75 ft , ^ = 10 Ib per square inch, 
M = 123,500 ft -tons From Eqs (a) wc obtain 
4i = 13 5 - 0 0625 54 = 10 125 ft *, 

13.5-12 87 


10125 


= 17 15 ft , 


/, = 1,668 - 559.5 - 10.125(17 15 - 12 87)* = 923 1 ft * 
Substituting the<=e values in expression (r), we calculato A ami 
finally obtain 

^ = 1549«* - 1149 
Equation (23) then becomes 


K‘k* tP + l_54^‘ -Jj _4_9 
?'(f- u< ■ “ 

or _ 

1 59CEA‘ fu* 4 508 /-«- 

,Tr-“?)TV “»■- 

Substituting numerical \alnes and taking logarithms of Ixith 
sides, wc obtain 

3 000 + losi. - 1.>K,. (loVfO 

U-^ing the cur>'C in Fig 8, thi- equation can be rcadilv --ohed l»^ 
trial-and-error mctliwl. and wc obtain u ~ 2 128 ami, from 
Fig- 5, ^i(“) = 0 788 The in.auniuni stre--* i-< now raleiilated 
by tiring Eqs (16) ami (17) from nliirii 

3O-10' 4258 • I 

“ '3^‘Tr'OO^ ^ 13.840 Ib piT -qiiare inch. 

(Ti = J • 10 60* • 0 788 = 14,180 11> per square me)). 

“ ffi -h <rj “ 28,020 lb. jier square iueli. 

If the l)cmbng Mn-.s in the plate due to uater pre—ure utre 
mglected and if tiie Vittom plate *.irert.s wer^* MleulatMl from 
the formul.ae- •= Mcjl, we should arn\ eat n figure of only 13.211) 
11). jx-r square inch. 

6. Aa Approxiratte Method of Calculating the Parameter u - 
Tn ralcuJatmg the p.aminefer w for plates the lotigiludinal islges 
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of which do not move in the plane of the plate, we u&cd the 
equation 

iSf(l — f*) 1 rYrfu'\*, , s 

Tr-'sJoUj*’ 

which states that the extension of an elemental strip produced by 
forces S is equal to the difference between tho length of the arc 
along the deflection curve of tho stnp and the chord length 1. 
In the particular cases considered in the pre%dous articles, 
exact expressions for the deflections te were derived, and numer- 
ical tables and curves for the nght side of the Eq. (o) were given 
by the use of which tho equation can be readily solved. If such 
tables are not at hand, the solution of the equation becomes 
complicated, and to simplify the problem recourse should be 
had to an approximate method From the discussion of bending 
of beam'! it is known’ that, in the ca.se of simply supported ends 
and when all lateral loads are acting in the same direction, the 
deflection curve of an elemental strip produced by a combination 
of a lateral load nnd of an axial tensile force S (Fig. 3) can bo 
represented with sufficient accuracy by the equation 


■ TTi T 


( 6 ) 


in which wo denotes the deflection at the middle of the strip 
produced by the lateral load alone, and the quantity a is given 
by the equation 


S., “ T*Z> 


(c) 


Thus, a represents the ratio of the axial force S to the Euler’s 
value of the force for the elemental stnp. 

Substituting expression (b) in Eq (o) and integrating, we 
obtain 

SKI - r») 

hE 41(1 + «)*■ 

Now, using notation (c) and substituting for D its expression 
(3), we finally obtain 


«(1 + a )« 


’ See author’s “Strength of Materiab,” vol 2, p 417, 


( 24 ) 
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From this equation the quantity a can be calculated m each par- 
ticular case, and the parameter « is now determined from the 
equation 


u* 


DX 4 ■ 


(d) 


To show the application of the approximate Eq (2-1) let us 
fake a numerical example. A long rectangular steel plate witii 
simply supported edges and of dimensions 1 = 50 in and/i = iin 
is loaded \\'ith a uniformly distributed load 5 « 20 lb. per square 
inch. In such a case 


IT# 


S84 Z>’ 


and, after substituting numerical values, Eq (24) becomes 
«(I + «)* = 269 56. 

Tho solution of the equation can be 8implj6cd by letting 


Then 


1 -b a * X 

X* - I* = 269 56; 


(e) 


i e., the quantity x is such that the di/Tcrence between its cube 
and ite square has a known value x can be readily determined 
from a slide rule or a suitable table, and ne find m our case 
z« 68100 and a > 58109. 


Then, from Eq (d) 

M > 3 7805, 

and from the ionniila (e) (see page 8) 

^9 > 0.1331C 

For calculating direct stress and maximum bending stre-ss wc use 
Eqs. (10) and (11). In this way wc find 

(Ti = 15,759 Ib. per square inch, 
ffj = 19,974 lb per square inch, 

= <ri + «r» = 35,733 Ib. per square inch. 

The calculations made in Art. 2 (page 8) give us, for this 

example, tr = 35,760 lb per square inch Thus the accuracy 

of the approximate Eq (24) is in this case very high. In general, 
this Bcctrracy cfepends on the am^itude of a. The error 
increases withinereaseof u. Calculations show that for u =144 
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the error in the maximum stress is only 0.065 of 1 pei cent and 
that for u = 12 29, which coirwponds to very flexible plate*, 
It H about 0.30 of 1 per cent. These values of w tvill cover the 
range ordinaril}' met with m practice, and we conclude that 
Eq. (24) can be used with sufficient aceiiracj' in all practical 
cases of uniformly loaded plates with simply supported edge®. 

It can also be used w hen the load is not uniformly distributed 
as, for example, in the case of a hydrostatic pressure non-uni- 
fontily distnhuted along the elemental strip If the lon^tudinal 
force is found by using tlic approximate Eq (24), the deflections 
may be obtained from Eq (h), and the bending moment at anv 
cro*s section may be found ns the algebraic sum of the moment 
produced by the lateral lo.id and the moment due to the longi- 
tudinal force ‘ 

In the case of built-in edges the approximate expression for 
the deflection curve of an elemental strip con be taken in the 
form 

tP# l/, 2jrr\ /f\ 

4 

in which iPa and a ha\c the same meanings as before. Substi- 
tuting this expression in Cq (a) and integrating, we obtain for 
detetmmmg « the equation 

+ (25) 

w’hich can be solved in each particular case by the method sug- 
gested for Bohnng Eq (24) 

IVTien a is found, the parameter w is determined from Eq. (d); 
the maidmum stress can be calculated by using Eqs. (16) and 
(17); and the maximum deflection, by using Eq (18). 

If during bending one edge moves toward the other by an 
amount b, the equation 



> More accurate values for the deflcetiona nncl for the bending moments 
can be obtained by substituting the approsimate value of tho longitudinal 
force in Eq. (4) and integrating this equation, which gives Eqs. (12) and (9). 
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must be used instead of Eq (a) Substituting expression (6) in 
this equation, we obtain for detcrmmiDg a in the case of simply 
supported edges the equation 


a(l + «)»- 


h* ■ 


(2G) 


In tlie case of bmltrin edges wc use expression (f). Then for 
determining a we obtain 


<- 5 )’ 


3 ^ 

/i» ' 


(27) 


If the dimensions of the plate and the load 5 are given, and the 
displacement A Is hnown, Eqs. (26) and (27) can both be readily 
solved m the same manner as before. If the displacement A is 
proportional to the tensile force S, the second factor on the left 
sides of Eqs (26) and (27) is a constant and can bo determined 
0.S was explained in the prenous article (see page 20) Thus 
again the equations can be readily solved 
7. Long Uniformly Loaded Rectangular Plates Having a Small 
Initial Cylindrical Curvature. — It is seen, from the discussions m 
Arts. 2 and 3, that the teasilc forces 5 contnbute to the strength 
of the plates by counteracting the bending produced by lateral 
load Tills action increases inth the increase in deflection .1 
further reduction of maximum stress can be accomplished by 
giidng a proper initial curvature to a plate. The effect on 
stresses and deflections of such an initial cur\ aturc can be readily 
investigated^ by using the approrimate method developed in the 
previous article. 

Let us consider the case of a long rectangular plate w-ith simply 
supported edges (Fig 13), the initial curvature of uhieh is given 
by the equation 

tct < an (o) 

If tensile forces S are applied to the edges of the plate, the 
initial deflections (a) will te reduced in the ratio 1/(1 + a), 
‘Sw author’* paper in "Festvhnff *um Mcbnjfsten Geburtstage August 
Fcppl,” p 74, Berlin, 1S23 
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where a has the same rnt*aning as in the previous article* (page 
24). The lateral load m combination with the forces S will 
produce deflections that can be expressed approximately by 
Eq (6) of the previous article Thus the total deflection of the 
plate, indicated in Fig 13 b 3 ’ the dotted line, is 

I . ItX , IQ) . ri _ g + tap . VX /. V 


Assuming that the longitudinal edges of the plate do not move in 
the plane of the plate, the tensile force S will be found from the 


.^RSill 


condition that the extension of the elemental strip produced by 
forces S IS equal to the difference between the length of the arc 
along the deflection curve of the elemental stnp and the initial 
length of the strip This difference, in the case of small deflec- 
tions, is given by the equation 

Substituting expressions (o) and (b) for to and toi and integrating, 
we obtain 




Putting X equal to tlie extension of the atnp Sf{l — v‘‘)fhE we 
finally obtain 


If we tjvke S = 0, this equation reduces to Eq (24) for a ptal« 
without initial curvature. 

To show the effect of the initial curvature on the ma-ximum 
stress in a plate, let ua apply Eq (28) to a numcnc.al example- 
‘ See author’s “Strength of Materials,” tol 2, p 462, 1930 
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Assume a steel plate baving Z as 45 in., A = f in and submitted 
to the aetion of a uniformly distnbuted load ^ = 10 lb. per square 
inch If there is no initial deflection, 8 = 0 and Eq (28) becomes 


from which 


«(1 + a )* « 200 , 


a = 5 97 and u = ^v'a = 3 83. 

From Eq (10) we then obtsun 

ffi = 11,300 lb per Miuare inch, 
and from Eq (11) 

ff* = 14,200 lb per square inch 
The maximum stress m the plutc U 

«WM- = + <Tj “ 25,500 lb. per square inch 

Let us now assume that there is an iidtia! deflection in the plate 
such that 8 = A = I in In such a case Eq (28) gives 
«(! + a)* = 351 6 - 3(1 + ft)». 

Letting 

1 + a « r, 

wo obtain 

I* + 2r* = 351 6, 

from wJiich 

a- = 6.45, a = 545, « = |v^ = 3 67. 


The tensile stress, from Eq. (10), is 


oi = 10,200 lb pec aquare inch 


In calculating bending strits wemust consider only the change in 


deflections 


<c» 

1-4-a 


(d) 


The maximum bending stress, corresponding to the first term 
on the right side of Eq. (d), is ihe same as for a flat plate willi 
« = 3.67. From Table 1 we find iN = 0.142, and from Eq. (11) 


tfi = 15,300 lb per square inch. 
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Th. dcBccUon «l the middle u obt.med by mbeWulmg i lehieh pve. 


Where 

2 C03 g coeh fi 
“ cos 2g + cosh 2g 

To ge, the ..gle. ol .1 the 

cxpre^ion (d) wnth respect to * *nd put i - -J/2 In tha way 


(S)'- 




(32) 


3 sinh 23 - »in 23 
tPiW) - 23 + cos 23 


Tlic bending moment at (inv 
eriuation 


(tcction o( the elrip 


oblaiflctl front the 


Sulwtituting expression (rf) tor «■, wc find for the middle of the strip 




" g‘ coxh 2tf + cos 23 

To simplify the calculation of dcflcciionsanclsttcfscs, the numerical talucsof 

functions »>!,, <i amt »■« arc given in Table 2. For email t aluw of f». ' c , or 
a yielding foundation, the function (I — icg)/3* ami ci do *'ot dilTer Jnuc i 



Fio. IS. 


from unity. Thus the maximum deBccIton and liendmg rtrcsccs am clf« 
lo those for a eimply eupporteil ttnp xrithout clastic foundation. " I'h •*'* 
lncrea.se of 3 the effect of f lie foundation become* more and more Important 
Conditions timiUr to tlioeo represented m Hg If are ohliineil if a hm* 
rectangular ptaic of width I w ptee«rd into an clastic foundation by ’ 
uniformly doitributcil along IFe edgra ami of the amount P per unit Jengt 
(Fig 13>. The piste will l>e prenied into the clastic foundation and Vn • 
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as ehOMTi by the dotted line It t denotes the deflection at the edges of the 
plate, the reaction ot the foundation at any point ui 

Jt(4 — w) = ki — tie, 

^ihere icis given by Eq (d}with9-‘fc< The magnitude i is then obtained 
from the condition that the load is balanced by the reaction of the foun- 
dation. Hence 



Plates on, clastic foundation nith other cooditions at the longitudiDsl edges 
Can also be discussed in a eimifar manner 


Tablc 2 




CHAPTER II 

PURE BENDING OF PLATES 


9. Slope and Curvature of Slightly Bent Plates. — In discussing 
small deflections of a plate vie take the middle plane of the plate, 
before bending occurs, as the xy- 
plane. During landing, the particles 

that were in the ly-plane undergo 
small displacements w perpendicular 
to the ij/*planc and form the middle 
surface of the plate. These displace* 
ments of tho middle surface are called 
defledions of a plate in our further 
discussion. Taking a normal section 
of the plate parallel to the 22 *plane 
(Fig. 16o), MC find that the slope of 
the middle surface in the i-direction 
ist, * 9w/dx. In the same manner 
the slope in the y-direction b iV “ 
Bur/dy. Taking now any direction on in the ly-plane (Fig. Ifli) 
making an angle a nith the x-axis, nc find that the difference in 
the dcflectioas of the two adjacent points a and oi in the on 



dw.^dx + =,(, 
and that the corresponding slope U 

di£ ^ I ^ dy _ da* Bw . 

Bn Bx dn By dn dx ” By 
To find the direction m for which, the slope is a maximum «•* 
equate to rcro the derivative with reaped to a of tho expres.'-ion 
(a). In this way t'c obtain 


Bto , 


( 0 ) 
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Substituting the corresponding values of sin «i and cos ai in (a), 
we obtain for the maximum slope the expression 




Bj* setting expression (a) equal to «ro ve obtain the direction /or 
which the slope of the surface is *ero. The corresponding angle 
aj is determined from the equation 



(rf) 


From Eqs. (6) and (d) we conclude that 


tan ai • tan «» = —I 

which shows that the directions of (he sero slope and of the 
maamum slope are perpendicular to each other. 

In determining the curvature of the middle surface of the 
plate we observe that the deflections of (he plate ore i-ery small. 
In such a case the slope of the surface in any direction can be 
taken equal to the angle that the tangent to the surface in that 
direction makes nith the ary-plane, and the square of the slope 
may be neglected compared to unity The curvature of the 
surface in a plane parallel to the xz-plane (Hg. 16) is then 
numerically equal to 

1 d f du>\ d*w) , , 

'iV'e consider a curvature positive if it is convex downward. The 
minus sign is taken in Eq. (e), since for the deflection convex 
downward, as shown in the figure, the second derivative d'w/dx* 
is negative. 

In the same manner we obtain for the cuni’ature in a plane 
parallel to the yz-plane 

if) 


T, “ dj\ayj ' 


These expressions are similar to those used in discussing (he 
cuiwaturc of a bent beam. 
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In considering tlic cur\ature of the middle surface in any 
direction an (Fig. 16) we obtain 

\ ^ 

r. dii\3/i ) 

Substituting expression (a) for and observing that 


— = cos « + -: 


h--{i 


X diff , air . \ 


dxdy 

— cos’ a — — «m 2a + - 


B\b . . \ 


W 


It « seen that the curvature in any direction n at a point of the 
middle surface can be calculated if nc know at that point the 
cur\’aturcs 

i ■ i _£!i£ 

r, dz*' T, * 

and the quantity 

i- = -551, (!) 

T„ Oz dy 


which is callctl the tmst of Ihe »ur/ace with respect to x- and y-axes 
It iastciul of the direction <m (Fig, IC^i) we take the direction 
nl perpendicular to an, the (un'aturc in this new direction will l>c 
obtained from expression (y) by eubstitiiting r/2 + a for a. 
Tlius we obtain 


— — sin* o + — sin 2a -}■ ~ cos* a. (0 

r< r, Ttr Tp 

Adding expressioas (y) and (i), we find 



which shows that at any |mint of tlte middle surface the sum «'f 
the cunotures in two perjicndieular directions such as n and < is 
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independent of the angle a. This sum is usually called the 
aierage curvature of the surface at a point. 

The tirist of the surface at a with respect to the an and at 
directions is 

i- = 

S\dn/’ 

In calculating the derivatne with reject to I, wc observe that 
the direction al is perpendicular to an. Thus we obtain the 
required derivative fay substituting (r/2) -f a for a m Eq (a). 
In this manner ive find 


r„ \ez 




djr' 
d'w 
dr* ■' 


«)(-: 


d*ir\ , - 

+ 




In our further di'CUvsion wc bliali be interested in finding in 
terms of a the directions in which the curvature of the surface 
is a maximum or a minimum and In finding the corresponding 
values of the curvature. Wc obtain the ncce.s.»a^^• equation for 
determining a by equating the derivative of cxprtMion (p) with 
respccl to a to zero, which gives 




_2 

tan 2 a « (35) 

rv r, 

Trom this equation wc find two values of a, differing by w/2. 
Substituting the«<? in Eq. (g) we find Ino values of l/r„ one 
representing the maximum and the other the mimmum curvature 
at a point a of the surface. TIie«e two curvatures are called 
the princfpul mn-aturrs of the surface; niui the corresponding 
planes n« and far, the principai jihiRCs of curvaturr. 

Observing that the Wt side of Eq. (fr) is cfiu.sl to the doubled 
value of expression (j), wc conclude that. If the directions on and 
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at (Fig. 10) arc in the principal plane?, the corresponding tnist 
l/rmi IS rqu-sl to zero. 

We can use a circle, aimilar to the Mohr's circle representing 
coml)inc<l strcv.es, to “bow how the cur\’aturc nnd the twist of a 
biirfacc vHr\' with the angle a ’ To timphfj' the discussion we 
assume that the coordinate planes iz and yz arc taken parallel 
to the priitctpal planes of curtatuix* at the point a. Then 

— =• 0 . 

nnd we obtain from Kqs (j) and (j) for any angle a 



Taking the eurraturos &s nlmissas anti the t«i«h{ as ordinates 
and constructing a circle on the diameter l/r, - l/r,, as phown ^ 



*nt 

in Fig 17, we face that the point A defined by tlie angle 2a has 
the abscissa 

= — cos’ ad — sin* a 
r, r, 

and the ordinate 

Comparing these results with formulas (36), wo conclude that 
the coordinates of the point .4 define the curvature and the twist 
* See author's “StreDgth of Matenats," vol 1 , p 50,1920 
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of the surface for any value of the angle a. It seen tliat the 
majdrtium twist, represented by the radius of the circle, takes 
place when a = ir/4, i « , when we take the two perpendicular 
directions bisecting the angles between the principal planer. 

In our example the cun.'atnre in any direction is positn e, hence 
the surface is bent convex doirnn'ard If the curvatures 1/r, 
and l/r» are both negatUe, the curvature m any direction is also 
negative, and we have a bending of the plate contex upward. 
Surfaces in which the cuiwaturc m all planes have like signs are 
called syTKlnslic. Sometimes wc shall deal with surfaces in which 



I'lo 18 H» in. 


the two principal cun,'ntures have oppo'ite signs. A saddle is a 
good example. Such surfaces arc called antidaflie. The circle 
in Fig. 18 ropre«cnt.s a particular cAnc of such surfaces when 
1/r, s» —l/r,. Itissccn thatio Ihiscace the cuiwaiure becomes 
tero for a *» t/ 4 and for « « 3r/4, and the twist becomes equal 
to ±l/r,. 

10. Relations between Bending Moments end Currature fn 
Pure Bending of Plates. — In tho case of pure bending of prjs- 
matical bars a rigorous solution for stress distribution is obtained 
by as-sumiiig that cross sections of the bar remain piano during 
landing and rotate only with respect to their neutral axes wi 
as to lie fll«n5*s normal to the deflection rwrx'c. Combination of 
such bending in twxi pcrpimdieular directions brings us to pure 
licnding of plates, lait tis bewn with pure bending of a rcct-angu- 
lar jilatc by moments tliat are uniformly distributed along tlio 
cxlg»-3 of the plate as shown in Ilg. JO. Wc take the r^^-plane to 
eoinridewith the middle plane of the plale Ijcforc deflection and 
the r- and y-ares along the edges of the plate as shown. The 
r-ax!'«, which Is then por|>ondicuUr to the middle plane is t.akcn 
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I 

1 

1 

- 1 

lA 

1 r. 

71 


z 1 




1 

dr 




IK)si«iv'p downward ^Vo r^notc by -V, iJje Jx-nding moment per 
unit length flctiuR on the «lgM paralltl to the y-axis and by M, 
the moment per unit length octing on the edges parallel to the 
i-a\is. The«e moments wc consider iiositive when they arc 
directed a-s shown in the figure, le., when they produce com- 
pression in the upper smface of the plate nnd tension in the lower. 
The thiclcne<s of the plate ivo denote, a.s Iwloro, by h and consider 
it small in comparison with the 
other dimensions. 

Let us consider an element cut out 
of the plate by two pairs of planes 
parallel to the zz- and yr-planes as 
^hown in Fig 20. Since the case 
shon-n in Fig. 19 represents the coin- 
bmatioii of two uniform bendingSi 
the stress conditions are identicalin 
all elements, such (va "-how n in Fig. 20, and n e have a uniform bend- 
ing of the plate. Assuming that during bending of the plate the 
lateral sidoa of the element remain plane and rotate about the 
neutral a^es «fi so as to remain normal to tlie deflected middle 
surface of the plate, it can bo concluded that llie middle plane of 
the plate does not undergo any extension during this bending, 
nnd the middle surface is therefore the neutral *wr/ace.* Le* 
l/r, and l/r, denote, a.s before, the curvatures of this neutral 
fcurfacc in sections parallel to the 2 ^ and yr-plancs, respectively. 
Then the unit elongations in the z- and y-^ireclions of an ele- 
mental lamina abed (Fig 20), at a distance z from the neutral 
surface, arc found, as in the ca.se of a beam, and are equal to 

' = = (a) 

r, r» 

Using now Hooke’s law [Eq. (1), page 2], the corresponding 
stresses in the lamina a&cd ore 



' It wiU be sbowii in Art, 13 th&t tbis comrlusion ia accurate enough if the 
deffectiona of the plate are smaD in comparison nith the thickness h. 
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Tliey are proportional to the di^nce ? of the lamma abed from 
the neutral surface and depend on the magnitude of curvatures 
of the bent plate. 

These normal stresses distributed over the lateral sides of the 
-element in Fig 20 can be reduced to couples, the magnitudes of 
which per unit length evidently must be equal to the eTternal 
moments Mt and Jl/,. In this way we obtain the equations 



J dy dz 

= if. dy, 




dx dz 
“a 

= iff dx. 


w 

Substituting expressions (6) for a* 

and Of, we ' 

obtain 


M. 



ahtiN 

’m 

(sr) 

Mp 




( 28 ) 


where X> is the dexiiral rigidity of the plate dehned by Eg (3), 
and w denotes small deflections of the plate in the S'direction. 



Let us now consider tha stresses acting on a section of the 
lamina a6cd parallel to the a-aids and inclined to the z- and 
y~axc 9 If acd (Fig. 21) represents a portion of the lamina cut 
by such a section, the stress acting on the side oc can be found 
by TOcana of the eevuations of statics. lU^ohing this sfn'sg inlo 
a normal component v, an<l a shearing component t.,, the magni- 
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tildes of thrae components n«* obtained by projecting the forcci' 
ncting on the element octl on the n and t directions respectively, 
which gives us the known equations 


= «’» cos* « "f- 

T.. = \{o, - O -in 2«, ) 


(<0 


ill wliich a is tlie angle lielween the normal n and the i-axis or 
Ix'twecn the direction t and the (/-axis (Kig. 21o). This angle 1 “ 
con«idored positue it measurcsl in n etockwi-e direction 

Considering all lemmas, Miieh os aal in I'ig 2l6, over the thick- 
ness of the plate, the normal stresses e, give us the Iicndiag 
moment acting on the Msition ac of the plate, the magnitude of 
which per unit length along <ic is 


.if. - J',... ./-• . .if. .o.’ o + .if, .in’ a. (311) 

Tilo shearing htres.-e» »», pvc iis the (wi-ting moment acting op 
the Beelion oc of the plate, the magnitude of which per unit 
length of ac is 






(40) 


The signs of 3/, and ,l/„ aie chosen in such a manner that the 
positive values of the«* moments are reprcseiitwl by vectors in 
the jiositivo directions of n and I (I'lg 21n) if the rule of the 
nght-liniid pcrcw ia used Wien a 
isK*roor», Lq. (30) gives J/i. “ 

For <t = x/2 or 3r/2, we obtain 
3/. » The moments 3/./ be- 
come jero for these values of « 
Thus wc obtain the conditions 
shown m Fig 19. 

Equations (39) and (40) are 
similar to Eqs. (36), and by using 
them the bending and Iw isiing moments can be readily calculated 
for any value of cr We can oh-o use the graphical method for 
the same pHrpo«e and find the values of 3/» and 3J.j from the 
Mohr’s circle which can be constructed as shorni in the previous 
article by taking 3/, a.s abbrii^sa and M,i a.s ordinate The 
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diameter of the circle mU be equal to Mx — ^ shoira in 

Fig. 22. Then the coordinates Oii and /IB of a point A, defined 
by the angle 2a, give us the moments and Mnt respectively 

Let us now represent Af, and Sfui as functions of the curva- 
tures and of the twist of the middle surface of the plate Sub- 
stituting in Eq. (39) for 3/, and Mg their expressions (37) and 
(38), we find 

3/b =! cos* a + i wn* ^ sif** a + ^ cos’ 

Using the first of the equations (36) of the previous article, we 
conclude that the expressions In parentheses represent the curva- 
tures of the middle surface in the n- and /-directions respec- 
tively. Hence 

To get the corresponding expression for the twisting moment 
3fni, let us consider the distortion of a thin lamina abed with the 



sides a6 and ad parallel to the n- and f-dirvctions and at a dis- 
tance s from the middle plane (Fig 23). During bending of 
the plate the points a, b, c, and d undergo small displacements. 
The components of the displacement of the point a in the n- and 
/-directions ire denote by u and p respectively. Then the 
displacement of the adjacent point d in the n-direction is 
u + (du/dl)dl, and the displacement of the jioint b in the 
/-direction is p + (A'/dn)dn. Owing to tfacs-o di'pJaccjnents, nc 
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obtain for tho Hhcanng atrnin 




Am do 
dl dfi' 


w 


The corresponding slsearing stress is 


, .cfe + ssY 

‘ ^ An/ 


From Fig. 23b, representing the section of the middle surface 
made by the normal piano tlirougli the n-nxis, it may be seen 
that the angle of rotation in countcrclockiM“c direction of an 
clement jx], which initially was perpendicular to the Jl/-plauCi 
nlxmt an axis perpendicular to nr-planc is equal to —dw/dn. 
Ownng to tills rotation a point of tlic clement at a distance t 
from the neutral surface has a displacement in the n-dircction 
equal to 



Considenng tlic normal section through the /-axis, it can be 
shown that the same point has a displacement in the /-direction 
equal to 


Substituting these values of the displacements u and v in expres- 
sion (J), we find 

r„ - -20*^, m 

on dt 

and expression (40) for the ttmting moment becomes 




( 43 ) 


It is seen that the twisting moment for the given perpendicular 
directions n and t is proportional to the twist of the middle 
surface corresponding to those directions. When the n- and 
/-directions coincide wth the as and y-axes, there are only bend- 
ing moments ilf, and M, acting on the sections perpendicular to 
those axes (Fig. 19). Hence the corresponding twist is zero, 
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and the curvatures 1/r, and l/r» are the principal curvatures of 
the middle surface of the plate. They can readily be calculated 
from Eqg. (37) and (38) if the bending moments .V, and are 
Riven. The curvature in anj' other direction, defined by an angle 
«, can then be calculated by uang the first of the equations (36), 
or it can be taken from Fig. 17. 

Regarding the streases in a plate undergoing pure bending, 
it can be concluded from the first of equations (d) that the 
maximum normal stress acts on tliosc section-s parallel to the 
312- or 3'2-planes. The magnitudes of these stresses are obtained 
from Eq. (b) by substituting 2 = ft/2 and by asing Eqs. (37) and 
(38). In this way we find 

. , Oil/* , , 6il/* 

(44) 


If these stresses arc 0 / opposite sign, the maximum shearing 
streas acts in tho plane bisecting the angle betneeri the »- and 
yj-planes and is equal to 




3(il/* - .1/,) 
P 


(48) 


If the stresses (44) arc of the same sign, (he maximum shear acts 
in the plane bisecting the angle between the xy~ and i 2 -planes or 
in that bisecting the angle between the xy- and ys-planes and is 
equal to or ■§(<r,)«M., depending on which of the two 

principal stresses (<r,.)«i or {ff,)«>*» U greater. 

11. Particular Cases of Pure Bending; — In the discusrion of 
the previous article w 0 started with the case of a rectangular plate 
along the edges of ivhich uniformly distributed bending moments 
act. To obtain a general case of pure bending of plates, let us 
imagine that a portion of any shape h cut out from the plate 
considered above (Fig 19) by a cylindrical or prismatieal surface 
perpendicular to the plate. The conditions of Ixtnding of tliis 
portion wll remain unchanged provided that bending and twist- 
ing moments that satisfy Eqs. (39) and (40) are distributed along 
the boundary of the isolated portion of the plate. Tims we 
arrive at the case of pure bending of a pbatc of any shape, and 
wo conclude that pure bending of * pialo is always produced if 
along the edges of the plate bending moments J/. and twisting 
moments Jf.. arc distributed in 6ueh a manner as given by 
Eqs. (39) and (40). 
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Let us take, as a first example, the particular caw in which 
Mx = Afg = Af. It can be concluded, from Eqs. (39) and (40), 
that in this case, for a plate of any shape, the bending moments 
arc uniformly distributed along the entire boundary and twisting 
moments vanish From (37) and (38) we conclude that 


11 M . 
r. r, i>(l + r)’ 


(46) 


t c., the plate in this case is bent to a spherical surface the curva- 
ture of which IS ^ven by Eq. (4fi) 

In the general case, when Jlf, is different from ^f„, we put 
A/, » A/, and A/» *= Af,. 


Then, from Eqs (37) and (33), we find 


3*10 

di* 

il/i - rM, 
0(1 - 


M, - yM, 

dy* ” 

D{\ - r*) 


We have also 


(fl) 


dz dy “ °- 

Integrating these equations, we find 

iW, - .-Af, 


A/i - >'AJ, , 

" 2D(1 - ¥--f 


2D(1 - r=)' 


4- C\X -b Cty + C%, (c) 


where Ci, C, and C, an? constants of integration. These con- 
stants define the plane from which the deflections to arc measured. 
If this plane is taken tangent to the middle surface of the plate 
at the origin, the constants of integration must be equal to zero, 
and the deflection surface is given by the equation 


,, Afi — cAfj A/, — rA/i , (^\ 

” - - 2 D (1 - ,■) -*’ - 20(1 - ,■) !>'• 

Let us consider the particular case where A/, = — A/i. In this 
case the principal curvatures, from Eqs (a), are 


di* oil - r)’ 
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and x\e obtain an antielastic surface the equation of winch is 


2i>(l - yy 


(/) 


Straight lines parallel to the »-axB become, after Ix'ndmg. para- 
bolic curves convex downward (Fig 24), whereas •.traight line'- 
in the y-direction become parabolas convex upward .tJong tJie 
lines bi'.ecting the angles be- 
' tween the i- and j/-axcs wo havfe 
X = y, or X ~ —y; thus deflec- 
tions along these lines, ns Is seen, 
from Eq. (/), arc zero. Alllines 
parallel to these bisecting lines 
before bending remain straight 
during bending, rotating only 
by some angle. A rectangle oM bouiwlrsi by such lines will l)o 
twisted, M shown in Fig 2-1. Imagine normal wetions of the 
plate along the lines ah, he, til and ad From Eqs. (30) and 
(40) \io conclude that Iwnding moments along (he-e sections 
are *ero and that twisting moments alongsecfinns ad and he are 
equal to *l/i and along sections ah and etl are equal to — ^fi 





48 


THEORY OF PLATES AND SHELLS 


width of the rectangle, the corresponding twisting couple iii 
Mi£i and can be formed by two vertical forces equal to Mi acting 
along the vertical sides of the rcctat^lc. This replacement of the 
distributed horizontal foiccs by a statically equivalent sj'stem 
of tn o vertical forces cannot cause aiij' scasiblo disturbance in the 
plate, except mthin a distance comparable with the thickness of 
the plate, ‘ nhich is assumed small Proceeding in the same 
manner with all the rectangles, we find that all forces Mi acting 
along the vertical sides of the rectangles balance one another 
and only two forces M\ at the comers a and d are left. Making 
the same transformation along the other edges of the plate, we 
conclude that the bending of the plate to the anticlastic surface 
shoivn in Fig 25a can be produced bj* forces concentrated at the 
comers* (Fig 25e) Such an experiment is comparatively simple 
to perform, and was used for the experimental verification of 
the thcorj* of bending of plates discussed above.* In these 
expenraents the deflections of the plate along the line bod (Fig 
24) were measured and were found to be in very satisfactory 
agreement with the theoretical results obtained from Eq (/)■ 
Some discrepancies were found only near the edges, and they 
were more pronounced in the case of comparatively thick plates, 
as would be expected from the foregoing discussion of the trans- 
fomialion of twisting couples along the edges. 

As a last example let us consider the bending of a plate (Fig 
10) to a cylindrical surface haiing its generating line parallel to 
the y-axis. In such a ca.«tc d-w/dy* = 0, and we find, from 
r.qs (37) and (38), 




M, ■= -rD 


ax*' 


(?) 


It is seen that to produce bending of tlie plate to a cylindrical 
surface wc must apply not only tlio moments M, but abo the 
moments Mf. Without these latter moments the plate will be 


•This follow* from the fo-callcd Saint IVnonf* pnneipU; see author’s 
“Tlicorj’ of Klisticity,” p 31, |034 

* Tliw tmnsfonnation of the force sjalem nef inn along the eilgcs was first 
*uKg<»to*l by Ixird Kelvin and P. C. Tait. Bi'c "TrcalLso on Katural 
rinloBophy," toI 1, part 2, p 203, IRSO. 

•Such experiments were made by l>r. A. Nadal, ForieJiunitarbriim, 
vola 170, 171, Berlin, 1915; *ee aim his book "EListischo ITattcn," p 
Dorlin, 1925 
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bent to an antlclastic f5»irface.’ The first of the equations {g) 
have already been used in Chap I in discussing bending of 
Jong rectanguJar plates to a oiUnddcal swr/sce Although at 
that discussion ue had bending of plates by lateral loads and 
there were not only bending stresses but also vertical shearing 
stresses acting on sections perpendicular to the r-axis, it can be 
concluded from a comparison with the usual beam theory that 
the effect of the shearing forces is negligible m the case of thm 
plates, and the equation developed for the case of pure bending 
can be used with sufficient accuracy also for lateral loading 
12. Strain Energy in Pure Bending of Plates. — If a plate is 
bent by uniformly distributed bending moments Af, and .1/, 
(Fig. 19) 60 that the xz- and yz- planes are the pnncipal planes 
of the deflection surface of the plate, the strain energy stored in 
an element, such as show n in Fig. 20, is obtained by calculating 
the work done by the moments 3/» dy and My dx on the clement 
during bending of the plate. Since the sides of the element 
remain plane, the work done by the moments Mt dy is obtained 
by taking half the product of the moment and the angle between 
the corresponding sides of the element after bending. Since 
— dho/dx* represents the curvature of the plate in the xr-plane, 
tho angle corresponding to Ihe moments Mt dy is — 
and the work done by these moments is 


An analogous expression is also obtained for the Kork produced 
by the moments Mydz Then the total worl., equal to the 
strain energy of the element, is 

Substituting for the moments their expre-,aions (37) and (39), 
the strain energy of the elements is represented in the following 
form: 

* We always iissume very small defleetjona or else beading to a developable 
surface The case of bending to a non-dcvdopable surface when the deaec- 
tions are not small will be discussed later; »eo p. Bl. 
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Since in the case of pure bending the curvature Is constant 
over the entire •’urface of the plate, the total strain energy of the 
plate wiU be obtained >f wc substitute the area A of the plate 
in place of the elementary area dx dy in expression (o). Then 

If the directions i and y do not coincide wnlh the principal planes 
of curvature, there will act on the sides of the element (Fig 20) 
not only the bending moments A/, dy and My dr but also the 
toasting moments Mty dij and My, dx The strain energy due to 
bending moments arc reprevented by the expression (a). 
deriving the expression for the strain cnergj' due to twisting 
moments M^dy ne observe that the cor^c•^pondmg angle of 
twist IS equal to tlie rate of change of the slope Oic/dy, aa x varies, 
multiplied with dr; hence the strain energy duo to il/»v <^y ^ 


ivluch, applying Eq. (43), becomes 


The same amount of energj’ will also be produced by the couple* 
My, dx 60 that the strain encigj’ duo to both twisting couples is 


Since the twist does not affect the work produced bj' the 
bending moments, the total strain energy of an element of a 
plate Ls obtained by adding together the energy of bending (<*) 
and the energy of twist (5) Thus we obtain 


IT' ^ nF ^ 6*w'V 1 . ( , 


, d*w 0*l£ 
"" dy' 


|dr dy 
D(1 - .) 




■(4S) 
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case the arc OB must be equal to the initial outer radius a of the 
plate The angle v and the radius b of the plate after bending 
are then given by the following equations; 



It i« seen that the assumwl bending of the plate implies a com 
pressive strain of the middle surface in the circumfcrentia 
direction The magnitude of thi*< htrain at the edge of the plate is 
e ° ~ h ^ r<p - r sin y (o)‘ 

a rv> 

For small deflections wc can take 


sin <fi 


6 


which, substituted m Eq (a), gives 


(h) 


To represent this strain as a funelion of the maximum deflection 
S, we observe that 


Hence 


a - r(l - cos p) “ 



Substitutmg in Eq. (&), we obtain 

. = ± (49) 

3r 

This represents an upper limit for the circumferential strain at 
the edge of the plate. It was obtained by assuming that the 
radial strain is zero Under actual conditions there is some 
radial strain, and the circumferential compression is someth®'' 
smaller* than that gisen by Eq (49). ^ 

From this discuasion it follows that the equations obtained m 
Art 10, on the assumption that the middle surface of the ben 
plate is its neutral surface, are accurate provided the strain 
by expression (49) is small in comparison svith the ma.ximum 
‘This question is discussed later; see Alt 67. 
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bending strain h/2r, or, what is equivalent, if the deflettion i is 
small in comparison with the thicknesis h of the plate A similar 
conclusion can also bo obtained in the more general rase of 
pure bending of a plate when the two principal cur%.itures arc 
not cqualA Generalizing these conclusions wc can state that 
the equations of Art. 10 can always be applied with auflicirnt 
accuracy if the deflections of a plate from its initial plane or from 
a true developable surface are small in comparison with the 
thiclvncss of the plate. 

14. Thermal Stresses in Plates with Clamped Edges.— Equa- 
tion (46) for the bending of a plate to a spherical surface can bo 
used in calculating thermal stresses in a plate for certain cases of 
non-uniform heating. Assume that the variation of the tempera- 
ture through the tluckncss of the plate follows a linear law and 
th.at the tcmperaluro does not vary in plane* parallel to the wr- 
faccs of the plate. In such a case, by measuring the temperature 
from the temperature of the middle surface, it can be con- 
cluded that temperature expan-sions and contraction? are propor- 
tional to the distance from the middle surface Thu? wc liaio 
exactly the s.ime condition as in the pure bending of a plate to a 
spherical surface. If the edge? of the non-muformly licalet 
plate arc entirely free, the plate will bend to a spherical stir ace. 
Let « be the coefficient of linear cxi>aiirion of the rnaten?! of tho 
pl.?te, and let I denote the difference in temperature of the upjK'r 

and lower face? of the plate. The difference Iwtwern t ermaxi^ 
mum thermal expansion and the expansion at the muldlc surtaco 
b al/2. and the curvature n*?ulting from tho non-uniform heating 
can Ih‘ found from the equation 

oj ^ 

2 “ 2r 

1 nl 
r * fc 


from which 


(.-> 0 ) 
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Assume, now, that the middle plane of the plate fr^e *0 
expand biit that the edecs are clamped so that they cannot 
rotate In such a case the non-uniform heating wll produce 
bending moments uniformly distributed along the edges of the 
plate. The magnitude of these moments Is such as to eliminate 
the curvature produced by the tion-uniform heating [Eq (oOJJi 
since only in this way can the condition at the clamped edge ^ 
satisfied Using Eq (46) for the cur\'ature produced by the 
liending moments, we find for determining the magnitude M 
of the moment per unit length of the boundary the equation 
M cd 

WTTi a' 

from which 

M = ( 6 ) 

The corresponding maximum stress can be found from Eq?- (•*■*) 
and IS equal to 

_ 6.1f _ 6atP(l + s) 


k- 


k* 


Substituting for D Us expression (3), we finally obtain 

It is seen that the stress b proportional to the coefficient of 
thermal expansion or, to the temperature difference t between the 
two faces of the plate and to the roodulas of elasticity E. Th® 
thickness A of the plate does not enter into formula (51); but 
since the difference t of temperatures usually increases in pro- 
portion to the thickness of the plate, it can be concluded that 
greater thermal stressp^ arc to be expected in thick plates than 
in thin ones. 

It will be shown later (sec Art. 86) that the simple formula (51) 
can be also used m calctilatii^ thermal stresses in non-unifortaly 
heated thin shells, such as thin c>lindriral lubes or thin spherical 
containers. The change in ciini'Bturc during non-uniform heating 
of such shells is prevented by the shape of the shell ibelf, and 
the maximum bending 8tres.«ps (51) are produced. Since the 
temperature difference t is usuall)’ proportional to the tliickne^ 
o{ the shell, it becomes ex’ident that thin gla.s.s containers will 
proi c more satisfactory than thick ones in cases where thermal 
stres.se3 are the controllmg factor. 
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16. Differential Equation for Symmetrical Bending of Laterally 
Loaded Circular Plates.’ — If the load acting on a circular plate 
is symmetrically distributed about the axis perpendicular to the 
plate through its center, the deflection surface to nhtch the middle 
plane of the plate is bent will al->o be 
symmetrical In all points equally 
distant from the center of the plate 
the deflections wll be the same, and 
it is sufficient to consider deflections 
only in one diametral section 
through the axis of symmetry (Fig 
27). Let us take the origin of co- r 
ordinates 0 at the center of the 
undeflected plate and denote by r 
the radial distances of points in the 
middle plane of the plate and by v 
their deflections in the downu ard direct ion The maximum slope 
of the deflection surface at any point A is then equal to — dto/dr, 
and the cur\’ature of the middle surface of the plate in the 
diametral section rz for small deflections is 



Klo S7 


X. — dho _ ^ 
r, “ dr* ~ dr’ 


(a) 


^vhere v> the small angle between the normal to the deflection 
surface at A and the axis of symmetry OB. From sjTnmetrj' wc 
conclude that l/r» is one of the principal curvatures of the 
deflection surface at A. The second principal curvature will be 
in the section through the normal AB and perpendicular to the 
ra plane. Observing that the normals, such as AB, for all points 
of the middle surface with radial distance r form a conical surface 

1 Th<}e^eithtT<ff(he!f{nvbUmf0fbetidtogafe/rciiltri^.tfe:t n^gires by 
Poi^n; see “Memoirs of the Academy,” \ot 8, Pans, 1829 
65 
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with a{>cx li, wc concUide that the len);th AH is the radius of 
the second principal cim'alnre which wc denote by r». Then, 
from the figure, wc obtain 

L = f . (6) 

r, r dr r 

Having expressions (a) and (h) for the principal curvatures, wc 
can obtain the corresponding values of the bending moments 
assuming that relations (37) and (38). derived for pure bending, 
also hold between tlicM; muments and the cur% alure.s.’ Using 
these relations, we obtain 



where, as before, M, .and ff, denote the bending moments per 
unit length M, along circumferential sections of the plate, such aa 
the section made by the coni- 
cal siirfaco with the apex at B, 
and Ml along the diametral 
section rs of the plate. 

Equations (52) and (53) con- 
tain only one variable u> or f, 
which can be determined from 
tho con.sideration of equihb- 
nura of an element of the plate 
auch as element ahed in Fig 28 
cut out from tho plate by two 
cybndrical sections <il> and cd 
and by two diametral sections ad and be. The couple acting on 
the side cd of the clement is 

Af^ de. (c) 

* The effect on deflections of sheanng stresses acting on normal gections 
of tho plate perpendicular U>mendians,8uch as the section cut by the conical 
surface with the apex at B, is neglected bote. Their effect is small in tho 
case of plates the thickness of which is small in comparison wilhthe diameter. 
Further disouBsion of this subject will be given in Art. 20. The stresses 
perpendicular to the surface of the plate are also neglected, which is jusfifiiblo 
in all cases when the load is not highly eoneentrated (seep 76). 
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Tlie corresiwiiding couple on the side cli is 

(.V. + ^r)(r + *)<(«. M 

The couples on the sides ad and be of the element are each il/, dr, 
and they give a resultant couple in the plane roz equal to 

M, dr do. (e) 

From symmetry it can be concluded that the shearing forces 
that may act on the element must vanish on diametral sections 
of the plate but that they are usually present on cylindrical 
sections such as sides cd and ab of the clement. Denoting by Q 
the shearing force per unit length of C3'lmdrical section of radius r, 
the total shearing force acting on the aide ai of the clement is 
Qr do, and the corresponding force on the side ob is 

[q + (§)*](>■ + *)J». 

Neglecting the small difference between the shearing forces on 
the two opposite sides of the clement, we can state that these 
forces give a couple in the rz plane equal to 

QrdOdr (/) 

Summing up the moments (c), (d), (c) and (J) iriith proper signs 
and neglecting the moment due to the external load on the ele- 
ment as a small quantity of a higher onler, we obtain the fol- 
lowing equation of equilibrium of the element abed' 

'''■ 

from which we find, by neglecting a small quantity of higher 
order, 

SI, + - J/. + Or - 0 (t) 


Substituting expression-s (52) and (5.1) for AI, and Ah, Eq. (g) 


becomes 

<fV , _ _ 0 

dr* r dr r* D’ 


(54) 


or, in another form, 


dhe 1 d*ip 
dr* r dr* 


I dw 
T* dr 


Q 

D 


( 55 ) 
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In anj' particular case of a symmetrically loaded circular plate 
the shearing force Q can easily be calculated by dividing the load 
distributed within the circle of radius r by 2Tr; then Eq. (54) or 
(55) can lie used to determine the slope ,p and the dellection w 
of the plate The integration of these equations h simplified 
if we observe that they can be put in the following forms: 



It Q is represented by a function of r, these equations can be 
integrated without any difficulty m each particular ease. 

Sometimes it is advantageous to represent the right side of 
Eq. (57) as a (unction of the inteasity q of the load distributed 
over the plate. For this purpose we multiply both sides of the 
equation by 2irr Then, oliscrving that 

Q2rr ■ J*^«2rr dr, 

MC obtain 

Differentiating both sides of this equation with respect to r and 
dividing by r, we finally obtain 



This equation can easily be integrated if the intensity of the 
load q IS given as a function of r 

16. Uniformly Loaded Circular Plates. — If a circular plate of 
radius a carries a load of intensity q uniformly distributed over 
the entire surface of the plate, the magnitude of the shearing 
force Q at a distance r from the center of the plate is determined 
from the equation 

2irrQ 

(a) 


from which 
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Substituting in Eq. (57), we obtain 


drl_r rfr\^^/J 


By one integration u’e find 


IL 

2D 


(fr) 


Id/ di£>\ 
r dr\ dr/ 


(c) 


where Ci is a constant of integration to be found later from the 
conditions at the center and at the edge of the plate Multiply- 
ing both sides of Eq (c) by r, and making the second integration, 
we find 


and 


dio _ qr* 
'"dr " 16D 


C,r* 

2 


+ C, 


dw _ CiT Cj 

dr ” IC/) 2 r 


(59) 


The new integration then gives 




(80) 


Let us now calculate the constants of integration for various 
particular cases 

Circular Plate mlh Clamped Edges . — In this case the slope of the 
deflection surface in the radial direction must be aero for r = 0 
and r = a. Hence, from Eq (59), 


(jc± + £!!:+£!) 

\16D ^ 2 ^ r/_. 
\16D^ 2 ^ rjr^ 


= 0 , 
= 0. 


From the first of the«c equations \>e conclude that C, = 0. 
Substituting this in the second equation, we obtain 


Ci 


qa' 

sd' 


Wth these values of the constants, Eq. (59) gives the following 
expression for the slope: 




( 01 ) 
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Equation (CO) g5\ 


4. r 

^ Wi> 32Z>^^*’ 

fd) 

At the cdgi* of tiic plate tlic tlcfleclion i» icro. Hence. 

jfll _ ,yi*. + C« =» 0 

and wo cilitam 

WD 


Sub'itituting in Eq (d), we find 


“• * sfi)*”’ - 

(62) 

The maximum dcfli-ction is at Uie coiuer «)f the iilale 
Eg. (62), 11 equal to 

and, from 

.r. - 

04I> 

(e) 

Tills deflection w equal to tlireo-cightlM of the deflection of a 
uniformly loaded stnp wnth built-in ends having a flc.Tural 
rigidity equal to D, a width of unity, and a length equal to the 
diameter of the plate 

Having cx]ires.''ion (61) for the isJofie. we obtain now the bend- 
ing moments Jlf, and Jlfi by mmg expressioni (52) and (53) from 
wluch wc find 

M. - ilo'O + .) - r’(3 + ,)], 

(63) 

M, - -^o-a + .) - r>(l + 3,)| 

( 64 ) 

Substituting r *= o in these expres.siom, we find for the bending 
moments at the boundary of the plate 


( 65 ) 

At the center of the plate wliere r = 0, 



jlf, = if. = + .), 


( 66 ) 
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and we obtain tbo bending of a plate supported at the edge. 
The defiection surface in the case of pure ben^ng by the momenta 
gaV8| from Eq. (46), is 

” " 16DC1 + r)^“’ “ 

Adding this to tlie deflections (62) of the clamped plate, we find 
for the plate rvith a wmply supported edge 

Substituting r = 0 in this expression we obtain the deflection of 
the plate at the center* 


(5 + »)qa* 
'*'• " 64(1 + r)D 


( 68 ) 


For V 0.3 this deflection is about four times as great as that for 
the plate with clamped edge. 

In calculating bending moments in this case we must add 
the constant bending moment ^a*/8 to the moments (63) and 
(64) found above for the case of clamped edges Hence in the 
case of supported edges 

M, - i(3 + .)(«> - r>), (69) 

1/, - ^a'<3 + .) - r>(l + 301. (70) 


The maximum bending moment is at tlie center of the plate where 
M, - U, - 


The corresponding maximum atreas is 


. GMr 3(3 + »)ga» 

- (<'.)~. = -jr =* — 


(71) 


To get the maximum stress at any distance r from the center we 
must add to the stress calculated for the plate with clamped edge 
the constant value 

* 6 go* 

h*' 8 
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corresponding to the pure bending shown in Fig. 30J>. The same 
stress is obtained also from Fig. 29 by inea.siinng the ordinates 
from the horizontal ass through Oi. It may be seen that by 
clamping the edge a more favorable stress distribution in the 
plate is obtained. 

17. Circular Rate with a Circular Hole at the Center. — Let us 
begin with a discussion of the bendit^ of a plate by the moments 
Mt and Mt uniformly distributed along the inner and outer 



Fio ai. 


boundaries, respectively (Fig. 31). The shearing force Q 
vanishes in such a case, and Eq (57) becomes 



By integrating this equation twice we obtain 

Integrating again, we find the deflection 

w=- - 52 ^ - C. tog J + C,. m 

The constants of integration are now to be determined from the 
conditions at the edges. Substituting expression (o) into Eq. 
(52), we find 

This moment must be equal to Jft for r “ 6 and equal to Jlf» for 
r ** o. Hence equations for determining constants Ci and Cj are 

o[f (1 + r ) -^’(1 - .)] - 
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r, 2{aUf, - ^ - Mi) 

‘'‘■(r+K)I)(a>-f)’ (I - »)0(a' - 1=) '' 

To determine tivo constant Ci in Eq (6), the deHoctions at the 
edges of the plate must be considered jVssiimc, for example, 
that the plate in Fig 31 issupportedalong theouteredge. Then 
u) = 0 for r s= a, and \\c find, from (6), 


- b^Mi) 

■ 2(1 + r)D(a> - h*)' 


In the particular case when A/j = 0 ivc obtain 

^ „ ^ 

(I + - b‘) 

r _ 

“ 2(1 + y)D{c 

and cxprissiniis (n) and ((>) for thesU>iH*ni)d the deflection become 


_ E™' 

'(1 - »)/>(o* - 6*)’ 


■ br 


<lr ‘ 


2(1 + e)D(o« - M) 


■(o’ - r’) 


. , , r 

(1 - - h’) 0 


(T3) 


As a second example we consider the cace of iHmding of a plate 
by slicnnng forces Q, timformly distributixi along the inner edge 
(Hr 32) Tlie shearing force 
}»er unit length of a circumference 
of radius r is 

JL. 


1 ift t 


where /' = 2rl-Q, denotes the 
total load nppliisl to the inner l»«tmdar\’ of the plate. Siilisti- 
liiting this in Ilq (A") am! integrating, we obtain 


dr St/>\ " o / 3 


(0 
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The constants of integration will now be calculated from the 
boundarj' conditions. A.s.siiming that the plate is simplv sup- 
ported along the outer edge, we have 

M»-o, + = (») 

For the inner edge of the pJate we Imve 

_d('!?5? + -— 'I =0, (») 

\dr< ^ r ilr/,^ 

Substituting depressions (e) »n(l W m Eqs (s) nnd (1), we find 


4eDVl + s o* - !>’ ® 0/ 


(1 + OP „ 

(1 - r)4rZ) 0 < - b’ 


(0 




With these values of the constants substituted in expressions (c) 
and (/), we find the slope and the deflection at any point of the 
plate shown in Fig. 32 For the slope at the inner edge, which 
will be needed in the further discussion, we obtain in this way 

In tho'limiting case where b is infinitely ™all 6- log (Vo) 
approaches zero, and the constants of integration ecome 

c. = [^:-4S)- C'-ssO + rrr^) 

Substituting the»e values in expression (f), we obtain 
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This coincides with the deflection of a plate without a hole and 
loaded at the center [see Eq (89), page 74]. Thus a very small 
hole at the center does not affect the 
deflection of the plate. 

Combining the loadings shown in 
Figs. 31 and 32, we can obtain the 
solution for the case of a plate built 
in along the inner and uniformly loaded 
along the outer edge (Fig 33). Since 
the slope at the built-m edge is zero id this case, using expressions 
(72) and ( 3 ), we obtain Ibe foUow'ing equation for determining 
the bending moment Mi at the built'iii edge’ 



+ 4(l + ,)i|l0B5]- (74) 


Having this expression for the moment Mi, ne obtain the deflec- 
tions of the plate by superposing expression (73) and expres-sion 
(/) in which the constants of 
integration are given by expres- 
sions (i). 

By using the same method 
of superposition one can obtain 
also the solution for the rase 
showTi in Fig 34 in which the plate is supported along the outer 
edge and carries a uniformly ^stnbuted load. In this ca.se wc 
use the solution obtained In the previous article for the plate with- 
out a hole at the center. Considering the section of this plate 
cut by the cylindrical surface of radius b and perpendicular to the 
plate, we find that along this section there act a shearing force 



Flo. 34. 



Fjo 33 
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Q = vqb^/2irb = qbJ2 and a beading moment of the intensity {see 
Eq. (69)] 

M, = -^(3 + »)(«’ - h') 

Hence to obtain the stresses and deflections for the case shown in 
Fig. 34, we have to superpose on d ^ T 

stresses and deflections obtained f* *1 

for the plate without a hole the O l Q A 

stresses and deflections produced Ir^ r 2 kii 

by the bending moments and ° 

shearing forces shown in Fig. 35 

These latter quantities are obtained from expressions (72), (73), 
Cose » Cose 5 | 
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depending on \\hcthrr the npiilied load is uniformly distributed 
over tlic surface or concentrated along the edge. The numerical 
% allies of the factor k, calculated* for several values of the ratio 
a/b and for PoK^ons ratio »• = 03, are given in Table 3. 

The maximum deflections m the same ca.scs arc given by 
formulas of the t%pe 


(76) 


Tlio coefficii'iits ki arc abo given in Table 3 


Table 3 — CotrviLigVTs 1: and *, js Rq« (75) avd (7G) roH tub Kionr 
Cases 8ii«>DrN is Fio 30 


S4l t M 0 (10 I 40 0 071 I 00 

2U3 |l 10 io 401 2 04 [o 001 U 34 

00231 0 410 0 0183 I 04 0 0018 3 l( 


I 10 |0 341 
0 SO |o 
0 13 s!o 

0 123'o 00343'0 330j0 


|0 071 || 88 |o 734 3 17 lo 724' 
I 210 4 30 |l 300 
, ,0 2'JJ|2 00 0 448 

,0 74 0 1240 1 31 ,0 30i!i 43 lo 417| 


0 DOO77IO 271 0 0002.0 71 0 03201 (4 'O 110'2 23 'O 178|2 
[0 nsjo 0012a'o 320_0 0004 O 433 0 0337|o 703 0 OOl'o S33 0 
OTO O 414 11 4400 004 1 880,0 e24'2 OS lo 

lo 327|0 OOaIO 0 428 0 0240 0 733 0 0877|l 203|o TOOjt 314^0 


When the ratio a/b approaches unity, the values of the coefficients 
I ^ (75) and (76) can be 

A I I I ■> obtained with bufficicnt accuracy by 

^ 1 j* ! a- -d considering a radial strip as a beam 

I ^ I <o) vnth end conditions and loading as 

I ^ f *” **^tual plate The effect of the 

A" ' \J Qr A moments iV, on bending is then 
jOi Qi j (t>) entirely neglected 
M, j |M, 18. Circular Plate Concentrically 

Loaded. — \V© begin with the case of a 
Fil 37 sunply supported plate in which the 

load is uniformly distributed along a 
circle of radius b (Fig. 37a) Kidding the plato into tw"© parts 
as shown in Figs. 37b and 37c, it may be seen that the inner por- 
tion of the plate is in the condition of pure bending produced by 
■ These calculations nere made liy A M. Wahl and G Lobo, Trana A’'i 
Soc ^[ech. Eng , vol 52, IJOO 




SYMMETRICAL BENDING OT CIRCULAR RLATES GU 


the uniformJy distribu(c<l moments while the outer part is 
l>cnt by the momenta A/, and the sheanng forces Qi. Denoting 
by P the total load applied, we find that 


(«) 


The magnitude ol the moment Ah is found from the condition of 
continuity along the circle r = 6, from which it follows that Ixith 
portions of the plate have, at that circle, (he same slope Using 
Eqs. (72) and (j) of the previous article, we find the slope for the 
inner boundary of the outer portion of the plate equal to 


(^l 


■ D(l - y)(a* - 6»)’ 


(L + ljUl) 

(Vo ^ 1 + rflV 


,lost(l + 


26» 

,» - 6* ” 




(b) 


Tlic inner portion of the plate is bent to a spherical eurfaco, the 
curvature of wliich is given by cxpr<-sMon (40). Therefore the 
corresponding slope at the boiindsry is 


.1f,b 

Vdr/,^ “ "I>(1 + s)‘ 
I'qu.s(ing exfin's-sions (h) and (c), neobtam 




r)P{o» - 
SrO* 


(1 +y)l'ioe^ 

4? 


id) 


Sulwtituting this expression for A/t in Eq (73), wc obtain doflcc- 
lions of the outer part of the plate due fo the moments A/,. 
The ddlcctions due to the forces Q, are obtained from Lq. (/) of 
the previous article. Adding together both lhc«e deficctions, we 
obtain for the outer part of the plate 
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(Wf. 


P 

■ 8tD| 


((«■ - +|-hr-/°-V^) + “’’‘'"h]- 


To find the deflections of the inner portion of the plate, we add 
to the deflection (e) the deflections due to the pure bending of 
that portion of the plate In this manner we obtain 


■ 2D(1 + P)\ 


(1 - 


.)P(n* - 6*) 


(I + y)p log ; 


(b* + r*) logi + r* - b* + (a* - r*)' 


<3 + Qg* - (1 - Oh*] 


2(1 + r)a* 






-J 

(78) 


If the outer edge of the plate is built in, the dcficctions of tho 
plate are obtained by superposing on tlie deflections (77) and 
(78) the deflections produced 
by the bending moments Mt 
uniformly distributed along the 
outer edge of the plate (Fig 38) 
M 2 j' 'M 2 such n magnitude that 

the slope of the deflection sur- 
face at that edge is equal to 
rero From expression (77) the slope at the edge of a simply 
supported plate is 


P l_ gi - 

\dr)r^ 4-rD l-j-i-' g 

The slope produced by the moments Alt is 

(^}E\ — Jfio 

J>(1 -I- y) 

Equating the sum of expressions (/) and ^) to z> 


if) 
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Deflections produced by this moment are 

Mi r* - o* P a* - 


■ D(1 + 1.) 2 


■ 8rD(l + v) a- 


ih) 


Adding these deflections to deflections (77) and (78), \ 
for the outer portion of a plate with a built-in edge 


= ^l 
SirDl 


5[(a--r>)5^’ + <i.> + r=)loS;]. 


and for the inner portion, 




+ »■’) log - + r* - 6* -h 


(g^ - r*)(fl* + t>*) I 


Pf... , ... fc . (o» -h r*)(o» - 6‘) I 
' ^[(6’ + H) log - + 2? J 


(SO) 


r '“1 V 
« ' ~gr-i 




Having the deflections for the case of a load uniformly <^tril>* 
uted along a concentric circle, any case of bending of a circular 
plate symmetrically loaded with respect to the center can bo 
solved by using the method of superposition. I-ct ua consider, 
for example, the case in which the 
load is uniformly distributed oi’cr the 
inner portion of the plate bounded by 
a circle of radius c (Fig. 39). Expres- 
sion (77) is used to obtain the deflec- 
tion at any point of the unloaded 
portion of the plate (a > r > c). The deflection produced j an 
elementarj' loading distributed over a ring surface of radius an 
mdth dh (see Fig. 39) is obtained by substituting P “ 2 tJ> 7 ^ 
that expression, where q is the intensity of the uni om oa 
Integrating the expression thus obtained with respect to 6, wc 
obtain the deflection 


Fia 39 


4D, 

. (1 - 




(«’ - 


... 3 + r 


, r -ii(l + r) - u 


- 1 - r* log 




log - 


2{l + r)a’ 


12(1 + F) 


(1 - ■>) (q* - :L>]1. 

^1 + f) o' \) 
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or, denoting tlie total load by P, 


(«* - r*) + 2r* log - 


F (3 + 


Expression (78) is used to obtain the deflection at the contei 
Substituting r = 0 and P = 2rbqdb in this expres'ion and inte- 
grating, we find 

<”>- = mi [>■’ H + '^’(rT^)]'’ 

where P « irc\ 

The maximum bonding moment is at the center and is found by 
using expression (d) Substituting 3*69 db for P in this exprev 
sinn and integrating, we find 






db 




(1 -I- r) log ; -b 1 


. - »')e^ 


(S3) 


where, as before, P denotes the total load irc*? > 

Expression (81) is used to obtain the bending moments ^1/, and 
Mt at any point of the unloaded outer portion of the plate. 
Substituting this expression in the general formulas (52) and 
(53), we find 


Mt 


-jA (! + •') log^ + l-r 




(85) 


16s- V’ 

The maximum values of these moments are obt.ained at the circle 
.here 

(1 - ^)P(a* + c») 

IGra* 


Mr = i 


M, 


= £[' 


(I + v) ioe - + 1 




(87) 


> This expression applies onlywheneisst least several ti 
The case of axcrj-em-sUcisdisciiwedinAn. 19 


I the tliickncs.s 
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The same method of calculating deflections and moments can be 
u«ed also for any kind of symmetrical loading of a circular plate. 

The deflection at the center of the plate can easily be cal- 
culated also for any kind of unsymmetrieal loading by using the 
following consideration: 

Owing to the complete symmetry of the plate and of its bound- 
ary conditions the deflection produced at its center by an isolated 
load P depends only on the magnitude of the load and on its 
radial distance from the center. This deflection remains 
unchanged if the load P is mo\ed to another position provided 
the radial distance of the load from the center remains the same. 
The deflection remains unchanged also if the load P is replaced by 
several loads the sum of which is equal to P and the radial dis- 
tances of \\hlch arc the same as that of the load P- From this 
it follows that in calculating the deflection of the plate at tlie 
center we can replace an isolated load P by a load P uniformly 
distributed along a circle (he radius of which is equal to the radia 
distance of the isolated load. For the load uniformly distnbtited 
along a circle of radius b the deflection at the center of a p ate 
supported at the edges is given by Eq (78) and is 


This formula gives the deflection at the center of the plate pro- 
duced by an isolated load P at a distance b from t o cen er o 
the plate. Having this formula the deflection at the center for 
any other kind of loading can be obtained by u=ing the mctliod o 
superposition.^ , t .. 

19. Circular Plate Loaded at the Center.— The “ 

concentrated load acting at the center of the plate can >co 
from the discussion of the previous article by ns.suming i 
radius c of the circle within which the load is distnbutwl brron 
infinitely small whereas the total load P remains ini . 
this n^simiption the maximum deflection at the center of a simpb 

.iipportcd plate, by Eti (82), i. ^ 

(3 + r)Pa- (SS) 

“ 1C.(1 + "jD 

'This m^lhod of cftlcidating doflerliow iSstic.tf 

indicsled by Riint Venant in bw iranslUion ol me m 
lira corjw solides,” f>y Cle'iseh, p 3fi3, 1SS3, P.«ns 
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The deflection at any point of the plate at a distance r from the 
center, by Eq. (81), is 

The bending moment for points with r > c may be found by 
neglecting the terms in Eqs. (84) and (85) which contain c*. 
This gives 



(90) 

Jlf. -^[(I + .)log° + l-v]- 

(91) 


To obtain formulas for a circular plate with clamped edges we 
difiercntiate Eq (89) and find for 
the slope at the boundary of a 
simply supported plate 
Pa 


Mj 


Mi 




(o) 


4(1 + y)itD 
The bending moments Af* uni- 
formly distributed along the clamped edge (Fig. 40) produce a 
bending of the plate to a sphencal surface the radius of which ia 
given by Eq (46), and the corresponding slope at the boundary ia 


Afro 

(T+W 


(fr) 


Using (o) and (b), the condition that the built-in edge does not 
rotate gives 


(.«.)„ - «, - - f- ie) 


Deflections produced by moments if, by Eq (A) of the preceding 
article are 

P(r» - a») 

8eD(l + *)■ 

Superposing these deflections on the deflections of a simply sup- 
ported plate in Eq. (89), we obtain the following expression for 
the deflections of a clamped plate loaded at the center: 

r , P 
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Adding Eq. (c) to Eqs. (90) and (91) for a simply supported 
plate, we obtain the following equations for the bending moment 
at any point not very close to the load: 


34 =£[(! + ») log l]’ (93) 

Jf, = ~[(l + ')log2-4 (9<) 

IVhen r approaches aero, expressions (90), (91), (93) and (94) 
approach infinity and hence are not suitable for calculating the 
bending moments. Moreover, the assumptions that serve as the 
basis for the elementary theory of bending of circular plates do 
not hold near the point of application of a concentrated load 
As the radius c of the circle over which P is distributed decreases, 
the intensity P/tc* of the pressure increases till it can no longer 
be neglected in comparison with the bending stresses as is done 
in the elementary theory. Shearing stresses which are also 
disregarded in the simple theory bkewise increase without limit 
as c approaches zero, since the cylindrical surface ^reh over whic 
the total shear force P is distributed approaches zero. 


a body all three dimensiona o 



Dlscardins the aasumptlons on which the eleroenlsry theop^ a i 
may obtain the stress distnbution near the point of spplicfttwa o 
by considering that portion of the plate a* ■ •” ‘^ree mensi 

which are of the aame order of magni- 
tude. To do this imagine the central 
loaded portion separated from the rest 
of the plate by a cylmdneal surface . 
whose radius 6 is several times aa large J 
as the thickness h of the plate, as shown 

inFig'41. It may be assumed that the 

elementary theory of bending is a^* , ti„„ of the load P and 

rate enough nt a distance 6 from the poi^ of 

that the corresponding stresses wy ^ - ),e„,crotthepUteiathus 

reduced to the problem of a ayrametrtcat « distnbutcd over a 

eylmder of height h and radius b acted "P?" /.. . jgnj boundary.* The 
small circle of radius e and by reactions along 

‘So-cral examples of symmetri^ shown in Fig 41 

the .uthor'. "Tbcory »' (■« P- Pl.ltm," p 3M) ..a 


also by Dr. S WomowsVy-Kneger (see his paper 
p 305, 1033). The results given *■ 


from the Utter paper. 
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solution of this problem shows that the mawmum compressive stress at the 
center A of the upper face of the phte can be CTpressed bv the foUomng 
approTimate formula ‘ 




in which ffiia the value of the compressive bending stress* obtained from the 
approximate ibeor> tay, by usinB Eq for the case of a simply sup- 
ported plate, and a is a numerical factor depending on 2cA, the ratio of the 



diameter of the loaded area to the thickness of the plate Several valuea of 
this factor are grt on it] the table betoK- Its variation nilh the ratio 2e/h is 
shown also m Fig 42 Wheo e approaches tero, the stress cnleiilated by 
Eq (93) approaches uifintty 


Table 4 — Valces or Pactok a is- Eg (65) 


2c/f> - 0 10 0 25 » 50 0 75 


I 00 I 1 50 


b OlOGO 04660 0 200 


0 203 0 


The maaitnura tensile stress occur* at B, the center of the low er surface 
of the plate (Fig 41) Wliea * i» very small, » e , for a strong load concen- 
tration, this tensile atre*® is practically independent of the ratio 2cih and 
for a simply supported plate is givra by the follow ing approximate formula:’ 
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Q Eq (95) by an amount equal to 
P 6 3^ 

4^ 'fc* “2irA» 


id) 


on account of the action of the moments J/« = —P/4r The maximum 
tensile stress at the center of the loner surface of a clamped plate for a strong 
concentration of the load (e = 0) is found by subtracting Eq (d) from Eq 
(96). Itis 




r)(o 


485 log - + 0 62 I- 


(97) 


The stress distribution across a thick circular plate (h/a - 0 4) mth 
built-in edges is shown in Fig 43 These stresses arc calculated for c = 0 lo 
and ► - 0 3 For this case the maximum compressive stress c 
r-0 


normal ti 


-I00-423 -?«l 

;a 


2 <72^^ 

i Mic/cf/e \ 

1 

i 

] 

f \ 



^ b 

\23Q 251 


the surface of the pkte is la^r than tlie maximum compreasiye •" 

bending given by Eq (95). The maximum tensile stress is ralc^ula ed Dy 
means of Eq (97). It la siDallcrtluin the tensile strew given by the elemen- 
tary theory of bending The value of the latter across the o' 

plate is shown in the figure by the dotted line It was calculated from the 
equation for bending moment 


. ^ (1 -I- r) log - - 


(1 - »)e» 


(98) 


obtained by adding the moment -tl. — — i'/t. i a i „i ib. 

In detemiainj the «Je d.n.en«n. ot a e.malat plate Med .1 he 
eenter, »e ean inally land one faMlBatton. to the e.leuLallon ol the 
maximum tensile bending strcascs at the bottom of the p ate y means 
Eqs. (96) and (97) Although the compressive stresses at 
pkte may be many times as large as the temnlc strr^ses at the bottom m^e 
Le of ft strong ^ncentmtmn of the load, they do no repre^nt a d.iwt 
danger because of their highly localixcd character The local ' 

case of a ductile materUl uQ! not affwl the dcfonn.slion of the plate in 
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general if the tensile stresses it the bottom of the plate remain tnthm safe 
limits The compressive strength of a brittle material is usually many 
times greater than its tensile atrenglb, so that a plate of sueh a material w ill 
also be safe if the tensile stress at the bottom is within the limit of safety 
The local disturhanee produced by a concentrateil load in the vicinity of 
Its point of application must also be considered if we want an exact desenp* 
tion of the deflection of the fdaie This djstuibance is mainly confined to a 
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The lateral prchsurc aefing on the plate produces a negative 
curvature, convex upward, similar to that which occurs in a 
uniforndy loaded beam ‘ The pressure q per unit area produces 
a radtal elongation of vq/E&l the upper .surface of the pbte. At 
the middle surface of the plate this elongation is vql2E, anil at 
the bottom of the plate it is zero Assuming a struight-hno rela- 
tion to hold, an approximate value of the radius of curvature li 
can be found from the equation 

^ 

2H " 2K’ 

from which 

1 _ jq 
“ 2hli’ 

and the negative deflection is 

- '■) w 

Adding Eqs. (c) and (c) to Jlq (07), a more exact expression 
for deflection is found to be 


■ 04Z)^“’ + v"’ 




qj^ S + K 

8/>'6(l - r*) 


(a* - r») 


At the center of the plate this becomes 


9a*/ 5 H 
‘ wdVi -I 




The second term in Eq (/) represents the correction for shear- 
ing stresses and lateral pressure. Tins correction is seen to bo 
small when tho ratio of the thickness of the plate to its radius is 
small. The value of (his correction given by the exact solution is* 


<70‘ 2 8 -b I- + r* A* 
WD ■ 6 ■ 1 - ir* ■ o> 


(?) 


For f = 0 3 tho exact value is about 20 per cent less than that 
given by Eq (f). 

In a uniformly loaded circular plate with clamped edges the 
negative deflection tfj due to pressure cannot occur, and hence 
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only the deflection toj due to shear need be considered Adding 
this deflection to Eq. (62), we obtain as a more accurate \ aluc of 
the deflection 

It is interesting to note that this coincides with the exact 
solution.* 

Consider next the deflections produced by shearing stresses in 
the annular plate loaded with shearing forces uniformly dis- 
tributed along the inner edge of the plate as shown in Fig 32 
The maximum shearing stress at a distance r from the center is 

22TTh 


where P denotes the total shear load. The corresponding shear 
strain is 


du>i 

dr 


22irrA5 


Integrating, we obtain for the deflection produced by shear 


3 P , a 


Pk* 


- »)D 


log - 


This deflection must be added to Eq (^) on A® I'® 
get a more accurate value of the deflection of the plate s own in 
Fig 32. When the radius b of the hole is very small, the expres- 
sion for the total deflection becomes 


The deflection at the edge of the hole is 

8Ti>\2(l - 1 - r) ^ 1 - r o* bj 
The second term in this expression represents the 
due to shear. It increase^ indefinitely as b approac ^ ' 

as a consequence of our a.ssumption that the load 
finite Thus when b approaches xero, the correspon mg s 
stress and shearing strain become infinitely large. 

' See Olid , p. 485 
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The term la Eq (i) which represmts the correction for shear cannot be 
applied to a plate without a hole The correction for a plate without a 
hole may be expectecl to be somewhat smaDer because of the wedging effect 
produced by the concentrated load P applied at the center of the upper 
surface of the plate Imagine that the central 
portion of the plate is removed by means of 
a cylindncal section of small radius b and 
that >U action on the remamder of the plate 
la replaced by vertical shearing forces ei)uiva- 
lenl to P and by radial forces S representing 
the wedging effect of the toad and distributed 
along the upper edge of the hole as shown in 
Tig 45. It IS evident that the latter forces 
produce stretching of the middle surface of the plate together with some 
defection of the plate in the upward direction This indicates that we 
must decrease the correction term in espreMion (fc) to make it apply to a 
plate without a hole To get an idea of the magnitude of the radial forces 8, 
let us consider the plate under the two loading conditions shown in Fig 46. 


S S 


^ 


11 


lir 

i i- 

'/ 


1 , 

/A 

Y/// 

1_J 


Lbi- 



Fio 4S 






U r-f-r 4 


-.r.4 


(a) (b) 

Fio 46 


In the first ease the plate la compressed by two e<\ual and opposite toroceP 
acting along the axu of symmetry x In the second case the plate is sub- 
jected to uniform compression in its plane bv a pressure p uniformly dis- 
tributed over the cvlitidncol surface bounding the plate As a result of 
lateral expansion these pressures produce an increase of the thickness of the 
plate by the amount 

We can now ohlsio frotn this expression the increase Ar in the radius r of the 
plate due to the action of the forces P (Fig 46a) by applying the reciprocal 
theorem to the two conditions of loading shown in Fig 46 This gives 
P Ah « ^irrhp Ac, 
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At 


t + > 
r ■ r ' 


(n) 


Comparing expressions (mi and (n), we cottriude tliat liie radial expansion 
n hich the forces F in Fig. 46a produce in the plate has the same magnitude 
as the radial explosion produced in a plate with a small cvlmdncal hole at 
the center (Fig 45) by internal pressure pi whoso magnitude is given by the 
equation 


From this we ohtun 


2»P I + • p.6* 
E2t ° E ' r' 


{o' 


Returning to the case of one concentrated force at the center of the upper 
surface of the plate, the action of which is dtustrated by Fig 45, nc conclude 
that the force S per unit length of the circumference of the hole must be equal 
to the pressure p<A/2. Using (he value of p. from Eq (o), wo obtain 


^ ” 2(1 + r)»5*' 

Theso forces applied in the upper plane of the plate produce upward 
deflections ui, the magnitudes of which are found by substituting 


' " 2 “ 4(1 + »)ir5‘ 

in Eq. (73) and oeglectiog h* in comparison with a* In this manner wc 
obtain 

rPh* a* — r* rPh* . 0 . 

“ “St( 1 + ' o» “ 4(1 - r«)ri& r ^ 

Adding this to expression (H), ne obtain the following more scrurote 
formula for the deflection of a plate w ithout a hole and carrying a load P 
concentrated at the center of the upper surface of the plate. 




This equation can be used to calculate the deflection of all points of the 
plate that are not very close to the point of application of the load. IVhen r 
>3 of the same order of magniCDde as the thickness of the plate, £q {$) is no 
longer applicable; and to obtain a satisfacloty solution the central portion 
of tie piate roust be consTifored as was wpfained in tic preceding articfc. 
We can get an approximate value of the deflecltou of this centra! portion con- 
sidered as a plate of small radius b by adding the deflection due to local 
disturbance cn stress distribution near the point of application of the load 
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to tbe drfiwtion gitcn by tht* fl**fn«it*iy theory ' The deflection due to 
Jocal dirturt»anrc near the center « affected verj Jutle by the eonditwna at 
the edge of the plate and benee can be evaluated approximately by meaM 
of thecur%'ea m Fig. 44 Thedotted-linecuno w th« figure w obtained by 
iiamg K<i (92) The additional deflections due to locil disturbance 

arc equal to the diflcrencw between the ordinates of the full lines aad tho'J? 
of the dotted line 

As an example, eonsider a plate the radius of the inner }>ortioii of whiefi 
is 6 — 5A. The deflection of the inner portion ealeulstctl from Eq (02) and 
taVen as unity m Fig. 41 W 


Pb* 

ICr/> 


Using the eurre h/a — 0 2 in Fig 44. the ailditional deflection due to 
local stress disturbance is 


4. - 02U, 


(0 


If nc eonsider a plate lor which 6 « 2SA &nd use the curve hr h/a -> 0 4 
m Fig 44, we obtain 

4. -0 8l;^t2 6fc)», (I) 


whirh differs only slightly from that giien in expreuion (r) for b » Sb, It 
will W unsatisfartory to take b emsiler Ilian 2 Ab, sinrc tor wnallcr radii Iho 
«lge condition of the thick plate l>ecome<i of iiii|>onancc and the eun ea in 
Fig 44, ealailati-d for a buiU>in edge, mny not i>e accurate enough for our 

Kinally, to obtain the deflection of the plate under the load wc proceed as 
(nllona: We calculate the deflertion at a radius r — b « 25b by Using 
J>j (t) To this deflection we s<M the deflection of the central porlKiR of 
the plate uhicbrousi'ts of two parts the first part, equal to 


fb»/ 3 4- > 
Sr»\2'» + e) 


u ealculated liy twing the first term of cxpreMmn (fl); and the second part Is 
given by expression (i). 


‘ In the ease under roasidrration ihts deflection can lie palculatcd by using 
the first term In exprcMion (q) and mlntitutiog b for a. 
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SMALL DEFLECTIONS OF LATERALLY LOADED PLATES 

21. The Differential EquaBon of the Deflection Surface.— e 
assume that the load acting on a plate la normal to its surface 
and that deflections arc small in compan«son with the thickness 
of the plate (see Art. 13). At the boundary we assume that 
the edges of the plate are free to move in the plane of the p ate, 
thus the reactive forces at the edges are normal to the plate 
With, these assumptions ne can neglect any strain m the middle 
plane of the plate during bending. Taking, as before (see Art 
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cqitilibriiim of thr element, tnke into constderatiun the small 
ehanges of the«e quantities when the coordinates x and y change 
by the small quantities ifx and dy. The middle plane of the 
element is represented in Kigs. 48a and 48l>, and the directions 
m which the moments and forces art' taken ae po>,i(ive are 
indic3te<i 

Wc nmsl a\so consnlet the toad distnbvitwl over the upper aur- 
faec of the plate The intensity of this load wc denote by q, so 
that the load acting on the element* is q Hr dy 



lib 48 

rrojecting all the forces acting on the element on the c-axis ' 
we obtain the following equation of cquilibniim. 


from which 


^dx dy + -^dy dx + qdxdy = 0, 


dy 


+ q = 0. 


(b) 


Taking moments of all the forces acting on the element with 
respect to the x*ax1s, we obtmn the equation of equilibriuin 

^~dxdy ~ ~^ydx -t- Q^dxdff = 0 (c) 

‘ The weight of the plate Usttf may be cooBulered as include*! m the load ? 
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Using X- and y-directions instead of n and t, which we had in 
Eqs (41) and (43), we obtain 

( 100 ) 


Substituting these expressions in Cq (ff), we obtain 

3'm , j. — 1 I 

dx* ■*' dv* ~ D 


( 101 ) 


It is seen that the problem of bending of plates by a lateral 
load q reduces to the integration of Eq (101) If, for a par- 
ticular case, a solution of tins equation is found that gatisBes 
the conditions at the boundary of the plate, the bending and 
twisting moments can be calculated from Eqs. (99) and (100). 
The corresponding normal and sheanng stresses are found from 
Eqs (44) and (45) Equations (d) and (c) are used to de’termino 
shearing forces Q, and Q, from which 



dMp _ ^ 4- 

djf dx dy\dx* dy*) 


( 102 ) 

(103) 


The shearing stresses r,. and r,, can now be determined by 
sssuniing that they arc distributed across the thickness of the 
plate according to the parabolic law.* Then 


30. 
"2 k' 




I9i 

2 k ■ 


It Is seen that the stresses in a plate caa be calculated provided 
the deflection surface for a pven load distribution and for given 
boundary conditions is determined by integration of Eq. (101). 

1 This equation was obtained by Lagrange ia 1811 when he was examining 
the memoir presented to the French Academy of Science by Sophie Germain 
The history of the dei’elopment of this equation is given in Todhunter and 
Pearson, "Ilisttiry of the TTieory of Elastierty,” vol. 1, pp. 147, 247,348, and 
vol. 2, part 1, p 263 See also the note by Saint Venant to Art. 73 of the 
French translation of “Thferie delVUsUciW des corps solidcs,'’by Clebsch. 
Pa/if, }SSX 

• It will be shown in Art. 25 that m certain cases this assumption is in 
agreement with the exact theory of Vnding of plates. 
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22. Bouadafy Conditions. — We begin the discussion of bound- 
ary conditions with the caf® of a rectangular plate and assume 
that the x~ and y-axes are fafecn parallel to the sides of the plafo 
BuUt-dn Edge . — If the edge of a plate is built in, the deflection 
along this edge is rero, and the tangent plane to the deflected 
middle surface along this edge coincides with the initial position 
of the middle plane of the plate Assuming that the x-axis 
coincides irith the built-in edge, the boundary conditions arc 

(n).., - 0. - 0 (IW) 

Simplg Supported Edge . — If the wipe y = 0 of the plate is 
simply supporte<l, the deflect ion w along 
this edge mast lie zero At the same 
time this edge can rotate freely with 
respect to the x-axis; tc., there arc no 
liending momenta along this. edge. 

This kind of support is represented in 
Fig. "19. Tlio analytical expressions 
of the liouiularj' conditions in this ca.«e are 

<"')« - 0, (^ + " O' (>M) 

Free Edge . — If an edge of a plate, any the edge x » n (Fig 50), 
is entirely free, it Is natural to assume that along tlas cilge there 
arc no bending and twisting moments and also no vertical 
she.aring forces, ».<■„ that 

(.If,)— “ 0, {M„)^ « 0. {Q,)^ - 0 

'riie boundary conditioas were cxpressol by Poivson' in this 
form. But later on, Kirrhhoff* proveil lh.at three l>ound.sr>- 
conditions are loo m.any and that two conditions arc .siifiicienl 
for the complete determination of defleetions w satl-hing Eq. 
(101). Ho showeil also that the two rjapiirements of I’oissoii 
dealing with the twisting moment Mn and with the ►hearing 
force Q, must be rvplacesl by one Ixmndary comlition. The 



Fib. to 
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physical significance of this reduction in the number of boundary 
conditions has been explained by Thomson and Tait.* These 
authors point out that the bending of a plate will not be changed 
if the horizontal forces giving the twsting couple M„ dy acting 
on an element of the length dy of the edge x = a are replaced by 
tn-o vertical forces of the magnitude dy apart, as shown in 
Fig 50. Such a replacement docs not change the magnitude 
of twisting moments and produces only local changes in the stress 
distribution at the edge of the plate, leaving the stres.s condition 
of the rest of the plate unchanged We have already discussed 
a particular case of such a transformation of the boundary force 
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system In considering a pure bending of a plate to an anticlastic 
surface (page 47). Proceeding with the foregoing replacement 
of twisting couples along the edge of the plate and considering 
two adjacent elements of the edge (Fig 50), we find that the 
distribution of twisting moments M„ is statically equivalent to 
a distribution of shearing forces of (he intensity 



Hence the joint requirement regarding twisting moment 
and shearing force Q, along the free edge x = o becomes 



Substituting for Q, and their expressions (102) and (100), 
we finally obtain for a free edge x ®= a; 

‘Bee “Natural Philosophy,” vol. 1, part 3, p. I8S, 18S3 Independently 
the same question was explained by Boveanesq, J. Math , Ser. 2, vol 16, 
1871, pp. I25-274;Ser.3,Yol 6, pp. 329-344, Paris, 1879 
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The condition that bending moments along the free edge arc 
zero requires 

fdhD . d*u»\ 

V,S? + 

Equations (106) and (107) represent the tn-o necessary boundarj 
conditions along the free edge x = a of the plate 
Transforming the twisting couples as explained in the fore- 
going discussion and as shonm in I^g 50, wc obtain not only 
shearing forces Qi dustributed along the edge i = a but also two 
concentrated forces at the ends of that edge, as indicated in Fig 



Flo. £1 


61. The magnitudes of these forces are equal to the magnitudes 
of the Uvisting couple’ Mj, at (he corresponding eorners of the 
plate. Making the an.alogous transformation of twisting couples 
il/»x along the edge y ~ 6, we sitall find that in thus case again, 


in addition to the distnbuted 
shearing forces <?i, there will be 
concentrated forces jlf,, at the 
corners. This indicates that a 
rectangular plate supported in 
some way along the edges and 
loaded laterally will usually pro- 
duce not only reactions dis- 
tributed -along the boundary but 
also concentrated reactions at 
the corners 

Regarding the directions of t 



1*10. S2. 

concentrated reactions, a 


conclusion can be drawn if the general shape of the deflection 


surface Is known. Take, for example, a uniformly lo.adcd square 


plate simply supported along the edges. The general shape of 
wwfs/ce w ta Fig. 52fi by dotted lines 
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representing the section of the middle eiirfaco of the plate by 
planes parallel to the zs- and yz-coordmatc planes Consider- 
ing these lines, it may be seen that near the corner A the deriva- 
tive dio/dx, representing the slope of the deflection sitrface in 
the i-dircction, is negatuc and decreases numeneally with 
increasing y Hence d*yf/dz dy 19 positive at the comer A. 
From Eq (100) we conclude that il„ is positive and M^s is nega- 
tive at that corner From this and from the directions of 
and Mf, in Fig 48a it follows that Ixith concentrated forces, 
indicated at the comer A in Fig 51, have a dowTiward direction 
From sjTnmetry we conclude also tliat the forces have the same 
magnitude and direction at all four comers of the plate. Hence 
the conditions are as indicated in Fig 52b m which 

It can be seen that, when a square plate is uniformly loaded, 
the comers in general have a tendency to rise, and this is pre- 
v'ented by the concentrated reactions at the corners as indicated 
in the figure. 

Elastically Supported and Elastually Bmli-tn Edge — If the 
edge z ~ a of a rectangular plate is ngidiv joined to a supporting 



beam (Fig. 63), the deflection along this edge is not zero and is 
equal to the deflection of the beam. Also rotation of the edge 
is equal to the twisting of the beam Let B be the flexural and 
C the torsional rigidity of the beam The pressure in the 
z-direction transmitted from the plate to the supporting beam, 
from Eq. (a), is 



and the differential equation of the deflection curv e of the beam is 
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ffn *s <r* COS* a + <r» dn* « + 2r*y sin a cos «, 

Tni = T„{cos’ « — mn* a) + (<r, — iTx) sm a cos a, 
we can represent expressions (6) in the following form: 

= Mt C03* o + M, sin* a ~ 2M„ sm a cos a, ) , 

M„t = il/„(cos* a ~ sin* at) + {Mx ~ 3/,) sin a cos a / 

The shearing force Q, at point A of the boundary vnll be found 
from the equation of equilibrium of an element of the plate shown 
in Fig. 54h, from wWch 

Q.. da = Q.dif — On dx, 


Qn - Qxco^a + Qy sm a. (d) 

Having expressions (c) and (d), the boundary condition in each 
particular case can be written without difficulty 
If the curvilinear edge of the plate is built m, we have for such 


t-o- 

IQ the case of a simply supported edge we have 


(e) 


«) * 0, Jl/. « 0 (f) 

Substituting for il/. its expression from the first of equations (e) 
and using Eqs (99) and (100), wo can represent the boundary 
conditions (/) in terms of in and its derivatives 
If the edge of a plate is free, the boundary conditions are 


Af.-O, V. = Q.-.2^-0. (!7) 


where the terra —dil^i/da is obtained m the manner shown in 
Fig. 50 and represents the portion of the edge reaction which !•> 
duo to the distribution along the edge of the tivistmg moment 
Substituting expressions (e) and (d) for M„i and Q, and 
using Eqs. (99), (100), (102) and (103), we can represent bound- 
ary conditions (p) in the following form: 


V Ali'+ (1 “ 


_ 

dy^ ' 

_ dhe 
’}^1 cos 2«- — ^ 

^dsl_ dx 3y 


( 110 ) 
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. , d*W 

w + V' 

Another method o/ derivation of thew! eonditione w’iU be shown 
in the next article. 


23. AJteraflfe Metiiod of 'D^intioa of the Bouadaij Coadttioas. — The 
differential equation (101) of the defleetton surface of a plate and the 
houndarj’ conditions can be obtained by using the principle of virtual dis- 
placements together with the expression for the strain energy of a bent plate ‘ 
Since the effect of shearing stresses on deflections was entirely neglected m 
the derivation of Eq (101), the corresponding expression for the strain 
energy will contain only terms depending on the action of bending and 
twisting moments as in the ease of i>ure bending discussed m Art 12. 
Using Eq (4S) we obtain for the strain energy in an infinitesimal element 




Thetotal strain energy o! the plate is then obtained by integration ssiollows: 


where the integration is extended over the entire surface of the plate 

Applying the principle of virtual displacement, »e assume that an lafi- 
mtcly small variation fieof thedefloetiona wof the plate is produceif ITien 
the corresponding change in the strain energy of the plate must be equal to 
the work done by the external forces during the assumed virtual duplacp- 
ments. In calculating this work we must consider uot only the lateral load q 
distributed oxer the surface of the plate but also the bending moments .U, 
and transverse forces Q. — (aW.i/^sldistributcdalongtho boundary of the 
plate. Hence the general equation, given by the principle of Wrtual dls- 
pheements, is 

iV = Sw dr dy — ^ is*)*'” 

The Erst integral on the right side of this equation represents the work of the 
lateral load during the displacement 4«v The second, extendeil along tho 
l>mindar>' of the piste, represents the work of the litndmg moments due to 
the rotation a 3u'/r>n of the eilge of the plate. The minassign folios » from 
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the directions chosen /or .V« and tbe normal n indicated in Fig 54 The 
third integral represents the workof the transverse forces applied along the 
edge of the plate 

In the calculation of the vanation Jl'of the strain energy of the plate we 
use certain transformations which we shall show m detail for the first term 
of the expression (111) The small vanation of this term fa 


In the first two terms after the last sign of etjuahty in expression (e) the 
double integration can be replaced by simple integrals if we remember that 
for any function F of z and p the following formulas hold 

cos a i}$, 

In these expressions the simple integrals are extended along the boundary, 
and a IS the angle between the outer normal and the z>axi$, as shown in 
Fig 54. Usmg tho first of the formulas (d), we can represent expression (e) 
as follows 

Advancing along the boundary in tbe direction shown in Tjg &4, we ha\e 
d ita 3 8ig <fn ^ d tin Ja d tw d Sw , 

Sx dn dx 9a dx flu ** 9a “ 



//S" 


With this transformation, expression (<) becomes 

. C 9he( S im Site \ . „ T 

+ 2 I — I cos a — Bin a I era o ds — 2 I cos a 

J d7^\ dn 9a / J fli* 


rdr. U) 
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Integrating by parts, Re have 



The first term on the nght side of this expression u zero, since ne are mte- 
grating along the closed boundary of the plate Tims n e obtam 


J a*‘ *' 


fa/a*u» N 

— I — I —r SID a con a \Sa 
J iis\ax* ) 


Subslitulmg this result in Ef| {f), we finally obtam the vanaf ion of the first 
term m the expression for the strain energy m the foIloR mg form: 


' J / fe) J 

Transforming m similar manner the variations of the other terms of espreo* 
Sion (111), we obtam 






af 

J J 9s* 

} ite r/»r av 

ail* J \a»Lar ay 




a^lie ds. 
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By using these formulas the aanation of the potential energy will be repre- 
sented in the following form:* 


— IJJ 


AAu Sio dz dy + 


+ J{'‘ - sKs “>] 

- (S + ""•-(?+ ST,) “ "‘I 


Bubstituting this expression m Eq (6) and remerobenog that Sie and fltto/5n 
are arbitrary Final] quantitiea satisfying the boundaty ronditjonF, we con- 
clude that Eq (b) wiil be eatiafied only if the follow ing three equations are 
satisfied; 


//■ 


+ rAwj 


— yllie dz dy — 0, (k) 

am « cos a H- 

+ “ 0. to 

sin* a) 


/ d'v d‘v> \ / d*w d*lF "N . \ 

Vi» Sx a\i*) “ \ay* OP ay) “j 


dr fly 


- ^Q, - “^^1*“’ '^a ” 0 f”) 


The first of these equations will be satisfied only if in every point of the 
middle surface of the plate we have 


DAAw — y 0 

which represents the differential eqiiattOD (101) of the deflection surfsce of 
the plate. Equations (I) and (m) give us boundary conditions 

If the plate is built in along the edge. i» and 3ito/9n are tero along the 
edge; and Eqs. (f) and (n) are aatsfied In the cnee of a simply supported 
edge, Ju) » 0 and ilf. •> 0 UeneoEq (m) is satisfied, and Elq (1) will be 
satisScd if 

* The symbols AAte stay for the left4iand side of Kq (101). 
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(1 - ofe cos' o + 2^ 8 

\dx* dx dy 


In the particular case of a rectilinear edge parallel to the j^axis, a -• 0; and 
we obtain from £q. (n) 

d*ip ^ 

u It should be for a simply supported edge. 

If the edge of a plate is entirely free, the nuaatdy «w and a tw/an in Eqs 
(I) and (m) are arbitrary; furthermore, 3/. = 0 and 0. — {dMu/as) •» 0. 
Hence, from Eqe. (1) and (m), for a free edge » e have 


.) 


« + 2r 


ay* / 


Aw «= 0, 


4^- 


shV, 

dy*/ 

_/a»w 

V** 


dz ay 


- sin* a) 


ax ay 


\ay*'^ax*ay) 


These conditions arc in agreement anth Eqs (110) which were obtamed 
previously (see page W). In the particular case of a free rectilinear edge 
parallel to the y-axla, a “ 0, and we obtain 


d*w 

Si* 


ax* 

( 2 -. 


a*tt 

■'V ■ 

ahe 
'ax ay* 


Tho. .quMiom, m.,M« ».lb E,.. (106) .nd (107) obt.med 

ta (],. » hra g.vmn,om™(. JI. ..d tnuav™ tore™ 0. - (S-V-W 
«re d,.(ributed .long (h. rfg. o( . pUl., Ibo tomspoodmg bound.., condi. 
tions again can be easily obtained by usmg Eqe. (1) and (mj. 

24. Reduction of the Problem of Bending of a Plate to That of 
Deaection of a Membrane.-There are cases “ 
advantageous to replace the differential equation (101) of the 
fourth order developed for a plate by two equations of 
order which represent the deflections of a “^brane ™ 
replacement can easily be done if we u-nte Eq. (101) m the 
following form: 

d*w\ 


/a* . 1 . 

\ax* dy*}\ax* ^ 


dyV ^ 


(a) 


I This method of invertigating bendmg irf pUtes 

H Marcusinhi3book“DieTbeorteelaatisch«Oewebc. Iterlm. 1923. 
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and ob‘<cr\T that by adding together the two exprca-bions (99) for 
bending moments (see page 88) we have 

+ Ip’)- (» 

Introducing a new notation 

= („3, 

tlie two Eqs. (a) and (b) can Ik* represented in the follomng form; 


aw dW ^ 

dx' 3j/* 
3^tp $^ic _ 
dx* ” 



(114) 


Both these equations arc of the same kind ns that obtained for a 
uniformly stretched and laterally loaded membrane ‘ 

The solution of the^e equations is very much simplified in the 
case of a simply supported plate of imlygonal shape, in which 
CMC along each rectilinear portion of the lioiindary we have 
d*uj/ds* = 0 since ti’ “ 0 at the lioundary Obsening that 
^fn ~ 0 at a simply supporteil edge, we conclude also tiiat 
cl’ic/an’ ■ 0 at the boundary. lienee we have tsee Eq (84)] 


t)*uj d*w 9*w d*tp _ M 

ail* “ 5x5 ^ 


(c) 


at the boundary. It must be seen that the solution of the plate 
problem reduces in this case to the integration of the two Eq< 
(114) in succession. We be^n with tiie first of these equations 
and find its solution satisfying the condition Af = 0 at the 
boundary.* Substituting this aolution in tJie second equation 
and integrating it, we find the deflections w. Both problems are 
of the same kind as the problem of the deflection of a uniformly 
stretched and laterally loaded membrane having zero deflection 
at the boundary. This latter problem b much simpler than the 
plate problem, and it can always be solved with sufficient accuracy 

• See author’s “Theory of Elastiiaty,” p. 239, 1931. 

A ahaps, ?.{ %‘aiaviWy 

vanish at the boundary when Af, = 0. 
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by using an approximate method of integration such as liitz s or 
the method of finite differences. Some examples of the applica- 
tion of the latter method niU be discussed later (see page 180) 
Several applications of Rita’s method are given in discussing 
torsional problems.* 

A simply supported plate ofcpolj^onal sliape, bent by moments 
uniformly distributed along the boundary, is another simple 
case of the application of Eqs. (114). Equations (114) in sue a 
• case become 


a*M , dm ^ 

ex* dy* 
She , ^ _ 
az* ay* " 


1} I 


(115) 


Along a rectilinear edge wc have again d’la/a** » 0. Hence 


an* 


and we have at the boundary 


d*w . a*u’ 
di» dy* 


d*w 

* an* 


_Mn 

D 


M 


Thi, boundarj- condition and the Stst ot the oqliat.on. (1 ! » 11 
ho .alisfied it tve tale tor the qnantity J/ the 
M - M. at all point, of tho plate, rtliieh mean, that the «nm of 
tho hendine moment. ,tf, and M, remain, eon, tanl over ho 
entire snrtaeo of the plate. The denection, of the P'»<» 

Im found from tho .ccond of the equation., (115), ■ uhich liceomc. 


3*it- , ^ . 
dx* dy* ■ 


il/. 
"■ D' 


(rf) 


It may he eoncluded from Ihl, that, m the ra ,,0 

.imply .upporlotl polj sonal plate hy “"“Z'v ,, 'T,) 

di.trihutol alonK the liourolary, the •’'■"''’J™ “ ' ^ 1,, „ 

I, the same a. that of a uniformly .trelehed “ 

uniformly di.tributed load. There am many 

the solutions of the membrane problem are know n. The^ 
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imnuHlmtcly upplinl m dwa-wmB the eonwjrondinK plate 
problcmn 

Take, for example, a wmply supported equilateral tnani^ular 
plate (Fir 55) Iwnt by momeni'i Sfm uniformly dixtnbuted nlonR 
the boundary The deflertion purfaee of the plate U the name as 
(hat of fl uniformlj* st«‘trJ«xl ainl«uniforinJy lojideU membrane. 



The latter can be easily obtained experimentally by stretching n 
soap film on the tnangular lioundary and loadinR it uniformly 
by air preasurc ‘ 

The analytical exprosion of the deflection surface is al'O 
comparatively simple in this ca^e. We take the product of the 
left sides of the equations of the thrt?c sides of the triangle! 




,V3 ' 


■ -^Y-- - 

aVsAVs 


iVs/ 

' - 3»’j _ nti' + »■) ia' 
3 3 • 27 


This expression evidently becomes scro at the boundary. Ilencc 
the botindarj" condition «• = 0 for the membrane is satisfied if e 
take for deflections the expression 


w-N\ 


3y*x 

3 


a(j* + y^) , 4a» I 
3 3 • 27 J’ 


(c) 


where is a constant factor the magnitude of which we choose 


• Such experiments are u«eit tn solving torsiotial problems; see author’s 
‘Theory of Elasticity," p 200. 
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in such a manner as to satisfy Eq. (d)- obtai 

the required solution: 


4ai3L 


- o(x* + y*) + 




(/) 


Substituting I = V = 0 in this expression, «e obtain the deflec- 
tion at the centroid of the triangle 

_ ig) 

- 27D 

The e:=pressione lor the bendiog «nd tehtiog moments, from Eqs. 
(99) and (100), are 


il/v 




- (1 -> >)■ 
. (J 


_^j 


^ 3fl - 


2a 


Sheering forces, from Eqs. (102) and (103), ate 

e, - 0. - 0. 

Along the honndary, Iron. Eq. (d) hft"ndSg 

Q. Jo. and the bend.ng moment » , 

moment along the side BC (F.g. 55) from Eqs. (s) 

The vertical reactions acting on the plate along the side 
(Fig. 55) are 

aafpi 3(1 (0 


r. = 0. 


2a 


From.,m.metryneconcl„de.lmt^^^^ 

reactions also act along the ^ reactions at the comers 

forces are balanced by tlic co""" be found as 

of the triangular plate, the magnitude of i^h.ch can 
was e xplained on page 90 and is equa o 
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The distnbution of the reactive forces along the boundarj’ is 
shown in Fig 55E> The maximum bending stresses arc at the 
corners and act on the planes bisecting the angles. The magni- 
tude of the corresponding bending moment, from Eqs. (A), is 

(M,)„ = (M.) , = (t) 

*“3* ^ 

This method of determining the bending of simply supported 
polygonal plates by moments uniformly distributed along the 
boundary can be applied to the calculation of the thermal stresses 
produced in such plates by non-uniform heating In discussing 
thermal stresses in clamped plates it was shown in Art. 14 
[Eq (b)] that non-umform heating produces uniformly dis- 
tributed bending moments along the boundary of the plate which 
prevent any bending of the plate The magnitude of these 
moments is* 

jir. - (i) 


To get thermal stresses in the case of a simply supported plate no 
need only superpose on stresses produced in pure bending by 
the moments (0 tlie stresses that arc produced in a plato with 
simply supported edges by the bending moments — + y)/h 
uniformly distributed along the boundary. The solution of the 
latter problem, as was already explained, can bo obtained without 
much difficulty in the case of a plate of polygonal shape.* 

Take again, a.s an example, the equilateral triangular plate. If 
the edges of the plato are clamped, the bending moments due to 
non-umform heating are 


Wi = M 


atDjl + y) 
k 


(m) 


To get the bending moments Jl/, and 3/, for a simply supported 
plate we must superpose on the moments (m) the moments that 
will be obtained from Eqs (A) by letting = —atD{l + v)/h. 
In this way we finally obtain 

‘ It is assumed that th« upper aarface of the plate is kept at a higher tem- 
perature than the lower otic and that the plate thus has the tendency to bend 
convexly upward. 

* See dissertation by J.L Maiilbetsch,,^. vlppl. .tfeeft , vol. 2, p 141,1935. 
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M + ") _ rfP(l + + V - (1 - -)|] 


My: 


at Pil + v) 
h 


1 aiEh^y_ 






"-“5 „ 

The reactive forces can now be obtained froni Eqs. (i) nnd (j) i 
substitution of M = -«fD(l + v)/A- Hence «e find 

The results obtained for moment-s and rew1» c ggj^ 

non-uniform heating arc represented m Fip- 
respectively. 



Fio. 5e. 

26. E«ct Theory of Pl«teB.— The Xates wW 

together with the boundary wnditH^ e bending of normal Btressee 

derived (see Art 21) by negi^wg ® jbat in the denvaticm each 

•T. and sheanng stresses t,. and -lane waa considered to be in a 

thin 1.J er .1 th. pl.t. p.r.M M «” .. «■! “y 
State of plane stress in which only the « ^ js that of 

l« dJI.,.nt l„m .™. Op. 0l 5 . " ,™„d tme- 

pure bending The deflection surfaw in tnis 

lion in . and y (see Ec, (c). Art. »1 of r and y 

components »». »». and r„ are propo nlane stress distribution tales 

Th.™ .™ oth., of l.,pd™ -.-teh • . *.»to pi... 

place and Eq (101) holds ngorcwsly. Take, lor 
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tt ith a central circular hole bent by momenta Mt uniformly distnlmted along 
the boundary of the hole (Fig. 57) Eaeh thin layer of the plate cut out by 
t«o adjacent planes parallel to the middle plane is in the same stress condi- 
tion as a thick-T>allcd cylinder subjected to a uniform internal pressure or 
tension (Fig 676). The sum », + *iof the t*o pnacipal stresses isconstant 
in such a case,' and it can be concluded that the deformation of the layer in 
the i-direction is also constant and docs not interfere nith the deformation 
of adjacent layers Hence ne ha\e again a planar stress distnbution, and 
Eq (101) holds 

Let us discuss now the general question regarding the shape of the deflec- 
tion surface of a plate u hen bending results m a planar strciis distnbution. 
To answer this question it is necessary to consider the three differential 
equations of cquilibnum together with the six compatibility conditions. If 
body forces are neglected, these equations are* 


H 


AiCf — p-- — — ■ I 


.\Jding Eqs (6), we find that 


0*9 OH OH 
Ox* aj* a? 


W 


i t , the sum of the three normal stress components represents a harmonic 
function. In the ca-sc of a planar stress Tn ~ r,, — 0, and it can be 

concluded from the but two of the equations (c> and the last of the equations 
(6) that d0/iz must be a constant, aay fl. Hence the general expression 
for 9 in the c.w of planar stress is 


a - -b ds, (e) 

'See author’s "Theory of UMtinty’,"p. 57, 1031. 

•Sccibid^pp 105 and 19^ 
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where 9» w a plane hamionie function, * r , 

+ 2!?! . M. . 0 

32* ay* 

9, independent of * and pi proportion^ to t. The ” the piate 

through the thickness of the plate. It depends , . n-iy bendniR of 
.n Its own plane and can be omitted d n e are interested only m bencUnR 
plates. Thus M e can take in our further discussion ^ 

Equations of equilibrium (n) will be «H.sfied m the case of a planar stress 
distribution if wc take 

(T, M 

i.. 

function u..._ 

Substituting expressions (j) m Eq (/), ** ® 

i*> 

it* is* 

F«rth.™o,., th, fi.,t .( It,. Motion. <W w, .o.tlud. Ih.l 
.SIr.o or 

‘''3? « 

whith, by «mi! Eb. (H, t.o b. polm th. (ollootos ■«>»! 

ilte'l-o. “ 

oA»t’/ . 

J .^A the third of the equations (61. 
In the same manner, from the aecond and the tm 

we find / . \ , , 

AsvN, 0) 

p„„ E,. <0 ond w 

r..'r™o~»«Sv” ^ 0). .» 

expression of the atrese funcHon is 

.h™ o. U . plon. h.™o».(oo.to*"^ '■ «•»'“ •>” 

2!o, £!»!.(. 

it* ^9* 
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Substituting this in Efis (p), tlw* stress components can now I* calcubtod, 
nnd the displscemcnta ran be fouinl from the equations 

du dti 1 ^ 0, 0 I 

{^y'^ax g’"' at ai ^ ay I 

For the diBphrements if peT|>eniliPUhr to tlw piste we obtain in this way* 

and the ilcflcetion of the miiliWe surfaec of the plate w 


2>; 


+ V‘) + • 


E 


The eorrcsponding slresa components, from Fqs (p) and (0, S' 

« m « m j^***'^ 

«V*’ ’ 0x> '** " 

and the brndins and twutmg moments are 

1/ - — If P j il 2!£} ) 

\f r* j ** ***i 

J-j 12 dt dy 

For the curvatures and the twist of a plate, we find from Eq (n) 

, l + »aVi dV 6 , 1 +'rOV 


E 


' 9y* 

6 he _ 1 + , ay, 
^•r *if E dx ay 

from which, by using Eqs (i) and (o), we obtain 
f* dVt 




ejf* 


a#* 

'*a*wi 


ay> 


dhB 12(1+,) .v,, \ 

dx dy Eb* - " “ (1 - » O j 

•Several examples of calcuhttng «, *, and u from t'qs (m) a 
the author's “Theory of Elasticity." 
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From this analysis it may be concluded that, in the case of bending 


plates resulting in a planar stress dis- 
tnbution, the deflections ta {see Eq (n)l 
rigorously satisfy Eq. (101) and also 
Eqs. (99) and (100) representing bend- 
ing and twisting moments. If a solu- 
tion of Eq (fc) n taken in the form of a 
function of the second degree in x and 
y, the deflection surface (n) is also of 
the second degree which represents 
the deflection for pure bending. Gen- 
erally we can conclude, from Eq (t), 
that the deflection of the plate in the 
case of a planar stress distribution is 
the same as that of auniformly stretched 
and uniformly loaded membrane. The 



plate shown in Fig 67 reprceenta a pis 67. 


particular case of such bending, «* . 

the cue for which the solution of Eq (fc). gi^*” • 


polar coordinates, is 


where A, B and C are constants that roust be chosen so as to satis y 

boundary conditions , , j v jjy moments 

PUtes of a polygonal eha^ '(w Art 24) represent another 

uniformly distnboted -uriace has a form satisfying 

example of bending in which the deflwt jn all these cases, 

Eq. (n), and Eqs. (99). (100) and (101) hold ngorously. In 
as we may see from Eqs. (t) and (o), we a 


u. + sr.-r^y-Z;* 12' 


constant over the entire piste. 



Fio U. 
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dcflMtion of R rivtanKwlat phte clampnl alonR one wJrc and unifoniily 
loaded along the opposite edge (rig 68) represent* an example of euch a 
bending From the theory of bending of reetangtilar beams «c know that 
in this ease a, “ 0 at all points of the pUtc and t„ is tern on the Biirfaees of 
the plate and x’anes along the depth of the j^tc according to the parutiolic 



Using again general Lqx (a), (6), and (c) and proceeding ns in the previous 
case of a planar stress disinbution, we find' ilint the general expression for 
the deflect ion surface in this ease has tlie form 


(?) 


m which Ip i» a planar hannonic ftineiion of * and y, and vi satisfies 
the equation 

dVi 1 — r 

dj* V ’ ~r+"/ 

It can be concluded that in this case again the differenlinl eqiintion (lOl) 
holds with 4 • 0 

The equation* for the (tending and twisting momenu and for the shearing 
forces m this case am 



It can be seen that the expression* for the Eliearing forces coincide with 
expressions (I02J and (I03) given by the approximate theory but that the 
expressions for moments arc different, the second terms of those expressions 
representing the effect of the shearing foiees 

1 The rigorous solutioii for this case iraa given by Saint Vtnant, see bis 
translation of Clehsch's booh: "Thfono d« I’ilaaticit^ dcs corps solides,” 
p. 337. A general disciissioD of the ngoroua theory of bending of plates 
was given by J H. Michell, Proc London jlfotk iSoe , vol. 31, p 100, 19(X) 
See also the book by A E H l^ve, "The Matheraatvcal Theory of Elas- 
ticity," p 473,1927. Tbe results given in our further discussion are taken 
from the latter book.- 



These correction terms 
«me reasoning as in the < 
ture in the rs-plane, we 
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be obtained in an elementary way by using tiie 
of bending of beams Considenng the rurva- 
lunj m me is-piaiic, we y>a,i State that the total cuFvature 18 produced b> 
two factors, the bending moments Mn and the shearing force Q, The 
curvature produced by the bending moments is obtained by subtracting 
from the total curvature -dW®** the portion 

by the shearing force* Suijsliluting -(a'lcpi*) + (d{.kQ./hG)ldx] and 

and'uamg the last two equations of the system (r), we find for the bend g 
moments the expressions 

(d*v> kD^ A./. 

Tbe™ eq«.lioi» eoinride »ilb tte bm t”« WXio™ »' lb' O'!'”' 
if we take 


?h! be.™ .. 

to the action of the shearing force is small and «n e ® conclusion 

» .m.U i« corapiraon with tte .pan of fl» bran. Tk. »m. .onMu.,on 
also holds in the case of plates 

The exact expressions for stress components ar“ 


Ez 

'a*ic 

i - » 

\az* 

Ez 

/a«ic 

1 - r 


Ez 

a’w 

1 +* 

dxay 

E{h' 

- 4z') 


.l,T 6 ’A/ 

jn.\ , E O' 




6 /dz 9y 
~ 8(1 - »’) 


’’ 8(1 - r»l ax 

The Keond (.to. on the eight «do of Iho 'J”"" ^ 

the corrections due to the effect of nroportional to the distance * 

that the stresses <r., rr, and t„ are no lo^ ^rouortional to zK Sbeanng 
from the middle plane but eoniwn a term P jg^^gforrectangu- 

strcsscs r.. and r„ vary accordmg to the «me P»«bolic law “ 
lar beams. In the case of a plane strew « 
fomiulaa (s) coincide with those g 

1 fcls a numerical factor that m the ease ol 
the cross section 


Sbeanng 

eeame — •• rrcctangu- 

...» distnbution, w a constant, and 
n bv the approximate theory. 

„„I bom. depond, on ■h'.l'OP' of 
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The prt)1‘l''in of * uniformly loaded pin* ran «l*o l.c trvalwl nRorvusly in 
the ewe iva.V. Thu^ it ran lieahwan that the i^pncral ctpiTi~ion fordeflee- 
tionam thi*fa*e w oiilamodhy a'ldinp’ loe»piT«>ir.n (qt the term 


• 9 

fvt n 


<*» + 




(/) 


^hifh again aalUfiea I!fi (lOl) of llie approamiale tln'or)' The e<jU3tion't 
for liemlmg moments ih> not eoinetde «ii|i (M) of the approximate 

theory lint eontain some mhhtiona) roireetion term*, if the thielnem of 
the plate is small in e<impan.«<>n with llie other ilimenaione, three (ertna are 
smai] and ran J>e neglerlrd 

In all pmmus r.wa grtirta) eolutiona of plate lieiulmg prohlema were 
iliKuavil without eorieulenng tlie Louniiari ronditioiH There exist aL«o 
ngonma Kihiiiona of eevrra! prohhma m whieh Knimifary etmditioru are 
alio ronsideml All lhc)« Miluttona iiidiente that the elrinentary theur) 
of pUtea « aeeurafe enougli tor pmetieal appValtonit ’ 

' In reeent times the ngoroui theora of jdates ha* sltraeletl the interest 
of engineer*, and resenl impurtant pa|iera m this fiihl hate Iiren pubJubeil 
We ahall mention here the following jwper* S. Moinowphy-Kneger, 
/npfaieuf.ArfAie, ml f, pp^ 203 and 30.S, J0a3 II Oalrrkm, Cempf. rend 
owf in' ram. vol lOO.p jot7 \o| m.p vol. ISH, p HIO. G.D. 
IhrkhoiT. TAtf . vol t3, p 9o3. 1022 C A (Jaralieilutn, TroM. /!« 

Soe.TOl 23, p 313. 1023. Taoipi remf , Pan*. \oli 178 (1024), IM 
(1923), ISO (1928). 103 (1032) It Arehm Higdon and D. U Hnll, Pukf 
ilelK y.rol 3, p 18, 1937 



CHAPTER V 

SIMPLY SUPPORTED RECTANGULAR PLATES 

26. Simply Supported Rectangular Plates under Sinusoidal 
Load.— -Taking the coordinate .axes as shown in Fig. 59. " c as'siime 
that the load distributed over the surface 
of the plate is given by the expression t 

q — qi sm — sin : 

in ^ihich 50 represents the Intensity of the ^ 
load at the center of the plate. The , 
differential equation (101) for the dellec- y. 
tion surface in this case becomes 


d<w , ^ 3hp . ^ 2* 5 .i,i sin 

— + + dj,* D a 


ib) 


The boundary conditions, for simply supported edgas are 
Jlf. = 0 for =r-0 and 

w = 0, = 0 for y “ 0 aid S' " 

Using expression (99) for bending Jhe 

since u, = 0 at the edges, - 0 and ® 

edges parallel to the x- and y-axes, respectively, we can rep _ 
the boundary conditions in the following form: 


(1) le = 0, 
(3) u) = 0, 


and 

and 


(c) 


It may be Been Ihal all Wd^ry condition, am Batlafied d ne 
take for deOections the exprr^ion 

('0 
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in which the constant C must be chosen so as to satisfy Eq. (6). 
Substituting expression (d) into Eq (6), w'c find 




and we conclude that llie deflection surface satisfying Eq (6) 
and boundary conditions (e) is 


9* 


„ ry 


Having this expression and using Eqs (99) and (100), we find 
,, 9* /I I TV ' 

1 r 9« / I" I 1 \ fX . 

g»(l — y) 






It 13 seen that the maximum deflection and the maximum bending 
momenta are at the center of the plate Substituting x ■= a/2, 
y « 6/2 in Eqs (e) and (f), we obtain 




(i + b") 




(126) 




(p+p) 


In the particular case of a hqiiare plate, n = 
going formulas become 

... _ l22l f*f \ - f»r\ 


b, and the fori“- 


(1 + rl'Joa* 



{iiMi'LY liVl‘!>ORTEb RECTANOnAR PL\TLS Ho 
Wc u-;e Kq'*. (102) nml (103) to calculate tin- >hennug fon-ts and 
obtain 


(Jo rz . wy 

supportctl ct 
a Tor the 


To find the reactive forces at the supportctl edges of 
proceed as u as explained in Art. 22 For the c ge x 


In the flame manner, for the edge y • 

V, 


(0 


F,„„ .yL-etry it m.y 1» included bat tomulaa (b)_.nd^W 
dMr, bated p.»,ura, i. 


sjn -fax I - s ^ 

o J ^ x'ai 


Observing that 

iqoOb _ 

it caa ba conoluded that tho ^ 

larger than the total load on the plate given o. 


rb , rx 
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This result can be easily explained if ue note that, proceeding as 
was desenbed in Art. 22, we obtain not only the distributed 
reactions but also reactions concentrated at the corners of the 
plate. These concentrated reactions arc equal, from symmetry; 
and their magnitude, as may be seen from Fig 51, is 




2?»(1 - .) 



(f) 


The positive sign indicates that the reactions act downward. 
Their sum is exactly equal to the second term in expression (J). 

The distributed and the concentrated 
reactions which act on the plate and 
keep the load defined by Eq (a) in 
equilibrium are shown grapliically in 
Fig. 60 It may bo seen that the 
corners of the plate have a tendency 
to rise up under the action of tbo 
applied load and that the concen- 
trated forces B must be applied to prevent this. 

Tho maximum bending stress is at the center of the plate. 
Aasuming that a > b, nc find that at the center Afy > 3/«. 
Hence the maximum bending stress Is 



R a 

Fio 60 


A* 



The maximum shearing stress mil be at tlie middle of the longer 
sides of the plate. Assuming that the total transverse force 
F, = Q, — ^ distnbiited aloi^ the thicknes-s of the plate 

according to the parabolic law and using Eq (»), we obtain 



If the sinusoidal load distribution h given by the equation 


(m) 
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here m and n are integer numbers, we can proceed as before, and 
we shall obtain for the deflection surface the following expression 



(119) 


from which the expressions for bending and twisting moments can 
be readily obtained by differentiation 
27. Navier Solution for Simply Supported Rectangular Plates. 
The solution of the prc\’ious article can be used m calculating 
deflections produced in a simply supported rectangular plate by 
any kind of loading given by the equation 

g - 

For this purpose we represent the function f(x,y) in the form of a 
double trigonometric series:’ 


To calculate any particular coefficient a»«' of this series wo 
multiply both aides of Eq (5) by sin integrate from 

0 to b. Observing that 

J* sin Mn = 0, when n 7^ 

r sin ^ sin = s' «'hen n = n', 

Jo 0 t> * 

we find in this way 


•The first solution of the problem of bending of simply supported r^ 
tangular plates and the use for this purpirae of double ingonometnc scn« 
is duo lo Xavier, who presented a paper on this subject to the French 
Academy in 1820 Tlie abstract of the paper was published *«• 

phil -math . Pans, 1823 The manoscript is in the library of 1 i.coIe des 
Ponts et Chauss^. 
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Multiplying both sides of Eq (c) by rin and integrating 

from 0 to a, we obtain 

. . m'rx . ti'wy. , ab 

S{z,y) sm — 

from which 

a.',' = ^ f(x,y} tin sin dy. (120) 

Performing the integration indicated m expression (120) for a 
given load distribution, » e., for a given /(i.y), wc find the coeffi- 
cients of senes (b) and represent m this way the given load as a 
sum of partial sinusoidal loadings The deflection produced by 
each partial loading was discussed in the previous article, and the 
total deflection will be obtained by summation of such terms as 
are given by Eq (119) Hcnco we find 



Take the case of a load uniformly distributed over the entire 
surface of the plate as an example of (he application of the general 
solution (121). In such a cose 

/(a^.y) = 9 b 

where 9o is the inten.sity of the uniformly distributed load. From 
formula (120) we obtain in this case 




16 ?. 

ir*mn 


where m and,n arc odd integers If r« or n or both of them 
are even numbers, o™, = 0 Substituting in Eq (121), we find 



m = 1, 3, 5, . . . and n = 1, 3, fi, . . . . 


( 122 ) 


where 
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In the Case of a uniform load BC have a deflection surface 
symmetrical with respect to the axes * = a/2,y = 6/2, and quite 
naturally all terms with even numbers for m or n in senes (122) 
vanish, since they are unsymmetrical with respect to the above- 
mentioned axes. The maximum deflection of the plate is at its 
center and is found by substituting x = al2, y = 6/2 in formula 
(122), giving 



This is a rapidly converging senes, and a satisfactory approxima- 
tion is obtained by taking only the first term of the series which, 
for example, in the case of a square plate gives 



or, by Bubatituting expression (3) for D and assuming v « 0.3, 

« 0 . 0454 ^- 

This result is about 2\ per cent in error (see table on page 133) 

From expression (123) it may be seen that the deflections of 
tB'o plates that have the same thickness and the same value of the 
ratio a/6 increase as the fourth power of the length of the 
sides. 

The expressions Tor bending and twisting moments can be 
obtained from the genera! solution (122) by using Eqs. (99) and 
(100). The scries obtained in this way are not so rapidly 
convergent as series (122), and in the further discussion (sec 
Art. 29) another form of solution will be given more suitable for 
numerical calculations. Since the momenta are expressed by the 
second derivatives of series (122), their maximum values, if we 
keep g# and D the same, are proportional (o the square of linear 
dimensions. Since the total load.on the plate, equal to 
is also proportional to the square of the linear dimensions, we 
conclude that, for two plates of equal thickness and of the same 
value of the ratio a/6, the maximum bending moments and hence 
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the niaKJinum stresses are equal if the total loads on the two 
plates are equal.* 

By using the general expression (120) for the cocfRcients of the 
trigonometric senes (6), Navier also obtained solutions for the 
case where the load is umfomily distributed over a rectangle with 
sides parallel to the sides of the plate and for the case of a con- 
centrated load The corresponding senes are not con\ enient for 
numencal calculations, and another form of solution of these 
problems wall be discussed later. 

2S. Application of the Strain Energy Method in Calculating 
Deflections. — From the discussion in the previous article it is 
seen that the deflection of a simply supported rectangular plate 
(Fig 59) can always be rcpre«ented in the form of a double 
trigonometric senes 




nrif 

b 


(o) 


The coefflcients a., may bo considered as the coordinates defining 
the shape of the deflection surface, and for their determination 
the pnnciple of virtual displacements mav l>c u-ed In the appli- 
cation of till? principle «e neofj the expression for strain energy 


-fe) f*) 

Substituting senes (o) for tr, the first term under the integral 
sign in (b) becomes • 




mrx 

a 


niry 
b . 


dz dy. 


(c) 


Obseri'ing that 
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ifm 9^ m'andrt H',.ve conclude that in calculating the integral 
(c) wc ha\ e to consider only the ••quares of terms of the infinite 
series in the parentheses. U^g the formula 

J.J 

the calculation of the integral (c) gtirs 

From the fact that 

n . , mrx . . nry , , 

sm’ — sm’-j-Jxdi, 

n ‘ . p»Tj , nry, , ah 

CO,’— CO,’ 

it can be concluded that the second term under the integral sign 
in expression (b) U zero after integration. Hence the total strain 
energy* in this case is given by expresi.'ion (c) and is 

Let U3 coMider the deflection of the plate (Fig 59) by a con- 
centrated force P perpendicular to the plate and applied at a 
point z = ^, y = V To get a %nrtual displacement satLsfjmg 
iwundarj' conditions «e ^re to aay coefficient aK-.' of series (a) 
an infinitely small variation As a result of this the deflec- 

tion (a) undeigocs a variation 

. , . «iVr . n'rv 

lie = 5a»'.* Mil .sm — r-' 

a b 

and the concentrate*! load P produce^ a i-irtnal work 
. mVf . n'ni 

P sin ^ - r — 

O 0 

From the principle of virtual deqilaceineaCs it (Itxt fkh 

wTirk must be equal to the change in potential cnerg}' (121) due 
to the variation 5<i«v. Hence 
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nx^ 

™-r 


a — ■ J( 

Oa^n- 


Siib'iJitwfinR expression (124) /or V, wd obtain 


P SOmn' sm 
from which 




-“K^ + 0 

Substituting this into expression (n). He find tlie deflection of the 
plate in the followng form: 

. - • *"»{ nn) 

... • •• gin — > gin _ 

4i* o 0 mitz . nry /,ns\ 


Tho eenes converges rapidly, and wc can get the deflection at 
any given point mth sufficient accuracy by taking only tho first 
few terms of the senes Ix-t ms, for example, calculate the 
deflection at tiie middle wJven the load is also applied at the 
middle. In such a case { « i = a/2, t) a. y » b/2, and scries 
(125) gives 



where mi = 1, 3, 5, . , n = 1, 3, 5, . In the case of a 

square plate, expre-v^ion (e) becomea 


4Pa*'^'s^ 1 

Taking the first four terms of the series, we find that 
= 0 0ll21Pa*/f) which is about 3* per cent less than the correct 
value (see table, page 158). 

Having expression (125) for the deflection under a concentrated 
force, we can get the deflection of the plate under any kind of 
loading by using the method of superposition. Take, as an 
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example, a uniformly loaded plate. The load distnbuted over 
an infinitely small element d{ rfij of the plate is qdi dn, and th<‘ 
deflection produced by this elemental load is obtained by sub- 
stituting qdl dr], in place of P, in Eq (125). To get the deflec- 
tion of the plate under the action of the total load «e have on!} 
to form the summation of the deflections produced by elemental 
loads. Hence we obtain 




' j_ "A* 


mrx . riTUl ,, , 
sm sin “ > d( drj if) 

After integration we obtain formula (122) of Xavier's solution. 

Instead of using the principle of virtual di-Bplaccments in cal- 
culating cocflicicDts Om in expression (a) for the deflection, nc 
can obtain the same result from the consideration of the total 
cnerg}* of the system. If a sy.stcm is in a position of stable 
equilibrium, its total cncrg>' U a nunimum. .\pplying tlii^ 
statement to the investigation of Irending of plau-i, tvc observe 
that the total cnerKv* in such ca«c< consists of two parts, the 
strain energy of bending, given by e.xpros<ion (6), and the poten- 
tial cnerg}' of the load distributcil over the plate. Defining the 
position of the element q dx dyof the load by its vertical dUtance 
tr from the liorizontnl plane xy, the corresponding potential 
energy may lx* taken equal to —vqdxdy, and the jwtential 
energy' of the total Io.'mI is 


I tr7 dx dy. 
The total energy of the system thco is 


-Jf 
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The problem of bcnclmg of a plate reduces j» csxch particular 
case to that of finding a fiincUon w of r aud ij that satisfies the 
given boundary conditions and makes the integral (ff) a mini- 
mum If neprom-d with this proWcni by the use of the calculus 
of \ariations, wo obtain for lo tlie partial differential equation 
(101) which was derived licfore from the consideration of the 
equiiibnum of an element of the plate. The integral (jp), how- 
ever, can be used advantageously in an approtimafe investigation 
of bending of plates For that pnrpo«o we replace the problem 
of variational calculus nith lliat of finding the minimiim of a 
certain function by assuming that the deflection te can be repre- 
eented m the form of a series 

tc = aiv>i(x,y} + atViix.y) + avt>t{T.y) + ■ ■ + (0 

in which the functions y«,, . , arc chosen so as to be 

suitable^ for representation of the deflection surface tx> and at 
the same time to satisfy boundary conditions Substituting 
expression (t) in the integral (y), we obtain, after integration, a 
function of second degree in the eocfficicnta oi, at, ... • 
These coefficients must now be chosen so as to make the integral 
(y) a minimj^im, from which it folloivs that 


if) 


^0, . . . , s. 0. 

dot da« 

Tlus is a system of n linear equations in a,, a and 

these quantities can readily lie calculated in each particular case 
If the functions v are of such a kind that senes (i) can represent 
any arbitrary function within the boundary of the plate,* this 
method of calculating deflections w bnnga us to a closer and 
closer approximation as the number n of the terms of the series 
increases, and by taking n infinitely large we obtain an exact 
solution of the problem 


‘ From experience we usuallir know approxunalel}’ the shape of the deflec- 
tion surface, and we should be gmded by this information in choosing suit- 
able funettona 

’ We have seen that a double trieonometncal senes (a) possesses this 
property »^th respect to defleetions is of a simpJy supported rectangular 
plate. Hence it can be used for obtainini; an exact solution of the problem 
The method of solving the bending problems of plates by the use of the 
integral (g) was developed by W. Ritz, see J retne anflcir. Ma{h , vol. I3o, 
1908, and Ann Ph’jsik (4], voL 28, p 737, 1909 
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‘ Applying the method to the case of a Mmply supported rec- 
tangular plate, we take the deflection in the form of the trigo- 
nometric series (a). Then by udng evpre«jon (124) for the 
strain eneigy, the integral (j) is represented in the following 
form: 


and Eqs (j) have the form 




T*abD /m* . hA* f ' tnxz nru , , „ ,r, 

— “"VJr + M) 'JoJ.'"’" r"" 6 w 

In (he ease of a load P applie<l at a point with the coonhnates 
ij, the inteasity q of the load H *ero in all points except the 
point {, 17 , in w hich we have to put q rfx dy » P. Then Eq (f) 
coincides with Eq (d) p^evlou^ly derived by the u-e of the 
principle of virtual divptaceraents. Several furthcr^ipplicntions 
of this method of ealculatingdcflectioiH hjH }>epven lalerin (he 
discussion of plates with boundary conditioas other than thw' 
of i-iroply supported edges. 

29. Alternate Solution for Simply Supported and. Uniformly 
Loaded Rectangular Plates. — In d»«euvring problems of liending 
of rectangular plates that liavc two opjiosile islgi"« rimply .■<up- 
ported, M. Ix:vy‘ sugg«'*'ted baking the solution in the form of a 
soriea 


tc 


. mrr 
> 1 « am ——I 
^ a 


(n) 
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dho/dx* = 0 at these two sidw. It remains to determine Ym 
m such a form as to satisfy the boundary conditions on the sides 
y = ±l>/2 and also the equation of the deflection surface 


a. «v 4. ^ a 5. 

dz‘ ^dx* By* By* D' 


ib) 


In applying this method to uniformly loaded and simply sup- 

ported rectanpiiar plates, a further slmpli- 

r 1 fication can be made by taking the solution 

y~ of EJq. (6) in the form* 

k 

^ tc = isi + tr* (c) 

■"i 5 and letting 

1 tr, = 24D^^* " 

— , - _l 

t.e., u)| represents the deflection of a uni* 
^ Fju 81 formly loaded stnp parallel to the 

It satisfies Eq (b) and also the boundary 
conditions at tiic edges x ^ 0 and z ^ a 
The expression tcj evidently has to satisfy the equation 


3*ic» ^ B'iCt . Bhct 

Bx* ^ ar» By* dy* 


0 


(e) 


and must be chosen in such a manner as to make the sum (c) 
satisfy all boundary conditions of the plate Talung tci in the 
form of the series (o) m which from symmetry m = 1, 3, 6, . - • 
and substituting it into Eq. (e), wc obtain 


20i 


This equation can be satisfied for all values of x only if the 
function satisfies the equation 


’ This fom of solutioti wuused by A. Nadai, ForichungiathtUen, Noa. 170 
and 171, Berlin, ISIS, sc« also his book*‘Baatisclie Plntten," Berlin, 1925. 
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The geacral integral of this equation is 
y. = cosh^ + 

<1 a a J 

Observing that the deflection surface of the plate is symmetneal 
with respect to the i*axis (Fig. 61), we keep in the expression 
(g) onij' even functions of y and let the integration constants 
C, = D, = 0. 

The deflection surface (c) is then represented by the follow- 
ing expression; 

■* “*■ 

which satbfics Eq. (6) and also the boundary conditions at the 
sides f B 0 and z » o. It remains now to adjust the constants 
of integration Am and Bm in such a manner as to satisfy the 
boundary conditions 

1 .- 0 , ^-0 W 

on the sides y = +6/2. We begio by developing expression (d) 
in a trigonometric series, wluch gives’ 


- 2«' + O-X) 



where m * 1, 3, 5, ... . The deflection surface (A) will now 
be represented in the form 
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boundary cniiditions (t) and using the notation 

ntrA 


(t) 


we obtain tlic following «|Uati«ns for determining tbc constants 
Ak and Bn: 

-j"— I •+• d«i cosli a. + amBm sinli ~ 0, 

(.l« + 2/i„) eosb a„ + «»/t«sinh a« = 0, 
from winch 

2(rt, tanh + 2) 


An = -- 


Bn * 


r*?n* co'ih 0 


(0 


^ cosh On 

Substituting these v&luc.s of the cimstants m llq (j), we obtain 
the deflection surface of the plate, satisfying Eq (6) and the 
boundary conditions, m the following form' 


4^* 

■ 


2 


(an tanh <?■ + 2) 


’ant/ 




(126) 


from which the deflection at any iH>mt can bo calculated by using 
tables of hyperbolic functions ‘ The maximum deflection is 
obtained at the middle of the plate (x « a/2, y *« 0), where 




in- 


The summation of tlie first scries of terms represents the deflec- 
tion of the middle of a uniformly loaded strip Hence we can 
represent expression (m) in the following form : 

_J 7<i‘ . 47a* X? (-1)”^ a«tanhQ .-(-2 

■“ 384 D ^ Fcodnr:^ — ^ 
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cient accuracy is obtained by takii^; only the first terra Taking 
a square plate as an exarnfAc, ne have Srom Eq (k) that 



and Eq. (127) gives 

iw - - ^(0 68562 - 0 0002S +•■.)“» OOWe®^- 

It is seen that the second term of the senes ra the parentheses is 
negligible and that by taking only the first term the formula for 
deflection is obtained correct to three significant figures 
Substituting expression (Sj for m formufa (127), ne can 
represent the maximum deflection of a plate in the form 



where a ia a numerical factor depending on the ratio b/a of the 
Bides of the plate and on Poisson’s ratio r. Values of a calcu- 
lated for »> = 0 3 are given in Table 5 To obtain a for a mate- 
rial ivith a different value of r the values of a given in the table 
must bo multiplied by (1 — »'*)/ 0 . 01 . 

The bejjdjng moments M, and My are calculated by means of 
expression (ft). Substituting the algebraic portion of this expir-'- 
sion in Eqs. (09), we find that 

m; = SS(S^>. („) 


The substitution of the series of expression (ft) in the same 
equations gives 


•If'/ >= (1 — v)gnV’^^m'|^4* r'o>h 

+ ,inh ^ ^ eosh ^)] .in 

•If/ = —(1 — v)giiV'^fft*j^A- co.h I 

+ + ^ 4 - ^ !^)] 


(o) 
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The total bending moments are obtained by summations of 
expressions (n) and (o). The maximum values of these momenta 
are at the center of the plate (» = a/2, y = 0), for which 
point we obtain 

7 + (1 - 

(M,)„ = - (1 - 

■>-1 

where Aw. and Bm arc given by expressions (0 Again ue have 
series that converge very rapidly We can represent the man- 
mum moments in the form 

(p) 

Tho numerical factors S and fix depending on the ratio o/b of 
the sides of the plate and on the magnitude of r aro given in 
Table 5 for r « 0 3. From the table it is seen that, as tho ratio 
b/a increases, the maximum deflection and the maximum 
moments of the plate rapidly approach the values calculated for 
a uniformly loaded strip or for a plate bent to a cylindrical 
surface obtained by making b/a = « . For 6/a =» 3 tho dif- 
ference between the deflection of the strip and the plate is 
about per cent. For 6/o = S tha difference is less than 
\ per cent. The differences between the maximum bending 
moments for the same ratios of b/a are 5 and J per cent, respec- 
tively. It may be conduded from this comparison that for 
h/a > 3 the calculation.? for a plate can be replaced by those for a 
strip without substantial error. 

Expression (A) can be used also for calculating shearing forces 
and reactions at the boundary. Forming the second deriva- 
tives of this expression, we find 


Ate 


3*10 3*10 

dP'^ 
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Substituting this in Eqs. (102) and (103), we obtain 


Q, . 2(5_^ - 

n-t 

Q, — — 2T^ga^m*B, sinh sm 

For the sides i *= a and y = 6/2 we find 


(Q.)« = + 2T>?a2’”'^" ^ 


go , 4grt 


2 

' . ffirr 


4 go 


2 . . ■ . mr 

m*Bm smh o» «n — 

4 go tanh cw wrJ 

* -us." 


These shearing forces have their numerical maximum value at 
the middle of the sides, where 


(0.)^ 


( 0 ,),-;,.; 


go , 4go 

2 ** *•* — J m’ 


M-UJ.* • 


1 , 

cosh a^' 


_i3i „„h a. - 

r* ^ f»* 



(7) 


The numprital taclor* 7 anJ It aim siven in Tablf 5 

The reactive forces along the ride j * a are gi\cn ‘ 
expression 



132 riiEonr of plates and shells 



Thr maximum numerical value of Ihn prcs'^tirc is at the middle of 
the ‘*idc (y = 0) at uhicli point find 



where 3 is a numerical factor depending on v and on the ratio 
l)/o, which can readily be obtainoil by summing up the rapidly 
converging series that occur m expression (r). Numerical values 
of 5, and of Jj, which corresponds 
to the middle of the sides parallel to 
the x-axis, arc given in Table 6. The 
dUtribution of the pressures (r) along 
the Rides of a square plate is show n in 
Fig 62 The portion of the pressures 
produced by the Imsting moments 
Mrw IS also shown These latter 
presbures are balanced by reactive 
forces concentrated at the comers of 
the plate The magnitude of these 
forces is gi\en by the expression 

R - 2(jr„), ! - 2i>(l - 

_ 4(1 - ,)q»- [(1 + o. tanh o„) .inh «. 

t‘ m* cosh a* ' 

••- 135 . • 

— ow cosh a„] = nga*. 
Thft tore*?, axe. directed da^tt«Md wsvd tW eeiwers. of w 

plate from rising up dunng bending The values of the coefR- 
dent n are given in the last column of the Table 5. 
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The vahiw of the factors a, p, 0i, 3 as functions of the ratio 
b/a arc represented by the curt'cs in Fig. C3. 

SO. Simply Supported FtecUngulsr Pistes under Hydrostatic 
Pressure. — Assume that a simply supported rectangular plate 
is loadw! ns shown in Fig 6-f. rroceoding 
as in the case of a uniformly distributed 
load, wo take the deflection of the plate in 
the form* 




« + te,, 


(fl) 






“ 7>r* 


5 




fies the differential equation 

„ ^*ig * , 

3i‘ t>y‘ " 

and the boundarj' conditions 
„ 3*ir 


represents the deflection wf a strip under 
the triangular toad This expression Batis> 


9 - 2 *? 

75 b 


for X =* 0 and 
The part tct is taken in the form of a series 


where the functions T* ha%e the same form as in the previous 
article, and m = 1,2, 3, ... . Substituting expressions (6) and 
(d) into Eq. (a), we obtain 

•This problem wm disctissed by E Estanare, toe. cil, p. 125. The 
numerieal tables of deflections and moments were calculated by B. G. 
Gslerkin, Butt. Pol’jleeh. Jntt ,Si. Petenburg, vols 26 and 27, 19lS 
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D ir‘m 


- + /l« c 






where the eonstenle rl. and B. are to be determined from the 
conditions 

uj = 0, = 0 f*”" ^2 

oij 

From these conditions we find 

+ d. CO* «. + B-o- " “■ - ”• 

' . . _ ft 

(2B. + d.) eosh «. + B-«' 

In these equations we use, as belore, the notation 
TW*I> 

“"”20* 


Solving them, we find 

, (2 d- a„ tanh 

T*m‘ cosh a« 

The deflection of the plate »l«n6 z-axis is 


f y - 2251 "^ [ — — ^ 

Wr-o •“ J) T‘m‘ 


] . niTZ 
sm — 


For a square plate o - h, and we' find 

2*x 

= ^‘(o 002055 sin^- 0000177 sin ^ 

" ^ ^ . 3rx \ (n) 

+ 0 000025 sin 

The defleetion at the center of the plate is 



136 


THEORY OP PLATES AUD SHELLS 


which b ono-haU the deflection of a uniformly loaded plate (see 
page 129) as it should be. By equating the derivative of expres- 
sion (g) to zero, we find that the maximum deflection is at the 
point X = 0.557a This maximum deflection, which is 0 00206 
differs only very’ little from the deflection at the middle as 
given by formula {h). The point of maximum deflection 
approaches the center of the plate as the ratio 6/a increases. 
For 6/a = «, as for a strip (see expression (6)1, tlie maximum 
deflection is at the point x = 0 5193a. ^^'hen 6/a < 1, the 
point of maximum deflection moies away from the center of the 
plate a.s the ratio 6/a decrea-srs The deflections at eeieral 
points along the x-axis (Fig 64) are giten in Table 6 It is soon 


Tabi.x6 — ts’wtBioM, FA«OH«roR DerLEoTioNS or a Sim pit Spppobted 
RecTANoruAB Plate Prbsscre q “ q>x/a 
(» - 0 3. * > «) 



b/o 

X-03V1 1 

r - O50a 

X - 060n 

s - 0750 

1 

0 0143 

0 OKI 

0 0220 

0 0177 

1 1 

0 0173 1 

0 0305 

0 02C4 

0 0210 

1 2 

j 0 0203 j 

0 0308 

0 0303 

: 0 0241 

1 3 

0 0231 1 

0 0348 

0 0344 

0 0271 

1 4 

0 0257 j 

0 0585 

0 0380 

0 0298 

1 b 

0 0281 

0 0121 

0 0414 

j 0 0323 

1 6 

0 0303 

0 Ol.w 

1 0 0441 

1 0 0316 

1 7 

0 0323 ! 

0 0182 

0 0472 

, 0 0360 

1 8 

0 (1312 

0 0508 

0 0197 

0 0385 

1 9 

0 0338 

0 0532 

0 0519 

0 0102 

2 0 

0 0373 

0 0533 

0 0539 

0 0417 

3 0 

0 0151 

0 0008 

0 OCIT ! 

0 0198 

4 0 

0 W77 

0 0700 

0 0079 

0 0>21 

5 0 

0 0182 

0 0708 

0 0CS7 

0 0327 


0 OISI 

i O 0711 1 

0 0090 

0 0129 


tliat, a.s the ratio 6/o increases, the dofloctions approach the 
nOucscsIfiAstt^ifarsBlnp. Vor6/a •= 4 thedi'floroncesi'n those 
values are aliout IJ per cent. We can always calculate tho 
defleption of a plate for winch 5/o > 4 iiith satisfactory’ nccu- 
raoy by iLring formula (6) for the deflection of a atrip under 
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triangular load. The bending moments and M, are found 
by substituting eTprcssion («) for deflections in Eqs. (99). 
Along the »-axis (y = 0) the expression for Mx becomes 




+ - "U.- Z'B-l .111 ™ (•) 

The first sum on the right •»ide of this expression represents the 
bending moment for a stnp under the action of a triangular load 

and is equal to Using exprp->sion3 (f) for the con- 

stants and Dm in the second sum, obtain 

~ ^2 + (1 - (anh ».) sin — 07 

The scries thus obtained conveiges rapidly, and a sufficiently 
accurate value of Mt can be realized by taking only the first few 
terms. lu this way the bending moment at any point of the 
i-aris can be represented by the equation 

(.Ux)^ =» Pyofl*, (^) 

where 0 is a numerical factor depending on the abscissa x of the 
point. In a similar manner we get 

(0 

The numerical values of the factors 0 and 0i in formulas (k) and 
(f) are given in Table 7. It is «eeii that for b 5 4a the moments 
are very close to the values of the moments in a strip under a 
tnangulajr load. 

£qcfafrons (162) and (,103) are cserf te calealateshesniig forces 
From the first of these equations, bs' using expression {j), wo 
obtain for points on the f-aas 
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(Q,).-o 


9 / O’m , 9*to\ 
)z\ax* dy* 


^ ge(o* - 3 j*) ^ 


»* .^m’cosho 


The general expressions for sheoriog forces Q, niid Q, arc 


Q. 

<?» 


. go(Q' — 


* (—1)“+* cosh - 

2q<fl'Sp'‘ ' 

t’ ^ m* cosh a* 



{ — 1)*^* sinh - 


mrx 

a 


(tn) 


(n) 


The magnitude of the vertical reactions T’, and V, along the 
boundary are obtained by combining the shearing forces with the 


Tablb 7 — NouEaiCAL Factoss 0 as» fit roa RrvDiso Movexre or 
SiuFLT SoPFORTcD RccrA'cavLAR Flates woxa Htokostatic 
racssvRB g “ 9»r/« 

(r - 0 3, > > 0) 
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derivatives of the twUting moments. Along the bides 2 = 0 
and 1 = 0 these reactions can be represented in the form 

r. - (o. - “ ± w 

and along the sides y ~ ±h/2 in the form 

TW, (p) 

in which 3 and 3i are numerical factors depending on the ratio 
b/a and on the coordinates of the points taken on the boundary" 
Several values of these factors are given in Table 8 


Table 8 — Kuumical Factobs t a:o> roa Reactions or SturLT 

SoTCORTEO IteCTANOCLAR FlaTCS tTNIHR HmROSTATlc PRESSCBE 
f “ f' • ^ > s) 



Rcsetiona 

Reaciiotis 4xgJ> 

b/a 

s 

-0 

X 


V - ±6/2 


V ■■ 

V - 

y - 

y " 

* ■ 

Z “ 

X — 



0 

0 254 

0 

0255 

025« 

050a 

060a 

0 73a 

J.O 

0.J28 

0 093 

0 294 

0 250 

0 1J5 

0 210 

0.234 

0 239 

1.1 

0 136 

0 107 

0 304 

0.267 

0 110 

0.199 

0 221 

0 224 

1 2 

0.144 

0.114 

0.312 

0 276 

0 105 

0 189 

0 208 

0 209 

1.3 

0.150 

0.121 

0.318 

0.284 

0 100 

0.178 

0 196 

0 196 

1.4 

0.155 

0.126 

0.323 

0 292 

0.093 

0.169 

0 185 

0 184 

1 5 

0.159 

0.132 

0.327 

0.2^ 

0.090 

0.160 

0.175 

0 174 

1 6 

0.162 

0.136 

0 330 

0 302 

0 086 

0 151 

0.166 

0 164 

1.7 

0.164 

0 140 

0.332 

0 300 

0 082 

0 144 

0 157 

0 155 

1 8 

0 166 

0 143 

0 333 

0 310 

0.078 

0 136 

0.149 

0 147 

1.9 

0.167 

0.146 

0 334 

©•SIS 

0.074 

0 130 

0.142 

0 140 

2 0 

0 16S 

0.149 

0 335 

0 310 

0 071 

0 124 

0 135 

0 134 

S 0 

0.169 

0 163 

0 3S6 

0 SSI 

0 048 

0 083 

0 091 

0 OSO 

4 0 

0.16S 

0.167 

0.334 

0 334 

0.030 

0.063 

0.068 

0 067 

5.0 

0.167 

0.167 

0.334 

0.335 

0.D29 

0 050 

0.055 

0 054 


0 167 

0.167 

0 333 

0.333 






The magnitude of concentrated forces that must be applied 
to prevent the comers of the plate rising up during bending can 
be found from the values of the twisting momenta 3f„ at the 
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toriicrs. Sincr ihc load m not •tyroractrical, the reactiotw at 
I «= 0 and y =» ±6/2 arc different from the reaction'- Kt at 
X = o and y = ±b/2 Thc^e reaction'* can 1« repn'sented in 
the folfoning form; 

Hi •= Ht = »irtVi 6 ( 9 ) 

The values of the numerical factor* «» aii<l «it are Riven in Ta1>Ie y. 

Table 0 — \oiERn AuFArroasn, ANOat i'« Iajs. (9) roR lUiern'E rowEs 

AVa Rx *T THE COKStKS, OT SlMCtT StrCOICrEO JttCTASnLMa 

Plates uvorn HTMO-itATic PacsscRE 5 “Crf'n 
(■■ • 03, b > at 



Since a uniform load 9 « h obtained liv supcrpo'inR the two 
inanguiar loads q qa/a and 9 «(a — rj/a, il can lie concluded 


Tabli; 10 — Ncuejuf AL Factori* a roa I>Enxonf>\* or Siwply RerrosTto 
JlsmsorLAB Plato rsoea llraBOATAnr Paaistacf - f>x/a 
(» »■ 03, b < o> 


a/b \ 



y H 0 



I “ 0 2&J , 

X — 0 5ft» 

I - OOO 4 j 

X - 0 75<i 


0 

0 0711 

0 0S53 1 

0 IDOG 

5 

0 0355 

0 0708 

' 0 08.» 1 

0 1054 

4 

0 0353 

0 0700 

1 0 0820 1 

0 0903 

3 

0 0350 

0 068S 

1 0 07^ 

0 0772 

2 

0 0313 

0 0553. 

0 0592 

i 0 0537 

J 0 

0 0307 

0 0532 

0 0360 

j 0 050.3 

1 8 

0 0293 

0 0303 

' 0 0536 

' 0 0474 

1 7 

0 0235 

0 04S2 

1 0 0300 

i 0 0441 

1 6 

0 0272 

0 0453 

1 0 0172 

0 0406 

J n 

0 0256 

0 0121 

0 0136 

1 0 0370 

I 4 

0 0238 

0 0335 

0 0397 

0 0332 

1 3 

0 0217 

0 034S 

0 0355 

0 0294 

1.2 

0 0195 

1 0 0303 

0 0312 

1 0 0255 

1 1 

0 0107 

1 002^ 

0 020 s 

1 0 0217 


0 01« 

0 0221 

0 0220 1 

0 0177 
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that for corresponding values of b/a the sum ni + nz of the fae- 
tors given in Table 9 multiplied bj'b/o must equal the correspond- 
ing value of n, the last column in Table 5 

If the relative dimensions of the plate are siich that <’ m 
Fig. M Ls greater than 6, then more rapidly conterging s(Tie-> 
tvill be obtained by representing tffi and tr* by the following 
expressions : 

The first of these expressions U the deflection of a narrow ^tnp 
parallel to the y-axis, supported at y = ±b/2 and carrpng a 
uniformly distributed load of intensity y^r/o. This expression 
satisfies the differential equation (e) and also the boundary con* 

Twit 11 -XmitRic.L Factor. « A-vo «. Ro« Beao.vo Momevt. i. 
SutrLT SiTPPorreo REcrAVCCL.»R Plates i'vdeb IItdbo'Tatic 
Pbcsscbb ? - e*r/« 
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ditions to = 0 and a’lo/dy* = 0 at j/ = ±6/2 Expression (s) 
represents an infinite senes each term of which also satisfies the 
conditions at the edges y = +6/2. The functions Xj«_i of x 
are chosen in such a manner that each of them satisfies the 
homogeneous equation (e) of the previous article (see page 126) 
and so that expression (a) satisfies the boundary conditions at 
the edges x = 0 and x = a. Since the method of determining 


Table 12 — Numeiiical Pactobs t and roB Reictions in Simple 
Supported Recta voplarPioites ondeb HmsosTATicPsEssUBB? = ?*r/a 
(» = 0 3, 6 < o) 




RcBCtioBs tqua 


Reactions Siqab 

a/h 

• - 

0 




y = 

±5/2 



y - 

y - 

y - 

y - 

g . 

* - 

* - 

t . 


0 

b/4 

0 

V4 

0 25a 

0 504 

0 60a 

0 75a 

* 





0 125 

0 230 

0 800 

0 375 

6 0 

0 003 

0 006 

0 092 

0 076 

0 123 

0 250 

0 SOI 

0 379 

4 0 

0 013 

0 010 

0 112 

0 093 

0 125 

0 251 

0 301 

0 377 

3 0 

0 033 

0 018 

0 143 

0 119 

0 125 

0 252 

0 304 

0 3C8 

2 0 

0 050 

0 038 

0 197 

0 IGd 

0 127 

0 251 

0 290 

0 337 

1 9 

0 035 

0 041 

0 203 

0 172 

0 127 

0 251 

0 294 

0 331 

1 8 

0 030 

0 04S 

0 213 

0 179 

0 12S 

0 249 

0 291 

0 325 

1 7 

0 030 

0 030 

0 221 

0 187 

0 127 

0 248 

0 2S8 

0 318 

6 

0 073 

0 OSS 

0 230 

0 193 

0 127 

0 245 

0 284 

0 311 

5 

0 oso 

0 060 

0 240 

0 204 

0 127 

0 243 

0 279 

0 302 

4 

0 OSS 

0 007 

0 250 

0 213 

0 126 

0 239 

0 273 

0 292 

3 

0 097 

0 074 

0 260 

0 223 

0 124 

0 234 

0 260 

0 281 

2 

0 106 

0 081 

0 271 

0 233 

0 122 

0 227 

0 257 

0 269 

1.1 

0 116 

0 000 

0 2S2 

0 244 

0 120 

0 220 

0 247 

0 255 

0 

0 120 

0 090 

0 294 

0 256 

0 115 

0 210 

0 234 

0.239 


Table 13 — NcmcricalFactors »i and n« in Dqa (j) for Reactive Torcen 

R| AVT> 7fi AT THE CORNERA OF SiMPLT SdPPORTED RECTANaVUAB 

Plates i'noer JIibbostatic Prbasore q — q^x/a 
(p-03,Ko) • 


in 


TIlKOHY or PLATKfi AND SllfXl^ 


Sul^tituting tliH In Eq (a) and usinf!^ I*q. (d) of the prcvioit? 
ftrticle, we obtain 

-’’-F 2 

+ .l.<-o..h!2S!+//.!!2«,M,2B'l„„!!I£. (rf, 

a a a } a 

This exprevion .satisfies Eq. ( 101 ) and also the bound.srj’ cojidi- 
tiona at the edges jt = 0 and x = o. The constants A n and 
can be found from the rondiiion.s along the edge-s y = 
which arc the same as in the prcxioiis article and which give 

— + -t« cosh 4 - sinli o* - O.i (#•) 

(2n« + /t«) cosh + B»am smh 0 . » 0,f 

where, as before, «e «ee the notation 


Solving Eqs ( 0 , wo find 


Htirh 

2 a 


A,. 


4(2 + 


0 „ tanh 

T*m* cosh a« ’ 


ir‘m‘ cosh 0 - 


(/) 


To obtain the defleefjon of llie plate along the 3 --axis we put 
y « 0 in expression {d) Then 


?eo.‘ f gf-l)" 

D j_ »-*m* 


Tho maximvim deflection is at the center of the plate, where 

It can be represented in the fonn 
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in which a is a numerical factor depending on the magnitudr of 
the ratio fc/a and on the \’alueof Poisson’s ratio v. Several values 
of this factor arc given in Table 14.* 

Using expression (d) and proceeding as in the previous article, 
we can readily obtain the expressions for bending moments 
and J/,. The ni.-ivimum values of fJiese moments in this ca-'C 
are evidently at the center of the plate and can be represented in 
the following form; 


The values of the numerical factors and 0i are also given in 
Table 14. In the same table arc given also numerical factors y, 
yt, 5, Ji and n for calculating (1) sheanng forces (Oi)b>»i. — ygeo, 
■“ •yijob at the middle of the sides z = 0 and y = -b/2 


Table 14 — Ncmerical rveroa-s a, ff, y, 4, n roK Simply Suppobted 
Rzctavovlar Plates vkobr a Loa^ in Torv op a Triangular Prism 

(, -oa !>>«•) 



• Thr tables ore taken from ite paper by B. O OvterVin, foe. cU., p. IW. 
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at the same points and concentrated reactions H = nqi,ab at 
the corners of the plate which are acting downward and prevent 
the corners of the plate from rising All these values arc given 
for {) > a. When b < o, a better convergcncy can be obtained 
by taking the portion v>i of the deflection of the plate m the form 
of the deflection of a stnp pantile) to the j'-direction. We 
omit the deri\ations and pve onl 3 ' the numerical results 
assembled m Tabic 15. 


Combimng the load shown in Pig 66a with the uniform load 



of intensity qa, the load shown in Pig. 66 
IS obtained. Information regarding de- 
flections and stress in this latter case' 
can be obtained by combining the data 
of Table 5 with those of Table 14 or 15 



32. Partially loaded Simply Supported Rectangular Plate.— 
Let u-9 consider a plate loaded only over the siiaded portion 
j>rsl (Fig. 67), the sides of which are parallel to the 7-axis.* 
Then the differential equation for the loaded portion of the plate 


' Thu ciif 

*. 26 , m? 


dlacuMpd by B. G Ca\eTkia, Mr»>enfffr o/AfajK., yol 
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4.^ = 1 (n) 

ai* **■ dx*W- ^ 

Tor the unloaded portions we have the equation 

a*tg I g ■■ ^ n (b) 

dx* ^dx* dif* 

The deflection surface of the loaded portion of ttie plafo «e 
take again in the form 

«? “ lOl + tcj, (f) 

in which loi satisfies Kq. (o) and 
tCi satisfies Eq. (h). .kssuralng 
that the intensity of the load g 
« a function of x only, vi-e may 
consider the loaded portion 
as a strip and take the deflection 
of the strip for the deflection tri. 

Representing this deflection by a 
trigonometric serias, as was ex- 
plained in the previous article, 
we obtiun 


7- 

b 

7 


— r — s * 

-h 

p ti 


...j 

i 

i . 

i S 



y 

FiQ. 67. 



2 . tnirx fj) 

«,sin— . 

where a* are numerical coefficients depending on 
• tribution. For deflections mr ne t.he *'■' S™'”' “Son 

■ -etvcninArt.flfl. 'n.en thetnlal deflections ofthe loaded portion 

of the plate, represented by Eq. (e), become 

-■ ■■'+C.l!Hrinh2a + Z>:=?-H=?)“''T- "> 

For the tmlonded portion of the plate '* 

^ take the deflection surface in the following f 
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„• = 2(.4;. cosU + B: ^ + c;!22»inh 

+ D'.!!a„,h=!Is'\Bm2!^2; Ifl 

^ * a a J a 

and, similarly, for the unloaded portion of the plate above the 
Hue pr we lake 


«C" = cQsh^ + Bisinh!^ + cz^sinh^ 

" a “ n 0 o 

+ iy:2a„sh23'Vi„2«. (5) 

“a a / a 

Expression (?) satisfiea the differential «iuation. (a), and expres- 
sions (/) and (j7) satisfy the differential equation (6). Moreover, 
all three expressions satisfy the boundary* conditions tp » 0 
6he/6x' - 0 for the sides 1 = 0 and i = o 
It is necessary non to choose the constants . • « , 

O', in such a manner that the boundarj* conditions at y “ ib/2 
and the continuity conditions along the lines U and pr are satisfied 
To represent all these conditions in aMinplcr form let us introduce 
the following natations: 


« 20^, - 2t-, (A) 

a a 

in wluch III and iji are the distances of the edges of the loaded 
strip from the x-axis Considering the line ts, we conclude, from 
the continuity conditioos along tliis line, that 

, , 3ir* , /n 

ur = te and for v = n,. V*) 

dlf dff VI 

Since there are no concentrated monicnts or concentrated force® 
applied along the line tt, the bendmg moments 3/, and shearing 
forces 0, must be continuons'at thU line. Hence 


3’ic' * , d’u7 _ 0’ic' 

dp ~W 


for 


y = ’ft- 


(i) 


Substituting expressions (e) and (/) into Eqs (t) and (i).ftud 
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using notations (A), v,e can reprer.ent these equation? 
following form: 

- AL) cosh 2y. + (B« - BD einh 2-y« 

+ (C» - C'J2y^ sinh 2r« + (D- - 2t-^ 

(A, - AlO sinh 2y« + (B« - B'J cosh 2>« 

+ (C«-Cy(sinh27. + 2y-co«h2y.) 

+ (D« - BD(cosh 2r- + 2y- sinli 27 J = 0 
(A« - Al) cosh 27. + (B. - B'J sinh 27- 

+ (C„ - CLJ(2 cooh 27- + 2y> sinli 27-) 

4. (/)^ _ Z)I.)(2 wnh 27- + 27* cosh 27-) ^ 

(A, - AD sinh 27- + (B- - S'.) 27- . 

+ (C«-CD(3sinh27- + 27-cosh27-) 

4. (2)« — D!.)(3 cosh 27- + 27- sinh 27-) ■“ 
From these equations we find 

A- - a; » 0,(7- s‘nh 27- - cosh 27-). ] 

Bs — a«(7- cosh 27- ” sinh 27-). I 

C- - Cl - 3 cosh 27-. I 

D, _ sinh 27- I 

We obtam loer .imllar equation, ato tor the taundarj- 1 
(s - Subtracting them from Eqs (I), no find 

d: - A" - 2o. einh (t- - «i-)[»inlt It- + 

_ Z r . ^ cosh (t- + fi-) 

_ sinh (t. + »-) '“'fi <■'- ' ‘’■4[ 

jj; _ K = 20. >inh (r. - »-)[" 

+ -rrt-±irrsinh(T. + »J 

^2 -j 

4. T- cosh (7- + J’ I 

C' - Cl = -o- sinh (7- + fi-) “nh (t-- “ ^- 5' 

Dl — DZ == a« sinh (7- — (7- + ?-)• 
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m the 


(m) 
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To fhc&c four equations eontaintn^ eight constants An, • • • » 
D'n wc add four equations representing the boundary conditions 
at tlkC edges y = ±1/2. For y = +5/2 wc have w' = 0 and 
= 0, since the deflecUon and the moment jlf, along this 
edge are zero Substitntiog expression (/) in these conditions, 
we obtain 


/ll, cosh a„ + B'n sinh 


where, as before, 


+ sinh eim ) 

+ Z)l,o« cosh an — 0.> (”) 
Cn cosh On + D'n Sinh On = Of) 


niir6 

2a 


Skjnilarly, for the edge y 
A'n cosh am — B'n gmh a 


» —5/2 we obtain 

+ amh an 

— hnOn cosh Qm 
Cn cosh am — XC sinh «>, 


s} 


(o) 


Equations (o) and (n), together with Eqs. (m), are sufficient to 
determine the eight constants Ai,, . . , J)'n, and we find for 

them the following values: 


~ ~ + (J« + tn) 

- ~ 2~ ~ + Pm + 7m) 

— cosh (7m + Pm) 1 

2 cosh am J 


m .sinh (t« — 5„)r 

— r 


1 «nh (am - Pm - Tm) 

, 7. + P-. 


cosh (am - Pm - 7m) 

~ ~ 7m - P-) 

_ a cosh (V, + fin) ! 
" 2 cosh am J 
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-=^1^ — Mh (n_ + 0- + T-.) 
+ T cosh («„ + 0. + 7 .) 


- °»> (>■» ~ fl- 

stnh a. 
,7-+!; 


5 cofh Cy, — 6m) atnh («• + 4- 7-.} 


<«inh (fm + 0m'. 
“ 2 stnh a. 




sinh am 
7, + g. 

2 

7« - 6n 


cosh (a. - 6m — 7-) 

colh (y- - Mnh (or, - — y-) 


c;; 


2 cosh < 
__fU_ 
2 co^« • 


" • 2 sinh a 

~ einh { 7 * - 6m) «nh (a, + + 7«)r 
- frinh (7« “ 6m) sinh {«■» — 6m — 7«). 


Dm ■ 2 ~ a^h ‘~ 

D'm « ainh ( 7 ,. — 6m) (a- — 6m - 7 -) 

Swlwtituting A'm, jfm, Cm ftOil D'm l« I>1S. (0> «« f”‘'l 


0-.q ;l!(7-+j8.)r^l^(^.- 
ro^h a« I 


7- + 6m) 


- lazth (r« + 6my «wh (am — 7« + 6m) 

- null («. - •». + e.) + sTSirS;' 




71. „ <“- “ T- + 6.) 

- " Ctilh ( 7 - + 6m) finh (rt- — 7- + 6m) 
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C„ = 
D, = 


cosh ('Y.„ + Pm) 

2 COSil am 

flm fctnh (rm + ffm) 

2 sinh am 


•sll {am 
mnh (a 


- + J3m), 

~ 7.. + 0^)- 


Thus all constants pntonng in p^pres^ions (e), (/) nnd (ff) are 
delcrminod, and we can now calculate the deflection at any point 
of the plate Svnee the coefficients a« m the series (d) diminish 
rapidly as m increases, only a few terms of senes (e), (f) and (j) 
need be calculated to get deflections nitJi a very liigh degree 
of accuracy 

As an example of the apphcalion of our general solution, let us 
consider the symmetrical case in w hicli 
a uniform load i/isdistnbtited over the 
rectangle pr$t (Ftg 68). The maxi- 
mum deflection and the maximum 
j bending moment in this ca«e ore ot 
the center of the piste and are found 
bv using exprr.«sioD (c) for the deflec- 
tion of the loaded portion of the plate. 
From symmetry it may be concluded 
that the deflection surface must bean 
^ even function of y Hence B«, and Dm 

in expression (c) equal icro, and the deflection surface is 



(P) 

whore, from «(ymmetry, m includes only the consecutive odd 
numbers I, 3, 5, . . . 

Using Eq (b) of the previous article, we represent the deflec- 
tions ici of the strip [Eq (d)l m the following form: 


- 

Dir* 


2 1 . mrz rt<«+«') . 

w * O J *(«— 0 


4^0* (— 1) ^ . mirai 

Dr* -tot m* 2a 



a 


( 9 ) 
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4ga*(-l) 2 . mrai 

2a ■ 

As a particular ca.sc, wben oi = a, we have a stnp uniformly 
loaded along its entire length, and its deflection is 


‘ ^ m*' 


For symmetrical loading, iji =* — ijt = bi/2, and Eqs (ft) 
become 


-j^cosh (<*« — 2 y») 

4- y* pinh («■ — 2 y«) + « 


Substituting this and expression (r) in Eq. (p), we obtain 


_ 417a* 

“ Z>jr‘ ^ 


l^cosh {a» - 2r-) + Ti» sinh (a„ - 2r«) + “-^loilTc^ J 

cgh gg) ) 

2 cosh am O a ) a ^ ' 

From this equation the deflection at any point of the loaded por- 
tion of the plate can be calculated. 

In. the Iiarticular case where oi «= o and 61 — 6 A\e have, from 
Eq. (<), "fm = am/2. Expressions («) become 

-safr.O + “-)■ 
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and r.q. (121)) couicido^ «»th Di (120) (pagf 12S) derived for 
a ijHiformly loaded reelnnK»iJar plate 

Tiu' maximum defl<'c(»>i» of the plate in at llie rentiT and i-i 
ohtauKHi by milHritiitinK y “ 0, x -= «/2 m formula (129), 
\\ fiich p\ 


Dw* -iJ ni* 2n ( etnh n. 

Ni-iaa 

•o«h («■ — 27-) + 7- amh (< 1 „ - 27-) + 


ainh 27 - " 1 \ 

**"2 «wfi <r-J/‘ 

(130) 


As ft pnrtieidftr examph- let us eon«ider the cft.se uhere at — o 
and bi H xery amall This fns<* rr)>resruts r uniform distribu- 
tion of load along the i-ftxis Considering 7 - aa xmall in Eq. 
(I 30 ) nnd retaining onl) rmAll terms of the order, ucoldnin, 
using the notation ijhi * y*. 


Vw»t. 



(- 1 ) 





(131) 


For a square plate tins «*<piation gives 






Ill the general easi* the maximum deflection can l>e re prcscnteil 
in the foriU-s 


iPm^ = o 1 ?^ for a < 6 and = o 0 > b- 

th* hh* 

Several values of the cocflicient a are given in Table 16. 

Returning to the general ca.se where l>i is not neceswirily small 
and fli may Iiave any value, the expressioav for the bending 
moments jl/, and Af, can Ijc derived by using Eq. (129). The 
marimiim values of these moments occur at the center of the 
plate and can be represented l»y the formula.^ 

(3/.)»u. « Patbiq * 0P, = iS.a.b.? =» piP, 

where P = 016,7 is the total load. The values of the numerical 
factors P for a square plate and for various sizes of the loaded 
. rectangle are given in Table 17. The coefficients Pi can also be 
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Table 10.— UEn-Ecno.ss or SiurLT Sotported R£cta>oclab Plates 
U ffiroRMLY JjOaoed along the Axn or Stmmetbt Parallel to tue 


Dimension a 
(» -03) 



Table 17 — CoErririEvrs fS for (.1/a)..u in Siurtr Slepobteo Partullt 
Taiaded SqI'are Plates 
I r -0 31 


V.- 0 |oi 02 oalol O5|oi-,>07 o» 0 . 7 ^ 

ti/fl Copflicionts j) »ft K<i (.l/tyBu. - fiP 

0 -jo 32>'o 23l|o 209 |o ) 8 o|o iss'o M 1,0 1230 II 2 I 0 1020 002 
0 1 0 37 ft 0 23»0 2320 107,0 1700 ISO’o 1310 1200 lOSO 00^0 0 ^ 

0 2 0 SOSO 2310 2140 184 0 1010 1420 1270 114 , 'o 1030 OOS'O 084 

0 3 0 21120 3aVo lOVo ir>S 0 1510 I 3 l '0 120,0 loVo 0980 Onh'o oso 

0 4 0 2320 20 V 0 ITO'O I 5-80 1410 12 fi|o 1130 1020 OOO'O 0840 07 (. 

0 8 0 20 . 8'0 IM'o 1040 t 40 !o 1310 1100 lOo'o 09 C |0 087,0 079 'o 071 

O.C 0 ISS'O ICS'O liO'o 1350 I 2 l '0 109 0 099 0 000 0 081 0 074^0 007 

0 7 0 ini'o 153'0 JSr'o 12 l'o II 2 ,I) lOl|o 091 0 053,0 07 C,'o OCO^O 002 

0.8 0 l.lS’o 140'0 129'0 1140 103 0 0910 085*0 077^0 0700 0030 a ')7 

0 0 0 l4i;o 1270 1130 1010.0910 OSflO 078 0 070,0 064 0 OW'o 0.>3 

1 0 |o 127|o 115*0 IQj'o POSjo 08C0 078,0 07l|o 0610 0'8 0 0.730 018 

Table 18. — C«'rmcj«NTH A am> r«>» (-V.l,... a\i> (II.Im. «' P*"- 
TIALLT 1.0*nEl» llETTANUrLAB PLATES » ITII 6 — 1 40 (» — 0 3) 
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obtained from this table by interchanging the positions ot the 
letters flj and bi 

The numerical factors and for plates with the ratios 
b = 1.4a and b = 2a are given m Tables 18 and 19, respectively. 


Table 19 — CoEFricjEvrs aS» Pi fob and i'* Pia* 

TiALLT Loaded Hectancclar Plates « ith 6 — 2o. (» “ 0 3) 




Q 2 

P 

0 8 

0 S 

.. 

” 


0 4 

0 8 

771 

1 0 

hi/a 

VotSnrnt e in Tt) 

CaefScieat/j lu ^ fiiP 

0 

a 

s 

4 

8 

0 

0 

a 

0 

0 

a: 

oa 

70 

G 

1 

0 280 Q 220^0 IT&.O 144^0 118 
0 2$2 0 loo'o 1830 t33'o 111 
0 22l|0 181 0 15(V0 irs'o JOS 
0 lOSIO IMO 1380 tis'o Mi 

0 174 0 USio m o )06 0 088 

0 1S8 0 134 0 lis o 007 0 08C 
0 U1 0 123 0 103 0 089 0 07 
0 t37lO in 0 096 0 OSlIo 06t 
0 11$(Q JOl O 087 0 074 0 06 
0 104 0 091 0 OI9'o 067b OS' 
0 004jo 083 0 072'o 00l|0 OS 

■ |o 204jo 22sjo 179 I 0 Hsjo 12* 

0 242'0 203|o 170 0 143 0 120 0 099 

0 17}'. 0 ISalo 133)0 IHjO 097.0 091 

9 mb 1200 loo'o oosjo 0790 oea 

9 t07{o 097|o OStIo 076 0 0IU|0 054 

9 089® 081 0 073 0 004 0 055|0 040 
0 074 0 oosb OOlIe OM.O 048,0 ow 
0 OOi'o ossb 002 0 W6 0 040.0 033 

J osojo 05l[o 048 0 040 0 035,0 0» 
9 049*0 04s)e 04 i!o OSO'O 03l]0 028 
0 044*0 041 0 O37j0 032 0 028 0 0S3 


33. Concentrated Load on a Simply Supported Rectangular 
Plate. — The solution of the preAdous article can be used in dis- 
cussing the problem of bonding of simply 
supported rectangular plates under a concen- 
trated load. This kind of loading can bo 
obtained by making the sides Oi and bi of the 
loaded rectangle of the previous article very 
*mall‘ and taking fai&i <= P, Let us begin 
wth the simple ease in which the load acts at 
a point A on the i-axis, which is the axis of 
symmetry (Fig 69) The deflection of the 
strip idong the x-axia in this case is 


J 


2Pa*'SJ 1 . mwe . mrx 

"" -r —■ 


* The problem of a coneentrsled force acting on a rectangular plate has 
been discussed by several authors See the author’s paper in BautngtnifV, 
p 51,1922. BccalsoA Nadai, iJauin^enieur, p lI,192l;aDdD O Galer- 
tm,foc. cif,p 146. 
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tthere c is the coordinate of the point of application of the con- 
centrated load P and bi is the ^vidth of the stnp. From this 
wc obtain the following expression for the coefBcients in series 
(d) of the prcndous article: 


Substituting this into Eq. (p) of the previous article and using 
expressions (u) of the same article for the constants Am Snd 
Cm, we obtain the following equation for the deflection surface 
of the strip of width bi‘. 


on / cosh r 


-f- sinh (<»« — 2r») + « 


- sinh cosh («■ - 


.)}» 


In order to obtain the deflection for the case of a concentrated 
force, 6i in this exprc<ision must be assumed to bo \cry small. 
Then -y*. given by expression (t) of the previous article, is al-o 
very small, and we can put 

cosh (oo — 2ym) — cosh a« — 2r» sinh a„, 
sinh (a« — 2jm) = ainh a. — Zy. cosh 
sin 2t, = 2t-. 


Substituting these in expression (a) and omitting the terms con- 
taining fm to powers higher than the first, wo obtain 


••-t 

+ ,i„h !2I?a - 2,. ta,.h «.)] .m IS. ([,) 

COsh* am/ 2-10 JO 

Taking p - 0 in this expr«ttion, xre obtain the deflection of the 
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plate along the x-axis in the (ollomng form: 




Pa'- 

■ 2Dit‘ 


,** am / 
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This series converges rapiilly, and the first few terras give us the 
deflections with sufficient accurac)’. In tlic particular case of a 
load P applied at the center of the plate, the maximura deflec- 
tion, which 13 at the center, is obtained by substituting 
X = c = a/2 m expression (c), which gives 


Pa» 

’ 21>ir* 


2 




( 132 ) 


Values of the numerical factor a for s-anmis values of the ratio 
h/a arc given in Table 20. 


Taslb 20 — Factor « for DEFLErrios (132) of a Cettr«.i.x Loa»*d 
Rbctakovlar I^te 
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It is seen that the maidnium deflection rapidly approaches that 
of an infinitely long plate* as the length of the plate increases. 
The comparison of the maximum deflection of a square plate 
%vith that of a centrally loaded circular plate inscribed in the 
square (see page 73) indicates that the deflection of the circular 
plate is larger than that of the corresponding square plate This 
result may be attributed to the action of (he reactive forces 
concentrated at the comers of the square plate which have the 
tendency to produce deflection of the plate convex upward. 

To determine the bending momenta in the loaded portion of 
the plate we calculate the second derivatives of expression (&) 
which, for y = 0, become 

* The deflection of plates by » concentrated load was investigated experi- 

mentally byM Bergstrdnser; see f'orsctmHrsarhnlrn. vol. 302, Berlin, 1928 
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Btantiftlly the same as that near the center of a centrally loaded 
circular plate. The bciidmR stress at a itoint w ithln this circle may 
be considered as coasistinR of two parts, one of wliicli is the same 
tus that m the ca«e of a centrally loaded circular plate of radiua 
a, while the other represents the dilTeretico between the stresses 
in a circular and tlio-e in a reclangular plate As the distance 
r between the i>omt of application of the lo.ad and the pom 
under cnnMderation liecmnes smaller and smaller, the first par 
of the Rtrrs.ses \arics ns log (a/r) and liecomes infinite at the 
renter, where.aa the .-econd part, rcpitwnting the effect of the 
difference m the lioumlary condition*! of the two plates, remains 
continuous _ • • ‘fv 

To obtain the cTpre^Mons for bending moments in the • 
of the point of application of the load we u«e the first of the 
equations (114) (see page 100) In (he case under consideration 
the entire surface of the plate, with the exception of the point o 
application of the load P, is free from load, and the equation 
becomes 


^ 
Ox* dy* 


0 . 


(/) 


At the boundary the quantity M = (M, + Jlf»)/(I + y) 1^ 
since the rectilinear edges of the plate are simply supported. 
Thus the problem of determining Jl/ reduces to one of finding a 
solution of Eq (/) which is zero at the boundary’ and varies as 
log (a/r) at the point of application of the load. This solution is 
known and for an infinitely long plate can be represented in the 
following form: 


cosh — — cos 
a 

cosh — — C03 
a 


r(T - e) 
a 

t(t + c) ’ 
a 


(?) 


where C is a constant. By calculating the second derivatives 
and d^Af/dy* it can be shown that expression (g) satisfies 
Eq. (/). It is seen also that for x = 0 and z » a, t.e , along the 
supported edges of the plate, the expression for which the loga- 
rithm is to be taken becomes equal to unity. Hence is 
at the boundary as it should be. For points close to the point of 
application of the load the quantities y and (r — c) are small, and 
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we can take cosh — = 1 + cos ^ = 1 — • 

a 2a* a 2a- 

Expression (p) can then be represented in the following form: 



represents the distance of a point under consideration from the 
point of application of the load P. 

In order to determine the constant C, consider the equilibrium 
of a small circular clement cut out from the plate by a cylindrical 
surface of small radius r irith its axis along the line of application 
of the load. The shearing force <?, along the boundary of this 
clement is found from the condition of equiLbrium to be 

2rrQr » -P, 

from which 



The shearing force Q, can also be determined from the equation* 



Substituting for M its rapression (fc), we find 


Qr 


U) 


It follows from this equation and from Eq. (t) that C — —P, and 
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we obtain for jiomts close to the point of application of the load* 
„ „ 2 a sin ^ 


M = - 5 - log - 


(133) 


For tlio other pooitn, bv using eitpression (g), wc have 
ir(r — c) 


Jlf «= — -T— log - 


cosh ' 


cosh — — cos 


f(g + 


(134) 


The expressions tor the bending moments Jlf« and il/» can be 
derived by using Eqs (133) and (134). We begin with the 
points along the ar-axis For these points M, — J/y, and by 
using Eq (134) we obtain 


(Af.)y.# - (Afy)y., 


mi + •’) 

2 


r(x - c) 


— log - 


t(X + cV 


(136) 


In the particular ca«o of the load applied at the center of the 
plate, c B a/ 2 , and tsc obttuu 


(3X.),.. - (MJ... - (136) 

1 + sin - 

To obtain the bending moments at points that are not on the 
z-axis, let us consider the deflection surface of the plate below that 
axis. The general expresaon for this surface is given by Eq- (/) 
of the previous article (see page 148). The constants in this 

» ThU expression can iMulily be obtained also by summation of scries («)• 
For this purpose we replace the products of sines by the differences of cosines 
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equation for an infinitely loi^ plate are obtained from the 
general expressions on pages 150, 151 and can be put m the 
following form: 

•AL = a»(l — coth 2ym) sinh 2y*, 

= — o»(l — Y» coth 2 y.) einh 2y„, 

Di, = — Ci, = )a«sinh 2 y„ 

With these values of the constants and with the assumption that 
y„ — mirbt/4a is infinitely small, the required deflection surface 
of the plate becomes 


a 

D^m*^ 


( 137 ) 


The value of given on page 157 has been introduced, 
forming the second derivatives of these expressions we find 


A/ 

We find also 








Hence 

= -K0+ 4?) - + '>"+ » - '>»"]■) 


For points close to the point of application of the load P 
substitute for M its expression (133); then 


(138) 


«-e can 


iif.--j[a + 4ioe; 



(130) 
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It is interesting lo comiKirc tliUrpsull with that for a cent rally 
loaded, himply Mipiwrtfil circular plate (we Art. lH). TaVinp a 
radms r under an angle a to the i-axis, we find, from I.Qs. (90) 
and (01), for a rircular jilale 
.1/, *= cos’ rt + .Vi /m* a 

jlf, ic^ Jf, sin* a 4- cos* « 

-f,(i + .)ios! + a-4'~ 

Tlic fir^t terms of expressions (139) anil (fc) will coincide 
if we take the outer radms of the circular plate equal lo 
(2o/w> Fill (»c/a). 

Under this condition the moments .l/.are the same for both ca.«es. 
The moment ,lf, for the long rcetnntpdar plate is olitniiied from 
that of the circular plate hy subtraction of the constant quantity’ 
(I — ¥)P/ir from this it can lie conehidrd th.nt in a long 
rectangular plate the ftrcvs distnbution nround the point of 
application of the load U obtained by enperposing on the htrcssci 
of a centrally loaded circular plate with radius (2a/») .«in (cc/fl) ft 
Mmple bending produced by the moments M, *■ -{] - i')P/'l»’. 

It may Iw assumed that the same relation l>elw eon the moments 
of circular and long rectangular plates abo holds in the case of a 
load P uniformly distributed os or a circular area of small radius 
e. In such a case, for the center of a circular plate we obtain from 
L’q (83), by neglecting the term runtaining c*. 


Hence near the center of the loaticd circular area of a long rec- 
tangular plate wo obtain from IJqs, (139) 



'Tv'e oDserve that r» — y*. 
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From this comparison of a long rectangular plate wth a circular 
plate it may be concluded that all information regarding the local 
stresses at the point of application of the load P, derived for a 
circular plate by using the thick plate theory (see Art 19), can 
also he applied in the case of a long rectangular plate. 

When tbo plate is not vorj* long, Eq?, (J) should be used instead 
of Eq. (e) in the calculation of the moments M, and M, along Hie 
ar-avis. Because of the fact that tanh qh approaches unity 
rapidly and cosh a„ becomes a large number when m increases, 
the differences between the sums of series (d) and the sum of 
series (c) can easily be calculated, and the moments A/, and M, 
along tho ac-axis and close to the point of application of the load 
can be represented in the following form' 


. (1 + v)P' 


2 1 . mre . mirz , P 


M, 


p(i + <■). 2“ *>" r , PI 
— jr“ '“8 — s— + ’'‘n'l 

. 

2r a a ^ 


(141) 


- log - 


in which n and y* are numerical factors the magnitudes of which 
depend on the ratio 6/a. Several values of these factors for the 
case of central Application of the load arc given in Table 21. 


Tavix 21. — Pactobs y» *ni> yt in* lija. (141) 
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Again the 8trt«s ilistribiitionnearthe point of application of the 
lo.ad is suhstantiallj’ the same as for a centrally loaded circular 
plate of railius (So/*-) sin (-rc/a). To get the l^fttUng moments 
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M, ami Mf near the load wo liaw only to superpose on the 
moments of the circular plate the uniform Ixmclinj? by the 
moments .1/; = ytP/ir ami J/; « -(1 - r - yt)P/4r. A*nim- 
inR that tins eonelnslon holds also when the load P is uniformly 
distributed over a circle of a nmall radius c, wc obtain for the 
center of the circle 


.If. 

iV, 


2a Kin — 

(1 + r) log " + 1 


2a Kill — 

(1 + v) log — — - + 1 


li^! 
4r ' 

■ (1 - 



If the load P IS applied at a point that is not on the axis of 
Bimimotry, the general expressions (e), (/), and ((;) of the pretsous 
article should be U'cd. Aa an example, lot us determine th° 
deflection under a load P applied at a point whose i-and j/-coordi- 
natn! are c and ij, respectively. The general expressions for the, 
constants /l«, . . . , Dm, given on page 151, can be put »n 
another form by substituting 




Writ 

a ' 


Y- - 0m 


ffirbi 

2a 


and treating 6i as very email Then omitting all the terms con- 
taining bi to a iiowor higher than the first and making y *=» ij in 
expression (e) of the previous article, wc obtain the following 
result for the deflection of the loaded strip (y •= tj): 


ttiTZ mwc 


=p(tanh «. - 




By making y =« 0 in this expresdon we obtain expression (c) 
which was obtained before for the load applied at the axis of 
symmetry. When the plate is veiy Jong, tanha* « eolJiii* » b 
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and Miili* a« cs cosh* a. become ver>' large; and when »j ii not 
large in comparison with a, Eq (143) gives 


^ 2Z>H^ 


which can also be obtained from Eq (c) for the gyrametncally 
loaded plate. 

34. Rectangular Plates of lofimte Length with Simply Sup- 
ported Edges. — In our prexdous discussions infinitely long plates 
have been considered in several cases. The deflections and 
moments in such plates were usually obtained from the corre- 
sponding solution-s for a finite plate by letting the length of the 
plate increase indefinitely. In some cases it is advantageous to 
obtain solutions for an infinitely long plate first and combine 
them in such a way as to obtain the solution 
for a finite plate. Several examples of this 
method of solution will be given in this 
article Webcginwiththecaseofaninfimtely 
long plate of width a loaded along the r-axis 
as shown in Fig 70 Since the deflection 
surface is symmetrical irith respect to the 
7-axis, we need consider only the portion of 
the plate corresponding (o positive values 
of y in our further discussuon. Since the load 
is distributed only along the i-axia, the 
deflection to of the plate satisfies the equation 



Fro. 70 


^ ^ 4. ^ 0 

ax' ^ ax* dy* ^ dy* 

We take the solution of this equation in the form 


(a) 


tihich eatisSes the boundary cojidiliaaa slang the simply sup- 
ported longitudinal edges of the plate. To satisfy Eq. (a), func- 
tions l'« must be chosen so as to aatfefy the equation 
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- 22 ^ 3 ’; + 2 ^ 3 '. - 0 . 

0* a‘ 

Taking the solution of this eqiiation in the form 

Y. = Aj^ + B.'!S^ + C^-'^ + DS^e-'^ M 

a “ 

and obser^nng that the deflections and their derivatives approach 
zero at a large distance from the x-axis, it may be concluded tliat 
tlie constants A . and should be taken equal to zero. Hence 
solution (b) can be represented as foUoivs'. 

From the condition of symmetrj* w-e have 

This condition 1* satisfied by taking Cm “ Dm in expression (d)- 
Tlien 

IT = w 
">“1 

The constants Cm can be readily calculated in each particular 
ease provided the load di«tribuiion along the x-axis is given. 

iks an example, assume that the load is uniformly distributed 
along the entire width of the plate The mten-sity of loading can 
then be represented by the foUoniiig irigonomctnc series: 


- 1.3 B. • 

in which q,, is the load per unit length. Since the load is equally 
dn-ided between the two hals-es of the plate, we see that 



•.-J.3A" 
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Substituting expression (e) for a, we obtain 



from w hich 



Hence 


C« 




where fft = 


1, 3, 5, • • • 


1 /, , mr{i\ . tnrx , , 

“ = pd 2i srV + ~rj‘ ~r- w 

m-l 35. 

The deflection is a maximum at the center of the plate (x *> o/2, 
P = 0), where 




2*5! 'S* STgfO* 

t*D ^ m* 24 MD' 

•>• 1 . 3 . 3 . 




The same result can be obtained by setting tanh » 1 and 
cosh a« B= ee in Eq. (131) (see page 154). 

As another example of the application of solution (e), consider 
a load of length 26 uniformly distributed along a portion of tho 
*-axLs (Fig. 70) Representing this load distribution by a 
trigonometric series, we obtain 



where go is the intensity of the load along the loaded portion of 
the z-atis. The equation for detennining the constants C„, 
corresponding to Eq. (/), is 



Substituting expresrion (e) for iff, wb obtain 
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a a 

Expri-sMion (?) for the deflectioiis ihcn.lH'Conu'S 

» - ■'S's T — f 1 + ^ 

T*D^m* a a V a / o 


The particular case of a concentrated force applied at a distance 
c from the ongm h obtained by making the length 2b of the 
loaded portion of the r-axjs infinitely small. Substituting 


2bq„ - T 

in Lt} (%), •fic obtain 


and 


mxEl T71T& 


^ 1 . tore/. , m»y\ mrz 

“ STTK >r— » 8'n — 1 1 H )c • Bin 

2ir*D^tn* a \ a / o 




(144) 


an expression that coincides \nlh expression (137) of the previous 
article 

We can obtain \anoiis other cases of loading by integrating 
expression (i) for the deflection of a long plate under a load 
distribulc<l along a portion 2b of the i*axis. 
As an example, consider the case of a load 
of intensily g uniformly distributed over a 
rectangle with sides equal to 2b and 2d (shown 
shaded in Kg. 71) Taking an infinitesimal 
element of load of magnitude 92 b du at a dis- 
tance w from the z-axis, the corresponding 
deflection produced by this load at points 
with y > « is obtained by substituting qdu 
Flo. 71 . y — « for y in expression (t). The 

deflection produced by the entire load, at 
points for nhich y S 4, is now obtained by integration as 
follows: 



rl 




lir 


f'v 

u / 
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Hb 


r 


J 
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tnvc . vach . tnxc 


qa*"^ 1 . fnir 

i^a* 1 , mrc . mib . ran 

“ -To y, —I Bin «n Hitt 

a a a 


By a proper change of the limits of integration the deflection 
at pointi with y < d can also be obtained. Let us consider 
the deflection along the i-oxis (Fig. 71). The deflection pro- 
duced by the upper half of the load is obtained from expression 
O') by substituting the quantity d/2 for y and for d. By doubling 
the result obtained in this way wc also take into account tho 
action of the loi\-er half of the load and finally obtain 




o*'^ I . mrc . mrb . 
— 1 sin — sin — sm 
a a 




IVhen d = ®, the load, indicated in Rg. 71, is expanded along 
the entire length of the plate; and the deflection surface is a 
cj’Iindrical one. The corresponding deflection, from expression 
(i), is 




4oa‘'^s 1 . mw . mrb . mrr 

= -4k /■— 1 SHI 

o o Q 


Making b ~ c = a/2 in this expression, no obtain 




a 


which represents the deflection curx e of a uniformly loaded strip. 
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The following expressions for bending moments produced by 
l}]e load uniformly dislnbtilcd along a portion 2i> of tlic i*axis are 
readily obtaintxl from cxprp»»ion (t) for deflection w: 


jj/ _ i. mxb mrx 

* ~ m* <1 a a 

nr 1 m». 

ilf, = ; am — 


1 + V + (1 - v)^ f 


(«) 


1^1 + *■ - (I — »-)” 

These moments have their maximum values on the z-axis, where 

fgaft + 1 mire . mirb . mrx 

ir’ a <i o 

In the particular case when c *® i> » a/2, i c , when the load is 
distributed along the entire width of the plate, 

(M,v. - 2 s 

m>lJS 

The maximum moment is at the center of the plate where 

= q»u(l + »') (-1)~ _ Tgoofl + v) . 
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■When b is very small, i.e , in the case of a concentrated load, we put 

. mrb mtb , „ 

sm ^ and 2039 = P. 

Then, from expression (n), we obtain 

fi,r\ /irx -Pff + 1 • mire . vnrx 

vni.)v-o = (Mflr-* *= « sm sm » (0) 

2 ir m a a 

which coincides with expresdon (e) of the previous article. 
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In the case of a Joad q uniformlydistributed ove^ the area of a 
rectangle (Fig. 71), the bending moments for the portion of the 
plate for n-hich y ^ d are obtained by integration of ocpressious 
(m) as follows: 


Af _ 90 '^ 1 mre . ntub . mrx \ 

■“ Zi ein sm 1 

ana 1 

I jnxe mitb mtz I 

- ^2j if? — «•" -r "‘"'T' I 

{[s + <'-'Ky-<o}— ^ 

»r _ 90'^ 1 mrc . ntxO . mrX I 

.V. = -, 2,- sir, I 

fe- «-')(!< -4"'^ I 

The moments for the portion of the plate for which y < d can bo 
calculated in a similar manner. To obtain the moments along 
the i-axis, wo have only to sulistitnte d/2 for d and y in 
formulas (145) and «ioublc the rcaiills thus obtained. Hence 

) ' 

|2o _ Fto „ _ ,)A"4/ 

\rri. lin» ^ 

27 a '■O 1 mrc . tnrb . mrz | 
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men d is very small, Eqs. ( 146 ) coincide with Eq. (n^ we 
observe that 2qd must be replaced in such a case by go. When d 
IS verj' large, we have the deflection of the plate to a cyhndnca 
surface, and Eqs (146) become 




4oa*^ 1 tmre . tnvb . mrx 
»» ^»n* a a a 

m-t 

4t-oa*'^ 1 tnre . mTb . mrx 

— , 6tn sm sm — 

r* m* a a a 


The expressions for the deflections and bending moments m 
a plate of fimte length can be obtained from the correspon mg 
quantities m an infinitely long plate by using the method ^ 
images.'' Let us begin with the ca.se of a concentrated force 

applied on the axis of symme- 
try X of the rectangular plat<> 
with sides o and l> in Fig 72a 
If we now imagine the plate 
prolonged in both the positive 
and the negative j/-directions 
and loaded with aseries of forces 
P applied along the line mn at a 
distance b from one another and 
in alternate directions as shown 
m Fig 726, the deflections of 
such an infinitely long plate are 
evidently equal to zero along 
the lines AiBi, AD, CD, 
CiDi, . . . The bending moments along the same lines are also 
zero, and we may coii'nder the given plate A BCD as a portion© 
the infinitely long plate loaded as shown in Fig. 726. Hence the 
deflection and the stresses produced in the given plate at the point 
of application 0 of the concentrated force can bo calculated by 
using formulas derived for infinitely long plates. From Eq. (144) 
we find that the deflection produced at the ar-axis of the infi- 
‘ ThU method waa usedby Dr. A KadBi,8eeZ.(in;ete..l/<><A .t/ccA,vol.2, 
p 1, 1022, and by M. T. llubcr, aee Z ongta. Sloth. Slech., vol. 6, p- 22S, 
1026 




Simply svppoitTED rectangular plates 
nitely long plate by the load P applied at the point O i^ 
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Wi = 


Pa* 1 
2TW^m* 
»— 1 


tmre tnvx 

a a 


The two adjacent forces P applied at the distances b from the 
point 0 (Fig. 72b) produce at the x-a.'os the deflection 



— (1 + 2a«)c-*- sm - 


1 which, aa before, 


The forces P at the distance 2b from the point 0 produce at the 
*-axis the deflection 


Ulj » 


sin + 4a.)e-‘- sin S 


anJ 80 on. The total deBoclion at the i-aids mil bo given by 
the summation 

(p) 


» u>i + tcj + le* + • 


Obser>’ing that 

tanh On = 




^ 


, 1 - 2e-=- + 2c-‘ 
4 e~*““ 


° (f- + (1 + ' 

= 4c-r.-(i - 2r-*' 


■ - 4^-*“- + • 


). 


wc can bring exprrasion (p) into coinddenee w itli expression (c) 

.mnnd .he point of apidjea.ion of 
the load In the plate of finite length h no n.e hq. IM) 
and calculate corrections corresponding o le 
snxiliary force, shon-n in Fig. 721 , by u„ng Eqs. ( 13 *) b me 

the values of M cnlcring into these equal, no, dinoni-h rap.dl, 
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„ 11.0 distonces of the forc«> (tom the poiot 0 
be oeceeeor,- to consider ooly the tot (ew (orces hear ^ 

The same method can bo used when the PO'"J' > 

P is not on the axis of symmeto' (Fig. 73a). The 
moment, can lie calculated by introducing a system of aiuU a y 
forces and using the formulas 
denved for an infinitely long 
plate. If the load is distributed 
over a rectangle, formulas (145) 
and (146) can be used for calcu- 
lating the bending moments pro- 
duced by actual and auxiliary 
loads. . 

36. Thermal Stresses in Sim- 
ply Supported Rectangular 
Plates.— Let u? assume that the 
upper surface of a rectangular 
plate is kept at a higher tempera- 

FM. 73 turelhanthelowersurfacesothat 

the plate has a t endenn- to bend convexly upward because of non- 
umtorm heating Because of the constraint along the simpo 
supported edges of the plate, which prevents the edges r 
leanng the plane of the supports, the non-uniform heating ot tn 
plate produces certjun reactions along the boundary of the P 
and certain bending stresses at a distance from the ed^s. Iho 
method described in Art. 24 mil be used in calculating tw. 
stresses * We assume first that the edges of the plate are 
clamped. In such a case the non-uniform heating produces 
uniformly distributed bending moments along the boundary 


iihose magmtude is («ee page 54) 


(a) 


where t is the difference between the temperatures of the upper 
and the lower surfaces of the plate and a is the coefficient o 
thermal expansion. To get the bending moments ill* and Ai » oi" 
a simply supported plate (I^. 61), we must superpose on the 
uniformly distributed moments given by ‘Eq. (a) the momen s 
that are produced in a simply supported rectangular plate by tho 
‘ Sc% pnppr hy J L. Msetbeterli, loe. at ,p. 104. 
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moments = ~alD{\ + ¥)/k iinifonnly distributed along the 
edges. We shall use Eqs. (J14) (see page 100) m discussing this 
latter problem. Since the curv’aturo in the direction of an edge 
is zero in the case of simply stipport«i edges, h e have J/', = vJ/' 
Hence at the boundary 

^~l + y~l + z~ k 

Thus the first of the equations (114) is satisfied by taking M 
constant along the entire plate and equal to its boundary % alue 
(6). Then the second of the equations (114) gives 


^ _ <xC(l + v). 

Qx* dy* ~li 


Hence the deflection surface of the plate produced by non-uniform 
heating is the same as that of a uniformly stretched and uniformly 
loaded rectangular membrane and is obtained by finding the 
solution of Eq. (c) that satisfies the condition that u) = 0 at the 
boundary. 

Proceeding as before, we take the deflection surface of the plate 
in the form 

* tPi + tTj, (d) 

in which tc, is the deflection of a perfectly fleidblc string loaded 
uniformly and stretched axially in such a way that the intensity 
of the load disrided by the axial force is equal to — at(l + i')/h 
In such a case the deflection curve is a parabola which can be 
represented by a trigonometric series as follows. 


a<(l + r) xja - x) 


at(l + y) 4a« 
A *•* 


(c) 


This e-rpression satisfies Eq. (c). The deflection Wi, 'vhich mu^t 
satisfy the equation 

(f) 


dhe* , d-iPt 
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can bo taken in the form of the series 


m-ISS 

in which is a function of y only. Substituting (j) in Eq (/), 
we find 



Hence, 

r-=>.l-Mnh^^+«,cosh^- W 

From tlie iiymmetiy of the deflection ^iirlacp n ith respect to the 
r-axis it may be concluded that l’» must be an even function of 
y Hence the constant /(„ m (he expression (h) must be taken 
equal to *ero, and we finally obtain 

0 i ft ir*m* 

t 3S 

+ £„ CO* SMj (0 

This expression satisfies the boundary' conditions u> = 0 at the 
edges 2 = 0 and x = o To satisfy the same condition at the 
edges y =» ±?>/2, we must have 


«f(l + v) 4a» _ ^ 
A T*m* 


Substituting the value of obtained from this equation in 
Eq. (v), we find that 



iu wiiich, as befure, a„ — mwhf2ti 

IIa\ing tlus expression for the deflections tc, we can find the 
corresponding values of liendmg moments; and, combining them 
with the moments (a), tve finally obtain 
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iDatd - o "s:! 
~ rh ^ 


' a«(l - v*)r) 4D£rf(l - »-*) 

k yh ^ 


The sum of the series that appears m these expressions ean be 
readily found if we put it in the following form 



■>••133. 


The first series on the right side of this equation converges 
rapidly, since cosh {rmry/a) and e«sh a™ rapidlj approat i 

and «•- aa m inctea«4 Thr second Bcrieo can be Tcpcr^cnlcd 
as follows.* 



■See W. i:3rerb-."raen.,„MTn«l.-onFo»r.e.Serie« 
Cylitidneal and Elbpwidal Harmonics,” p 100. IJostoti, 
cm be ea-sily obtained by usinjt the known aeries ^ 




+ — amV+T*'"^'*" ■ 
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The bemlmB momeeU .V. «nd il, have their maximum valuex 
(It the l>ountlar\ Th«-p N-alnos arc 


{M,) b = (^/.)^ 


= = Ek^ 


12 


(n) 


It H seen that tho'C moments arc obtained by mnltiplying the 
^ alue of M. m formula (a) by (1 - r). The same conclusion H 
reached if wc ob'-erve that the moments Afi which were applie 
alonK tlic boundary produce in the iwrpendicular direction ic 
moments 

atD (l + r) 

' ft 


» rAfl = ■ 


vvhich superposed on tlie moment (o) give the value (n). 

36. Application of Finite Differences Equations to the Bendmg 
of Simply Supported Rectangular Plates.— In our previous dis- 
cussion (SCO Art. 2t) it wa.s shown that the differential equation 
for the bending of plates can be replaced by two equations each 
of which has the form of the equation for the deflection of a 
uniformly stretched membrane. It was mentioned also that this 
latter equation can be solved with sufficient accuracy byreplacing 
it by a finite differences equation To illustrate thU method o 
solution let us begin with the case of a uniformly loaded long 
rectangular plate. At a con^dcrablc dUtance from the short 
sides of the plate the deflection surface in this ease may be coa- 
sidcred cylindrical. Then, by taking the i-axis parallel to tlio 
short sides of the plate, (he differential equations (114) become 


ax* D I 

Both these equations have the same form as the equation for the 
deflection of a stretched and laterally loaded flexible string. 

Let AB (Fig. 74o) repre^nt the deflection curve of a string 
stretched by force** S and uniformly loaded w^th a vertical load of 
inten-^ity q. In deriving the equation of this curv’e we consider 
the equilibrium of an infinitedmal clement »nn. The tensile forces 
at points m and n h.avc the directions of tangents to the deflection 
curve at these points; and, by projecting these forces and also the 
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load q dx on the s-axi'^, we obtain 

from whioh 

a*w _ q 

dx'-~ S 

Tins equation has the same form ns Eqs (o) denved for an 
infinitely long plate. The deflection curve is now obtained by 
integrating Eq (c) which p\es the parabolic cun'e 

„ , (rf) 

<P 

«alUtiing the conditions «■ - 0 nl the ends nnd hrvvins n dpllre- 
tion i at the middle. 



Fro. 74. 
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the horizontal projection of these forces are equal to S and the 
!<iim of their vertical projections is in equilibrium with the load 
q Ax, which Rixes 


_s!£LIlJ£*=i + s!^±LZJ£* + 5 Ax « 0. W 

Az Ax 

In this equation tCk_i, u'land tc»+» arc the ordinates corresponding 

to the three consecutive apexes of tlie funicular polygon, and 
(u!ji — iCfc_i)/Ar and (wm — slopes of the t^ 

adjacent sides of the polygon. Equation (e) can be used m 
calculating the consecutive ordinates tCi, v>t, . ■ • > Vt-i, 
Wk+i, . . ■ , UJ» of the funicular polygon. For tliis purjxisc let us 
construct Table (/). 


0 

to* 



Xt 

w, 



] 

1 


(fc - DAx 

V* I 


kit 

to* 

A'wt 

{k + l)As 

.0**. 


1 

1 


The abscissa-s of the consecutive division points of the span are 
entered in the first column of the table In the second column arc 
the consecutive ordinates of the apexes of the polygon. Form- 
ing the differences of the consecutive ordinates, such as ict ~ 

• • • , toi — iTt+j — IT*, • • • , ne obtain the so-callcd 

first differences denoted by Aw#, ...» Atct-i, Atct, .... which 
we enter in the third column of the table. The second differences 
are obtained by forming the differences between the consecutive 
numbers of the third column. For example, for the point k 
with the abscissa fcAx the second difference is 


A*w» = Aic* — Ato»_i = tcki-i — w» — (wi — i04_,) 

“ tct+i — 2wt wt-i. (ff) 
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Wlh this notation Eq. (e) can be written in the follownng form. 


_ q 

Ai* “ S’ 


(^) 


This is a finite differences equation nhich eorrE^ponds to the 
differential equation (c) and approaches it closer and closer as the 
number of division points of the span mcrca-sc* 

In a similar manner the differential equations (a) can l>o 
replaced by the following finite differences equations; 


A*Jf 
Ai* 
A*M> 
Ar* ‘ 


(t) 


To illustrate the application of these equations in calculating the 
dcflectiona of the plate let us divide the span, say, into eight 
equal parts, *>., let Ai -■ Then Eqs (i) become 


AM/ 
A*tt> ■ 


2«! 

w 


ilfo* 

“wir 


Forming the second differences for the con.«ecutlve division points 
1 C,, IT*, ici and ir^ in accordance with Eq (g) and observing 
that in our ca.«c ir« 0 and Jf* = 0 and from eymmelrj' tcj ■= ir* 
and Jl/j =» wc obtain the two following groups of linear 
equations: 


.V, - 23/, = 

?a» 

01 

ic, — 2ir, “ 

Mt ~ 23/, + 3/i - 

64 

ir» 2ir, + IT, = 

3/« - 23/, + 3/, - 

qa* 

64 

w, — 2«f, + If, 

3/, - 2Ma + 3/, - 

64 

»c» 2«f4 + w, “ 


■ w/;’j 

-IftO* / 

0-iif A 

I 

MO I 


u> 


SoK-ing (he first group, wc obtain the folloning values for Mi 


Ml 


lS2l 

2 W’ 


Mt 


Ma 




G4 


(i) 


1590 ^ 
2 tH‘ 
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These values coincide exactly with the values of the bending 
moments for a uniformly loaded strip, calculated from the 
known equation 


Af 


2 


Substituting the values (JL) for the moments in the second group 
of Eqs O'), we obtain 

w» — 2wi = 

W 3 — 2wt + w>i = —GN, 

t04 — 2iPj + = —^N, 

u'l — 2 u.' 4 + it'a — — 8JV, 


where 


N 


«?a* 

■ 64*D' 


Solving these equations, we obtain the following deflections at 
the division points' 

ti'i - 21A^ i£-i- 38 5Ar, tc»-60Ar, tc* * 64Af. (0 

The exact values of these deflections as obtained from the known 
equation 

” - - 2"’ + *■)' 


for the deflection of a uniformly loaded strip of length a, for pur- 
poses of comparison, are 

u>i »= 20 7A^, tcj 38A', te* = 49 AN, ii’i == 53 3A^ . 

It is seen that by dividing the span into eight parts, the error 
in the magnitude of the maximum deflection as obtained from the 
finite differences equations (*) is about 1.25 per cent By increas- 
ing the number of division points tlie accuracy of our calculations 
can be increased; but this will require more work, since the 
number of equations in the system (j) increases a-s \\c incren.-ic 
the number of divisions. 

us consider next a rectangular plate of finite length. In 
this case the deflections nrcfunctionsof both i and y, and Eqs. (n) 
must be replaced by the general equations (114). In replacing 
thet-c equations by the finite differences equations wo have to 
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consider the differences corresponding to the changes of botli 
the coordinates x and y We shall use the following notations 
for the first differences at a point ^v^th coordinates mikX and 
nAy. The notation used in designating adjacent points is shown 
in Fig. 75 

„ = It?.,,, — Ax1P«., = w«+i., — v>„.„, 

R_i = ie» , — , = te« m-i ~ iCm « 

Having the first differences, we can form the three hinds of second 
differences as follows: 


A«wi„, = Axie«» — Ax«J»_i, = ~ 

— «= . — 2!e., + uv_ i 

A„to«» = A,v?m» — AvtCmi^-j » u>«..+i — te*, 

— “ ie-.+l — 2Wmn + 

A,vU)«, “ — A,w-_i . - - u’», 

- («J«-i.N+i - ,) - w, - te«, - w— M+j + u’— I . 

With these notations the differential equations (114) will be 


.. 

I- 

1 


i5-i 

Ai 


f— 




r 

L 



0 

r 




1 *1 




i 

4 

AyTA 







•' : 

1 



2 


1 1 
y 

Fio. 75 

1 

Fh 

1 

I 76 

S 


replaced by the following differences equations: 



At * Ay* 

A„li> , A„ll> 
Ax* Ay* 



(") 


In the case of a simply supported rectangular plate M and te are 
equal to zero at the boiindaiy, and wc can solve Eqs. (n) in 
succtsision without any difficulty. 

To illustrate the pro«v« of calculating moments and deflec- 
tions let us take the wry eimide ease of a uniformly loaded 
square plate (Fig. 76). A rough approrimation for .If and tx> 
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will be obtained by dividing the plate into 16 small squares as 
•shown in the figure, and by taking Ai = Ay = ^ in Eqs. («)• 

It IS evident from symmetry that the calculations need be extended 

over an area of one-eighth of the plate only, as shown in the 
figure by the shaded triangle. In this area we have to make the 
ealculationa only for the three points 0, 1, 2, for which Af and tr 
are different from zero At the remaining points 3, 4, 5, these 
quantities are zero fr6m the boundary conditions. Beginning 
with the first of the equations (n) and considering the center of 
the plate, point 0, we find the following values of the second dif- 
ferences for this point by using Eqs. (nt) and the conditions of 
symmetry: 

A„Af# = 2Mi - 2Mt, 

A„A/, = 2Mi - 2Mt, 

in which M\ and A/a are the values of M at points 1 and 0, 
respectively. Similarlv for the point 1 we obtain 

A..Afj « Mi - 2Mi + Mo = -2Mi + Mo, 

A„A/, » 2A/, - 2.1/, 

The second differences at point 2 can be calculated in the same 
way. Substituting these expressions for the second differences 
in the first of the equations (n), we obtain for the points 0, 1 and 
2 the following three equations: 

4Afi ^ 43/, = 

2A/, - 4A/, -I- Mo = 

16 

- 43 !, + 23r, = _fi', 

16 

from which we find 


0 yg* 
' 2 64 ' 


’ 2 64 ’ 


11 yg* 
' 4 64 


Substituting these values of moments in the second of the equa- 
tions (n), wo obtain the foUovring three equations for calculating 
deflections ic,, tC| and tc,: 
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where 


4\Ci — 4wt — —iX, 
2u>, - 4v>i + tc* = -\N, 
—4wt + 2tPi = — 


N 

16 ftID 

From these equations we find the follow'ing ^Tillies of (he deflec- 
tions: 

iro = {Jhf, tPj = u», = ^iX 

For the deflection at the center we obtain 


tCg 


66>7a‘ 

16-16-WD 


000403^' - OMlog^- 


Comparing thi« with the value 0 04435oVFA* given in Table 6, 
it can be concluded that the error of the cnJculated maxinniin 
deflection is less than I per cent. For the bending moment at 
the center of the plate we find 


J/, « d/. 


iUl + r) 
2 


1 ? 

2 2 61 


O.WST^fl*, 


which is less than the exact value O.OlTO^a* by about per cent. 
It can be seen that in this case a email number of enlxluiMOus 
of the plate gives an accuracy euflicient for practical applications 
By taking twice the numlwr of subdivisions, tc, by’ making 
a= Ay =1 |a, the value of the licnding moment will differ from 
the exact value by' Jess than 1 per cent. 

From this simple example it can be seen that the U'-e of the 
differences equations gives as a satisfactory result in (he ca»e of 
simply’ supported and uraformlj' loaded rectangular plates and 
may be applied in practical cases.* 
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37. Bending of Anisotropic Mates. — In mir previous dis’cvi'* 
Mons lm\e jissumcil that the clx««tic properties of the matcnai 
of the plate arc the same in all directions. Tlicre are. ho«^ er, 
(a.'^es in which an anisotropic materUl must be ft-ssuined if we 
wish to bring the theory of plates into nKreoinent with cx^n- 
ments ‘ I>et us awimc that the nialernl of the plate niw 
planes of symmetry w ilh reniiecl to itscliistie pnipertica. 1 akmg 
these planes aa the ewiniinatc planes, the relatioas l>elwecn 
stress amt etrain eomponenta for a fn.se of plane strew m 
jy-planc can lx; repn-v. lUed by the followinR equations: 


f, = 
IT, = 


(«) 


It is «x;n that in the ea-M' of plane strew, four constants A,, E,, 
E" and Q arc neeileil to ehararterite the elastic properties o 
material ■ i «« 

ConsidennR the Ixmling of a plate made of siiclv a materia , 
nsRume, as Iwforo, that linear elements perjxndicillar to 
middle plane (ry-plano) of the plate Ix'forc bending 
straight and normal to the deflection surface of tlie plate a 
bending Hence we can iim; our previous cxprewlons for 
components of strain: 





The corresponding stre-w components, from Kqs. (o), arc 


(W 




With these expressions for stress components the bonding and 
twisting momenta arc 

’The case of a plate of an anmotropic tnalerial has been discussed by J- 
Uouasinesti, J. tnatk, 3J senes, Tcd. S, 1870 See also S.sint Y^V**^,* 
translation of the book "Throne de IVlasticitf des corps solides, by • 
CUbscb, note 73, p 693 
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W„ = - J_V.^<b = 2D„ 


in which 


(.) 


SuiiUituling expression- (147) in the differential equation of 
equiUhrinm (98), we obtain the following equation for anirotropic 
plates: 

i>.|?+2CD.+2o„)5|:|;i+/)4-^-7 

Introducing the notation 

I! - D,+ 2D„. 10 

we obtain . 

In the particular ease of i«otropy we have 


12(1 

h*/ pL , E ^ . 
7 - B. + 2D„ - + T+-,) 


nnd 7:q. (148) roducei to our pretiotit Hq. (101). 

EqttolL (148) eon U- in tho invc.l.q.t.on of 
of pinto of „o„.homoeon«,„, mnlovinl, .nch » mnforo^l ™- 
trrto ,laK> nl.ich hove diflotcnl ntxural ns.d.lto m too 
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mutually perpendicular directions. The quantities i)« 
i). can 1)0 calculatttl apj>roMmfttcly for a rcinforc^ concrete 
Klah by the methods «««1 in investiBatinK the bending of rei ♦ 
forced concrete beams, or they can l>o obtained wt grea e 
accuracy by cxiierimcnt. The torsional rigidity Dn ca*'^ 
calculated approximately by taking the concrete on } lo 
account and u«ing its shear modulus (7, or a more accurate va u 
lan be obtained by direct lest, a-s shown in Fig 25c. 



Kquation (US) can also be appllcii to the gridwork system 
shown in Fig. 77. This consists of two system-s of paraWi 
Iwams spaced equal distances apart in tlie *• and 
and rigidly connected at their polnta of intersection. ^ ® 
beams are supported at tlic ends, and the load is applied norma 
to the ij/-plane. If the distances oj and 6i between the 
arc small in comparison with the dimensions o and ^ ®* . . 
grid, and if the flexural rigidity of each of the beams para c 
to the x-axis is equal to and that of each of the beams para c 
to y-axis is equal to Dt, we can substitute in Eq. (U8) 



The quantity Dj in this case is sero, and the quantity Bw ran 
be expressed in ternw of the torsional rigidities Ci and C* of t e 


this subject. See Z OtUrr, Jng. u Arckil. Ver., p. 557, 1911 
principal results are collected in hia books: “Teory* Plyt,” Lnow, 1922, 
and “Probleme der StatiV techniscUwichtigcr orthotroper Hatten," Wars- 
*awa, 1929. Abstracts of Wa papers are given in Complff rendu* v. 
170, pp. 511 and 1305, 1920; and v. ISO, p. 1243, 1925. 
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beams parallel to the x- and y-axes, respectively For this 
purpose we consider the twist of an element as shown in Fig 
77b and obtain the following relations between the twisting 
moments and the twist fl’ir/dxdy: 




Cl B*w 
bi dx dy* 




Ci d^w 
ay dx dy 


Substituting these expressions in the equation of equilibrium (/) 
on page 87, we find that in the case of the system represented in 
Fig. 77o the differential equation of the deficclion surface is 


Bid^ ,(Ci, CA ^ ^ 

bi \bi fli/dx* dy* at dy* 


(148') 


which is of the same form as Eq. 148- 
Equation (148) can be solved by the methods used m the case 
of an isotropic plate. Let us apply the Nevier method (see 
Art. 27) and assume that the plate is uniformly loaded, /a^ng 
the coordinate axes as shown in Fig. 59 and representing the 
load in the form of a double trigonometric senes, the differential 
equation (148) becomes 


»rr d*W . n ^ 


= 


2 


A solution of this equation that satisfies the boundary 
can be taken in the form of the double tngonometneal 


conditions 


2 -^ . Tnrx nry 

wt-1.3 S. •• 


Substituting this .erics in Eq. (j). e»prc=- 

sion for the coefficients o«»: 
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Hence the boUition of ICq (ff) « 

2 2 


nry 

b 




•• (0 


In the case of an I'lOtropic material D, ~ V, - If - A 

solution coincides witlrlhat jywn on page 118. 

As a second example let us consider an infinitely long p ^ 
(Fig. 70) and assume that the load is distributed along the i-asis 
following the sinii&oidal relation 

. mrx (]) 

In this ease Eq (148) for the unloaded portions of the plate 
becomes 

^ dz* dy» ^ 

A solution of this equation, satisfjiiig the boundsr>’ conditions 
at the bides parallel to the y-axis, can be taken in the follomns* 
form: 

(0 

a 

where Ym is a function of y only Substituting this in Eq. (^)> 
we obtain the follownng- equation for determining the function 

r-: 

- 2//^2^y'" + = 0. 

o’ a* 

The roots of the corresponding characteristic equation arc 



We have to consider the following three eases: 

(1) in > D,J)„ (2) II* = /)./>„ (3) in < D.D, (") 

In the first case all the roots of Eq (n) are real Considering 
the part of the plate with positive y and observing that the 



SIMPLY SUPPORTED RECTANGULAR PLATES 


1'J3 


deflection w and its derivatives must vanish at largo distance- 
from the load, we can retain only the negative roofs L^ing the 
notations 



"TVS^'^'VDl 

a [h WT^i 

-7\D, '\Dl i>. 1 


{/') 


the integral of Eq. (m) becomes 
K« « 

and expression (I) can be represented m the form 




ttirX 

0 


From symmetry wc conclude that along the x-am 

('£!£'\ - 0 . 

\Sif 




The coefliciont A . is obtained from the condition relating to the 
shearing force 0, along the x-aaw, which gives 

Sul^tltuting for tr its expression ft), wf obtain 


■ . 4 . - 


CT7iO .. 
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and the final expression (9) for the deflection becomes 


■ 2r'm*D,(«» - p*) 




- pe~ <* ) sin - 


In the second oC the three cases (0) the characteristic equation 
has two double roots, and the (unction has the same ^ 
m the case of an isotropic plate (Art. 34). In the third 0 ® 

cases (0) the roots of the characteristic equation are imagmarj, 
and IS expressed by trigonometric functions. 

Ha\^ng the deflection surface for the sinusoidal load 
the deflection for any other kind of load along the i-axis can 
obtained by expanding the load in the series 



and using the solution obtained for the load O’) each term of 
this series. Hence, for H* > DJ>, the general solution is 


D.ia* - 0*)^ 


' ) sin - 


2, w 


in which a and ^ have the meanings given by Eqs ip)- 

Having th^j solution, the deflection of the plate by a loa 
distributed over a rectangular area can be obtained by integra- 
tion, as was shown in the case of an isotropic plate (see Art. 3 b 
By applying the method of images the solutions obtained for an 
infinitely long plate can be used in the investigation of the bend- 
ing of plates of finite dimension-s.^ 

38. KectanEulu Plates of Variable Thickness.*— In deriving the 
ential equation of equilibrium of plates of variable thickness, we assume tM 
there is no abrupt variation in thickness so that the expressions for bendtog 
and twisting moments derived for plates of constant thickness apply 
sufficient accuracy to this case also. Then 


> Several examples of this kind are worked out in the books by Huber, 
lot cU., p. 190. 

• Tbia problem waa discussed by IL Oran Olsson, /afenteur-rircAie, 
p 363, 1934; see also M. Eric Iteiasner, J, Hath. Phyt , voL 16, p. 43> I®*’ 
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Substititing these expressions ia Ihe differenti*! equation of eq iilib i 

an element (Eq ^), page 87), 

a»J/. ^ 9‘M, ^ (b, 

dl* dxajf ^ d»* 

and observing that the flexural rigidity D is no longer a constant but a func 
tion of the coordinates z and y, no obtain 


, SD 6 aD a 

Z)AAw 4- 2— —Aw + 2— — i 

dx ax ay ay 


„ Ja*Daht> a *0 , (, 49 ) 

ay* ” « at ay ^ ay* at* j 


4* dD Aio 

where, as before, we employ the notation 

a* . a* 


Aai 


particular example of the application ^ fhe 

«ift which the flexural rigidity /) is a linear fune*'"** fv P 


where D| and i}| are constants. 

In such a case Eq (M9) becomes 


(D, 4- I>.y)AAuF 4- 2D,— Aw - q. 



I«et us consider the case in wbwh tl>^ 
intenaty of the load g U proportional to the flexuro ? ' 

assume the deflection of the plate (Fig 78) m ® 


and lot w, equal the deflection of a atrip parallel to the z-axw ei 
plate and loailed with a load of intenrity ^ 





196 THEORY OV PLATES AND SHELLS 


This deflection can be repreeenied, as before, by t!ie trigonometric senes 



By substitution we can readily show that (his expression for Ui satisfies Eq 
(150) Jt satisfies also the boundary conditions to = 0 and — 0 

along the supported edges * = 0 and i -» a 

The deflection loj must then satisfy (be homogeneous equation 

AKD, + Z>,y)iicl - 0 {/) 

We tale it in (he form of a senes 


to, . 


2 


(u) 


Substituting this ecnes in Eq (Jt, nt find that the functions E. satisfy the 
following ordinary differential equation 

(S. -V “ 

Using the notations 

f. - ID. + - ^V.). ^ (.) 

wc find, from Eq (A), 


/- •» +jB.e— -» 


Then, from Eq (»), we editain 

1 - - •iU- 




0 ) 


{*) 


The general aolution of thn equation 
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in which Em and Fm arc /unctions of g. These functions Jiai e 
mined from the following equations * 


from which 




°° 0 , 


f- 

“ 2 o.{n, + Dot)’ 

* 2««(0. + i>iy) 




Integrating these equations, »e find 

„ CAm + Am 2am 

■ J SSa + aS''* ■ :S7"’‘ + 

-Jo-tOr+PiK' 

^ C * + Diy)] 

■^2a.D,* J 2am(Di+Da) 


-It 


SoTPoT,)* - -STd, -D, <"• + 

<aa(0*-f Olid 

— i"* — — — — — 


2a./)| 


- r « ~d[2«..(C, + Piv! 

J + Z).y) 


Subatitutiiig these expressions in Eqa (0 and (i) and using the notations' 

jp,(u) => J ^u, f.C— a) — J 

we represent functions r« in the following form 

+ C.e«-» + (m) 

The four constants of integration A^t Dm are obtained from the 

lioundary conditions along the sides y •« 0 and jr -» b. In the case of simply 
supported edges these are 

and F'min these equationsiw the dcrivntives with respect to jiof 
and Fm. 

'The integral £'(( b) a f he so<aRede*pe»e>«fMf»"f'y''o/ and wa tabulateti 

function, see, for instance, Jahnhe-Iiii^, "Tables of runcUons," 2d cil , 
p 83, Berlin, 1933. 
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W«-o, 


The numerical results for a simply supported square plate obtained by 
taking only the first t*o terms of the series (p) sre shown ja Fjg 79.‘ The 



Moment My MomentMx Deflection 


y B 0 0163 
y = ai7S 
y » 0335 
y~a49* 
y • QS53 

ye 08/2 

y.af72 


ria.7» 


deflections and the moments H, and JJT, along the line x • a/2 for the 
plate of variable thickness are shown by hoes; the same quantities caleu* 
lated for a plate of constant flcsttrsIrigHlity D — l(f>« + Di6) are shown by 
dotted lines It was assumed in the calculation that Di6 — 7D» and 


CHAPTER VI 


RECTANGULAR PLATES WITH VARIOUS EDGE 
CONDITIONS 


39. Bendlsg of Rectangulftr Hates bf Moments Distributed 
along the Edges. — Let us con^der a rectangular r 
plate supported along the edges and Lent b}’ [ 
moments distributed along the edges y = ±5/2 I 
(Fig. 80). The deflections to must satisfy the ] 
homogeneous differential equation 




• 0 


dx* dr’dy’ dy* 
and the following boundary' rondilJons. 



*» 0, « 0 for X ■» 0 and x m c; 

« = 0 for V - ±5; 


(h) 

( 0 ) 

(d) 


in which fi and /* represent the hendiog moment distributions 
along the edges y »= ±6/2. 

We take the solution of Eq. (o) in the form of the series 


2 v • tutx , , 

r.sin— , (e) 

M»I 

each term of which satisfies the boundary conditions (b). The 
functions F* we take, as before, in the form 

r. = A. sinh 23! + B. cosh sa + cJSL si„h SSL 
a a a a 

+ Dj^cosh^ (/) 
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- which satisfies Eq. ( 0 ). 
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To simplify the discussion let us be^n with the two particular 

1. The symmetrical case in which */t 

2 Theantisymmetricalcaseinwhich{J/,)^/t = — (iVv)*— »/* 
The general case can be obtained by combining these two particu- 
lar cases. 

In the case of sjTnroctry )'« must be an even function of y, 
and it IS necessary to put Aw, = = 0 in expression (/)• 

Then we obtaiOj from Eq (c). 

To satisfy the boundary condition (c) we must put 
Bw. cosh am + Cmam stnh am ^ 0, 
where, as before, 

CTyh 
“ 2a ■ 

Hence, 

Bm “ -^CmCtm tanh fl-ia, 
and the deflection m the sj’mmetncal case is 

sinh tanh cosh sin 

{h) 

We use the boundary conditions (d) to determine the constants 
Cm Representing the distnhution of bending moments along 
the edges y = ±b/2 by a tngonometric series, we have in the 
case of symmetry 

/.w = «i) - 2®- "" w 

where the coefficients Em can bo calculated in the usual way for 
each. pmCkm-Is.? ease Fw awstawet, it* \Vie ca.«e of a milwrw 
dwtribufion of the Wnding moments we have (see page 168) 
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r,,-. 4il/e 1 invx 

= “ 2j “■ 

^ o^ias 

Substituting exprew’ioas {K) and (t) into condition (d), wc obuuii 

— 2£i >, — —Cn cosh «„ Bin >,F, bin . 

a* a >-J a 


2i)mV* cosh am 


( 151 ) 

In the particular case of uniformly distributi'd moments of 
intensity Mt wo obtain, by using expression (j), 

s,... 


Tlip deflection along the axis of symmetiy (y = 0) is 


When a is \cr)' large in comparison with 6, ivc can put 
fanh am «» 

am *=• I. Then, bv ii-ing wries 0)» wc obtain 

w-'-sn; 2i s’‘“~”gT)- 


and co»h 
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Thi? is the deflection at the middle of a strip of length 6 bent 
by two equal and opposite couples opplieti at the ends. 

When a is small in eomparison with b, cosh am Is & largo 
number, and tlic deflection of the plate along the x-axis is very 
small. 

For any given ratio between the length of the sides of the 
rectangle the deflection at the center of the plate, from expression 

(fc), i^ 




2M»n* 1 o« tanh a* 

^ m* cosh a- 

••-14 s. 


For a square plate we obtain from this series 
M.-o * 003C8^’- 

It is seen that the deflection of a strip of length a is about three 
and one-hnU times that of a square plate of dimensioD a, HaVing 
expression (151) for deflections, we con obtain the slope of the 
deflection surface at the boundary by differentiation and wo 
can calculate the bending moments by forming the second 
derivatives of tc. 

Let us consider now the anUs>’tnmetrical case in which 


/i(i) = = 2'^’* 

In this case the deflecUon surface is an odd function of y, and 
we must put Bm = C« = 0 in expression (/), Hence, 

w - 2('‘- “"i ^ CO* ’^) m 

From the boundary conditions (c) it follows that 
Am sinh am + Dmam cosh am = 0, 

whence 

Bm = — ^ tanh OmAm, 
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and 

The constants j 4* are obtuned from conditions (d), from which 
it follows that 


2r*D '\ 
a* . 


. m* . , . , . tnrx Ti . ffixx 

•^^Am — sinh am tanh am an ^.Em sin 

mal 

^ 0 * ^ Em { 

m* sinh a«\ ** 


Hence, 

and 


2t^D *m* sinh <»« tanh o 


« coth oi. sinh 


.“BeoAE^Vin— • W 

O 0 / 0 ' 


We Can obtain the deflection surface for the general case 
represented by the boundary conditions (d) from solutions (151) 
and (152) for the symmetricat and the antisymmetrical cases. 
For tlu$ purpose we split the given moment distributions into a 
siTumetrical moment distribution Af^ and an antisymmetrical 
distribution M,, as follows: 

(AO,.* = (Af;),__* = iI/*(^) +/i(^)h 

(A/;') » - -(A/;'). _» = j{/.(^) - /*(=r)]. 

•'“5 •" * 


Th^ moments can be represented, as before, by the trigono- 
metric series 


(A/;) »= 

m-l 


(0 
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anti the total deflection is obtwned by using expressions (151) 
and (152) and superposing the deflections produced by each of 
the two foregoing moment distnbutions (f). Hence 


. . niTX 

, _ . Kin r — / 

_ !!sa smh ’!»') + 

a O' / sinh a«.\ 


, mvx 
a« cosh — — 
a 


If the bending momenta M, = sin are distributed 

only along the edge y = 5/2, wehave/t(x) * 0, ;B1, «» E'm * 
and the deflection in this case bocorncs 


_ Win 

E. 8m ^ j- i/ 

i — ST— “ 
I„„h!2It'')+ ' (..eolh 

a / sinh «»V 


. miry 
an cosh ■" ~~ 


Solutions (151) to (154) of this article will be applied in the 
investigation of plates with various edge conditions. 

40. Rectangular Plates with Two Opposite Edges Simply 
Supported and the Other Two Edges Clamped. — Assume that 
the edges i = 0 and x = a of the rectangular plate, shown in 
Fig 80, are simply supported and tluit the other two edges are 
clamped The deflection of the plate under any lateral load can 
be obtained by first solving the problem on the assumption that 
all edges are simply supported and then applying bending 
moments along the edges y = ±5/2 of such a magnitude as to 
eliminate the rotations produced along these edges by the action 
of the lateral load. In this manner many problems can be solved 
by combining the solutions ^ven in Chap. V with the solution of 
the previous article. 
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Uniformly Loaded P/ates.— Assuming that the edges of the 
plate are simply supported, the deflection vs [see Eq (12C), 
page 128] 


_ ^a* _ a« 

" tID ^ jn‘ n \ 


tanh am x, 

2 cosh c 


. TJHry"^ 


+ ? («) 

~ 2 cosh «» « “ / 

and the slope of the deflection surface along the edge y = b/2 is 


I — 

VayA-l “ 


2ga* 

r*D 


1 


[«• - tanh a«(l + o- tanh a»)] (t) 

To eliminate thk slopo and thus lo satisfy tho 

oondilions «e distribute alonit the edges y - ±l>/2 the bending 

moments Jlf» given by the series 


(3/,),. 


2 „ m*z 
£.sin— , 


(e) 


and ive determine the eoefieients B. so 

produced by these moments equal and opposi c o j 

eapreasion (b). Using eapteSsion (151)' tor 

produced by the moments, -vo find that the eonresponding 

slope along the edge y — l»/3 is 


mitx 
tv 

?-£4tanh «.!«- tanh a„ - l> - 


Equaring’the negative of this quantity to expression (b), 


Pm 


' T’m* ■ 


find that . a i ^ 

_ - tonh «,» + tanh «^. (e) 

„ — tanh ««(«• tanh am ) 

‘ Fn.m the symmetry rf the deflccton e^tece prodtieed 

load it can be concluded that only odd number. 1. 3, 

for m in expression (151). 
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Hence the bending moments along the built-in edges are 


(Af»)»-±6/2 


i 


g a, — tanha«<l -f«t»tanho») ^ 
m* Oi, ~ tftDheB(aBtaDh Om ~ t) 


Ttie maximum numerical \’aluc ot this moment occurs at the 
middle of the sides, w here x *= a/2. Series (/) converges rapidly, 


Table 22. — Cosstaj.ts a, B, fit and fit Toa a RECTANOUioa Piatb with 
T wo Edges Sluplt Scpbobted asd T»o Edges Clamped; » “ 0.3 


b > a 


b 

„ i 

EM j 

0 bl 

»-2*y-2 

x-ty-Q 

r = -p « = 0 

2 - 
3/, - ff,ga’ 



B 


Bt 

I 

0 0309 

-0 070 

' 0 024 

' 0 03.7 

1 1 

0 027t 

-0 079 

0 031 

0 037 

1 3 

1 0 03t0 

-0 087 

1 0 038 

0 010 

1 a 

0 (M34 

-0 094 

1 0 045 

0 043 

i i 

0 0503 

>0 100 

1 0 052 

0 015 

l s 

0 0562 

-0 105 1 

0 059 

0 046 

1 6 

0 0658 

-0 109 

0 065 

0 017 

1 7 

0 0730 

-0 112 ' 

0 071 

0 017 

1 8 

0 0799 ! 

-0 115 

0 077 1 

0 018 

t 9 

0 0S63 

-0 117 

0 032 

0 048 

2 0 

0 0987 

-0 II9 1 

0 087 1 

0 (H7 

3 0 

0 1276 

-0 125 

0 XU 

0.042 

* 

0 1432 

-0 125 

0 125 

0 033 


b < a 
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and the maximum moment can be readily calculated in each 
particular case. For example, the first three terms of eeriea 
(f) give --0.070ga* as the maximum moment in a square plate 
In the general case this moment can be lepiescnted by the 
formula %\here 0 is a numerical factor the magnitude of 
rvhich depends on the ratio a/6 of the sides of the plate Several 
r'alues of this coefficient are given in Table 22 
Substituting the values (e) of the coefficients Em in expression 
(151), we obtain the defiection surface produced by tjie moments 
distributed along the edges 


« . rmrx 

V,, _ _2&‘ "S! “ 

ir*D fn‘-eosh«» 

a« — tanh ««(I + at- tanh «-) f mry ._i. mry 
am -”tanh «-(a« tanh «- -T) V « 

— am tanh «- cosh (ff) 

The deflection at the center is obtained by substituting x « o/2, 
y “ 0 In expression (ff). Then 


(»i). 


2ga* (-1) » a-_tanh_£* 

ir*I? ^ m* cosh q- 

— 1 , 3 . 3 .... 

a„ — tanh g,(l -h g- tanh am) 
am — tanh a*(a- tanh a- - 1) 


This is 4 very rapidly converging scries, sad the dcBection can be 
obtained with a high degree of accuracy by taking only a few 
terms. In the case of a square plate, for example, the first term 
alone gives the deflection correct to three significant figures, and 
we obtain, for » = 0.3, 

tc, = 0.0234^,- 


Subtracting this deflection from the deflection produced at the 
center by uniform load (Table S, page 133), nc obtain finally 
for the deflection of a uniformly loadixl square plate with two 
Simply supported and two clamped edges the value. 
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In the general case 
hy the formula 


the deflection at the center can be represented 


Several values of the numerical factor a are given in Table 22. 

Substituting expression (j) for deflections in the known 
formulas (99) for the bending moments, vve obtain 


« . mwx 

2en* a a- - tank a.d + a- tanli aj 

M,- ^ wi* cosh n,'a«-tanh £*«(«- tanh a- -1) 

- (21- + (1 - r)a. tank c J cosh W 

• mrx 

M a c, ~ tanh g,(l + tank gg) 

* ** tn’ cosh Am am — tanh a.Cat, tanh e« — f) 

•••us 

+ (2 — (1 - »)«- tank am] cosh 
The values of these moments at the center of the plate are 



••-U5. •• 


am — tank 0,(1 ■+■ CT. tank 

R. — tanh a.(a» tanh — l)^ *" ^ 


i>)o» tanh R-li 


M, 


2<?a* (-1) » 

r* m’ co^h CT„ 

• -us 

g, — tanh n.(I + o» tanh a. ?,„ ,, , 

am — tanh «-(«. tanh a. — 


tanh R-l- 


lliosc scries converge rapidly so that sufficiently accurate valuw 
for the moments are found hy taWng only the first two terms in 
the series. Superposing thcne moments on the moments in a 
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simply supported plate (Table 5), the final values of the moments 
at the center of the plate can be represented as follows: 

Af» = ilf — ^*2®^ 

where Pi and Pz are numerical factors the magnitude of which 
depends ou the ratio b/a. Several values of these coefficients 
are given in Table 22. 

Taking the case of a square plate, we find that at the center 
the moments are 

M, = 0 . 02443 a* and = 0.03323a*. 

They are smaller than the moments Mt — Mg = 0 04793a 
at the center of the simply supported square plate. But the 
moments JVf, at the middle of the built-in edges are, as we have 
seen, larger than the value 0.04793a* Hence, because of the 
constraint of the two edges, the magnitude of the mnnmum 
stress in the plate is increased. TVTien the built-in 0 a 
rectangular plate are the longer sides (b < a)i th® bending 
moments at the middle of these sides and the deflections at e 
center of the plate rapidly approach the corresponding va ues 

for a strip with built-in ends a-s the ratio 6/0 decrees. 

Plates under IlydrcstaUc Pressure . — ^The deflection su ® 
a simply supported rectangular plate submitted to the ac 1 
of a hydrostatic pressure, as shown in Fig. 64 (Art. 30), is 




2 -h g.. tanh «■» 
cosh am 


, .in — ■ 

a / “ 

The slope of the deflection surface along the edge y — 


m* 

This slope is eliminated by distributing the *},[• 

by series (e) along the ^g„ „ - ±b/2 »"■! b, 

coefficients Em of that series so as to make tnc 1 
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the moments equal and opposite to that given by expression 

{1) In this way ■no obtain 

- taaha.g + a, tanh «,) 

«« --tanh«-(o« tanha« - 1) 

Substituting this in scries (c), the expression for bending moments 
along the built-m edges is found to be 





a« — tanh a«(l 4- a«» tanh am) _ 
— tanh atk{am tanh am ~~ 1) 


The terms in series (f) for which m is even vanish at the middle 
of the built-in sides where * — o/2, and the value of the senWp 
as It should, becomes equal to one-half that for a uniformly 
loaded plate (see Eq. (/)1. The series converges rapidly, and tM 
value of the bending moment at any point of the edge can M 
readily obtained. Several values of this moment aro given in 
Table 23. 


Table 23 — Bavoi'ia Movent* if, alono the Bpilt-in EnaES 

b/'a I * - a/4 \ * - 0/2 | t~^/^ 

—0 OSSgrfi* 
-0.053^/1* 

- 0 

- 0 0355,o‘ 

-0 0485o6’ 

-0 0625o6’ 

-0 062?iip* 

Concentrated Force Aclitiff on the Plate .* — In tWs case again 
the deflection of the plate b obtained by superposing on the 
deflection of a simply supported plate (Art. 33) the deflection 
produced by moments distributed along the clamped edges. 
Taking the case of a centrally loaded plate and assuming that 
the edges y “ ±6/2 are clamped, we obtain the following 
1 See author's psper, loe. al , p. 1S6. 


• -0.039to<i* -0 0G25ga» 

2 -0 0375,o» -0 000j,o‘ 

i -0 0327 oo* - 0 052«,o* 

1 -0 020j,o» 0 DSSjgO* 

1 -0 021c,b* 0 

i -0 021?,*» 0 0429,6» 

0 -0 02!»,6* -0 W29,6» 
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expression for the deflection under the load 

— is[i; i 


The first sum in the parentheses corresponds to •'>“ 
a sinrply supported plate [see Eq. (132). page “I' 
second represents the deflection due , ™d . „ 

along the clamped edges. For the rauos b/a - 2, I i and^i^ho 
values of the expression in the parentheses m -.-q. ( 

0.436. 0.448 and 0.449, respectively. , . , j,.... .q 

To obtain the maximum etrea? under . j ,a,c 

superpose on the stresses calculated for the simp > ppo 

the stresses produced by the following moments: 




tanh « 


«nh a. c<wi» «- -re 

(2r + (1 - »•)«•» (n) 

tanh^ 

einh o 


)eh «w + dm 

[2 — (1 — O '*- ^ 

For a square plate those moments are 

Jf, » -0.0505P, •'/» “ -0 030SP. 

Tire moment Jf, at the nriddle n[ the elamperi edg« of . sqnrme 
plain is jf, . -O-ICOF. 

The eaieniatinn, shore “ 

the lengtli of the clamjxjd edfirs incrca 

-O.lOSr when a/b « 2. Simply Supported 

41. Rectangular Plates ^Ih a rectangular plate 

and One Edge «mply supported along the 

huiU m along the edge y »/ 
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other odRC'- (Hr 80). Tlio tlcflcction of tlie pinto under any 
l.-xtornl load ran bo olitamocl by conihiniHR the solution for the 
pinto with nil wdos Hrnply huppnrtod, with rolution (154) for the 
cn.eo where bending inomonls arc <lMtnbul(Hl nlong one side of 
the plate. 

UixiJormhj Loaded Plates — Tlie slope nlong the o<!ge y = 6/2 
prodnood by a uniformly dHtnbiited lend js 


(Sir 


29a* 

r*I) 




l«« — tanh <*■(! 4- n. t.anh a*)], (o) 

The moments ~ SE., sin (mrx/a) distributed nlong the side 
y «“ 6/2 produce the slope* l‘>oo l>i (154)1 



■>•1 ]S 

- tnnh a- + <»« 00th* a« — coth ni. — 2 um). (6) 


From the condition of ronsiraint those two s)o}>oq are equal !n 
magnitude and of opposite signs Hence, 


817a* 

r’wi* 


a„ tanh* a» 


am — tnnh 
— tanh am 


■(1 + am tnnh a,) 
«» coth* - coth 


- 2am’ 


(c) 


and the expres.sion for the bonding moments along the side 
y - 6/2 is 


(M,) 


89a* 1 . 


gM — tanh g«(l 4- a,, tanh «») 

rt, - tanh a„(a« tanh a,, - 1 ) + n« - coth a„(a„ coth - 1) 


Taking a square plate, as an example, the magnitude of the 
bending moment at the middle of the built-in edge from expres- 


* Only odd numbtra must be taken form in this symmetrical case. 
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bion (rf) is fouml lo be 

6 .*=-0 0847/1* 

This moment is numerical^* larger than the moment —OOTOqa^ 
>\hich was found in the previous article for a square plate with 
two edges built in. Several values of the moment at the middle 
of the built-in eide for various values of the ratio a/b are given 
in Tabic 24 . 


TABtB 24 — DertEcnoNs axd Bevbixo Movexts rx a Rectaxcfiar 
P iATE WITH OxE Edge BeiUT Is avd the Three OriiEas Simpdt 
Supported 
p 03 


hta 





• 1 

0 142 

-0 12S7rt» 

0 12590* 

0 03790’ 

2 

0 101 jaVEM 

-0 \Ttqn* 

0 09490* 

0 O4790* 

1 5 ! 

0 070 

-0 n27(i> 1 

0 06990 * 

0 OIS90* 

1 

0 063 ^a*/Ek' , 

-0 lOOja* 

0 00390* 

0 0479O* 

1 3 1 

0 (iiSqa*/Eh> 

-0 lOljn* 

0 05690 * 

0 0459a* 

1 a 1 

0 047 qt*/EK> \ 

-0 098 ^» 

0 0499a* j 

0 0449a* 

1 1 ■ 

0 038 7 a‘/EW ' 

-0 09290 * 

0 0419a* 

0 0429O* 

1 0 

0 030 qa*/Eh* 

-0 08490 * 

1 0 03490* 

0 0399a* 

1/1 1 

0 03Sqb*/Eh* 

>0 09 l 9 »< 

1 0 033 f 6 * 

0 04396* 

1/1 2 

0 038 qh*/Ehf 

1 -0 098 ^* 

0 03296* 

0 04796* 

1/1 3 

0 01 ! qb^/EK> 

' -0 10396* 

0 03I96* 

0 05096' 

1/1 4 

0 OlAqbVfili’ 

1 -0 10896* 

0 03096* 

0 05296* 

1/1 5 

0 046 qh*/Eh' 

-0 11196* 

0 02896* 

0 05496* 

0 5 

1 0 053 fb‘/£A‘ 

-0 122 ^* 

0 02396* 

0 OCO96’ 

0 

0 037 qb*/Eh> 

-0 12596* 

0 01996* 

0 06296* 


Substituting the values (c) of the con-stants Em into expression 
( 154 ), we obtain the deaection surface produced by the moments 
of constraint, from wliich the deflection at tfie center of the 
plate is 


(«> 0 ^ 


0» ^ (~l) ^ g„a. tanh am 

w* rush a« 


For a square plate the first two terms of this beriM give 
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Siibtructing thU deflection from the dcnectioii of the pimply 
'•upported square plate (Table S), wp find that the deflection at 
tile center of a uniformly loailwl sqiinre plate \vith one edge built 
in is 

W.. 5..0 - 0.03Mgi. 

Values of deflection and liendihg moment for several other values 
of the ratio a/b obtained in a similar way arc given in Table 24. 

riaCes uruifT /tijdroslalte Pn$mrc. — If the plate is under a 
hydrasfalic pressure, as shown in Fig. W, the slope along the 
edge y *= b/2, in the ca«c of simply supported edges, is (sec page 
209) 

*“S «.»i 

The slope produeed iiy iiending moments distrilnited along the 
edge y ■» li/2 

(^) > ” “• ~ “■ 

"“3 "i-i 

+ rt. eoth* am “ coth am — 2a«)' (ff) 

From the condition of constraint along this (“dge, we find by 
equating expression (y) to expression (/) with negative sign 

. am ~ tanh a.,(l -f am tnnh a,) 

am tanh* - tnnh + a. coth* a, - colh a„ - 2a.' 

Hence the expression for the bending moment .1/, along the edge 
y = 6/2 is 



g. — tanh g,(l + g, tanh g.) 

am - tanh g.(a. tanh a. — 1) _ coth a.(g„ coth g- - J)* 

(h) 
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nrc 


IP *» 0, o Ofory “ OhikIt -> a; 

tc =■ 0, “ 0 f«r «• 0; 


(«) 

(6) 


and alotiR Uip fnv iHlRf (lOfl), (107), poRP 00] 

+ „o- f^"‘ + (2- .) -^1 =0. (c) 

\dy^ + ■ 1 V ^ ' Ox* Oy}^ '' ' 

T/Ct ui con'idi’r llir piirurnlnr cn-M* of a iiniforinly di>‘tri1mtc<l 
load In fiucli n ca-'p w pnin'ctl no m Art 29 and a<.sump that 
tliP total deflection con«iMo of two partn, a* follows: 


where irj the dcflocliim of a imifortniy londnl and 

pimply Hupiwrtcd etnp of IcnRth « which can l>c rxprc*w‘d by the 
►cncs 


tCi 


i7<>' ^ 
t*l> M 

■••I3S 


m» 


(rf) 


and i0i ii rcpn^cutctl by the pcnrs 


. mrz / \ 

301*= >, 1 « Fin » W 

a 

w here 

r. - '“'H rinh V!S 

1)\ a a a 

+ c..tah2™ + B.2ac„hHa') (/) 

a o a / 

Series (d) and (r) satisfy the boundary conditions (a), and tho 
four constants in expression (/) must be determined so as to 
satisfy the boundary conditions (6) and (c). Using the condi- 
tions (b), we obtain 
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From the remaining two conditions (c) «e find 


(3 + v)(l — v) cosh’ Bm + 2>' cosh fim I 

^ v(i — sink Bm — (I — ^ / 

(3 + .■)(1 - 0 cosh* + (1 - + {!' + A 

•’ = -i_ / 

(3 + i')(l — *■) pinh Bn cosh B- + '(1 + >*) ■'inh Bn \ 

- »(1 - y)ffn co^h ~ (1 - I 

(3 + »)(l - ,) co^’e, + (1 - yyfirjTT^' / 


where Ak = mrb/a 

Substituting the coastants (ff) and (A) in Eq (/) and using 
series (e) and (d), ne obtain the expression for the deflection 
surface. The maximum deflection occurs in this case at tho 
middle of the unsupported edge. If the length 6 is very largo 
in comparison nith a, i c , if the free edge is far away from tho 
built-in edge, the deflection of the free edge is the same as that 
of a uniformly loaded and simply supported strip of length o 
multiplied by the constant factor (3 — *')(! -f- i>)/(3 -h i>). 
Owing to the presence of this factor, the maximum deflection 
is larger than that of the strip by 6.4 per cent for r 0 3. This 
fact can be readily explainwl if we obsene that near the free 
edge the plate has an anticlaatic deflection surface. 

Taking another extreme ca^c, when a is very large in com- 
parison with b, the maximum deflection of the plate evidently is 
the same as for a uniformly loaded strip of length h built in at 
one end and free at the other. Several values of flic maximum 


deflection calculated* for various values of tho ratio b/a are 
given in Table 26. IiTthe same table are given al-^o the maximum 
values of bending moments which can he readily calculated front 
the cxpre.ssion for the deflection surface. The ralculations show 

that (M.) occurs at tho middle of the iinsupportod edge. 

The numerical ma-ximuro of the moment M, occurs at the middle 


of the built-in edge. 

If the plate Is bent by a load distributed along the free edgi*, 
instead of by a load distributed over the surface, the second 
of the lioundarx' conditions (c) must be modified by putting the 


• This Ubio M MJeulatcd by Boobixi'r, toe. etL, p. 3. 
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latcn'^ity of tho load distributed along the free edge iastcad of 
zero on tho right side of the equation The particular case of a 
concentrated force applied at the free edge of a verj' long plate 
was investigated (Fig 816).* It ua-s found that the deflection 

Table 26 — DEn.ECTtov8 and Bevdino Mouests roR a UviroHMLY 
I^ADED Plate with Two Opposite Cooes Simple Soppobted, the 
Tiukd Edge Free and the FotjaTH Bcilt Iv 

F - 03 


b/a j 


i - af2, y = 5 

X *1 fl/2, y — 0 

1 

J/, 

0 1 

1 37 qVfEh} ' 

0 

-0 50076* 

) 1 

1 03 9bs/£k» 

0 OOTSfa* ' 

-0 42876* 

i 

0 035 

1 0 02937a* 

-0 319?6* 

1 1 

0 306 qh'/Eh* 

0 0558?a* 

-0 22776* 

1 

0 m ^6V£fc' 

0 097270* 

-0 119?6* 

1 

0 \b\qa>IEhf 

0 13370* 

~o 1347a* 

2 

0 tot qa*/Eh* 

0 13170' 

-■0 1257a* 

3 

0 mqa*/Eh> j 

0 13370* 

-0 1257a* 

* 

0 too }«*/£*• : 

0 13370* 

-0 12570* 


along the free edge can be represented by the formula 


(tr)^ 1:^. 

The factor k rapidly diminishes a-s the distance from the point 
A of application of the load increasca. Several values of this 
factor are given in Table 27. 


Tabus 37 


• 

1 0 

6/4 

b/2 

6 

26 

h 

1 0 527 ' 

0 470 

0 3SO 

0 213 

0 050 


The bending moment Af, along the built-in edge is a mavimum 
at 0 '(shere its numerical value ia = —0 508P. 

The case of a uniformly loaded rectangular plate simply 
supported along three edges and free along the edge y = b (Fig. 


‘ See C. V>. MBcGregor, Mtdt. 

— 1 A - S. lorr 


57, p. 225, 1935; also 
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81a) can be treated in the same manner as the previous case in 
which the edge y = 0 was built in It is necessary only to 
replace the second of the boundary conditions (6) by the condition 

[(P)+#)L.=»- 

Omitting the derivations, ive give here only the final numerical 
results obtained for this case. The maximum deflerljon occurs 
at the middle of the free edge. At the same point the maximum 
bending moment Af, takes place. Thc«e values of deflections 
iCjDM. and arc given in the second and third columns 

of Table 28.^ The last two columns give the bending moments 
at the center of the plate. 

TABtE 83^ — DtrLtCTiovs akd Dcs'dim: Moaesrs UMfORMtT lyOiDBU 
HECTA^Ot'LAa Pl.ATtJ WITH ThBCS SlUnY SVFPOXnD 

THE FOObtM KdOE FsEZ 
r - 03 


6/a 

[ * - a/2, y - 5 

* ■ 0/2, y - 6/2 


(»f.W 

•U, 

1 

\ 

0 07759aVEA» 

' 0 OCOfln* 

I 0 0359^1* 

1 0 022 im’ 

i 

0 1057 9aVrA> 

0 OSSva* 

1 0 05590’ 

1 0 03D9 o< 

1/1 4 

0 llirjaV^^A’ 

0 0^« 

0 050^* 

1 0 0329a’ 

1/1 3 1 

0 im9>iV£'4* 

0 OOJja* 

0 00490* 

0 03470* 

1/1 2 , 

0 1205 joVEA’ 

0 lOO^s 

0 06390’ 

0 03690’ 

l/l.l 1 

0 13IS9 <iV^ 4‘ 

0 t079<i< ! 

0 07440’ 

0 03790’ 

1 

0 lWt<i-i'/Eh> 

0 1124a* 

0 OSOjo’ 

0 03940’ 

1 1 

0 l464 9qV£^A’ 

0 11740* 

0 O8540’ 

0 0109a’ 

1 2 1 

0 lailfliVfi'ft* 

0 I2I40* 

0 09090*. 

0 01190* 

1 3 

0 I547 5a‘/E5» 

0 12440* 

0 09490’ 

0 042^’ 

1 4 ' 

0 1575 9rtV£A* 

0 12640* 1 

0 093^’ 1 

0 012^' 

1.5 

0 UDOsaV^^A’ 

0 12890’ j 

0 10190’ j 

0 0429a* 

2 

0 I<i 46 <ia*/EA> 

0 13240* 1 

0 11390* j 

0 Oil9a> 

3 

O.ifXOtnVSh* 

0 >3390* ' 

0 122^* 1 

0 0399a’ 

- * 

0 1662 9a‘/EA> 

0. 13390* > 

0 12540* 1 

0 0379a’ 


43, Rectangular Plates with Two Opposite Edges Simply 
Supported and the Other Two Edges Supported Elastically. — 

‘ This table MiM caleuUted by It C. Caterkin; see Bull Pel^ecK Inti , 
wL 2it, p. I8t. St Pi'tcc'burjt, WI5. 
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liCt O'* coii'sidf'r the caw where tlic ccIrc^ t “ 0 and i •= o 
(I’lg 80) arc simply F\ipportcd and the other two edfios are sup* 
portcfl hy rlnitjc U'am^. that the load is uniformly 

di^tnlnitcd and that the }»cam< are identical, the deflection 
surface of the plate will lie h>mmctricat with respect to the 
j-a^i-*, and we have to eon'-idcr only tlie conditions alonfi the 
side y = li/2 AK-uminR that the U-am* resist bending in 
vertical planes only and do not nsi«t loT**ion, the liountlar}' 
rondifions along the filge y = h/2, hy u«Ii)R 



where El denotes the flexural riciditv o/ the supporting bofltn.^. 
Proceeding as in the previous article, wc Inko the deflection 
Rurfacc in the form 

where 



From aymmelrj- it can be concluded tliat m expression (/) of the 
pre>*ious article we must put C,. = D, = 0 and take 

cosh =23 + 8.25! ri„h2I»\ ,c) 

Xt k ® o a / 

TliC remaining two constants and arc found from the 
boundary conditions (a) from which, using the notations 

wt 6 El 

2a 5 d ' ''■ 
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obtain 

- f) cosh + B,(2 cosh «. + (!- cinh a„] = 

- v) sinh «« -h mr\ co«h «,} -f- + ►) sinh 

— (I — v)®. coah a« — wiXan sinh «■] = -^^• 
mV* 

Solving these equations, rc find 


cd + v) sinh «. - »(l - K)a. cosh «, - mirXC2 cosh <», 

+ am sinh n,) 

(3 + *’)(1 — y) sinh a» cosh — (1 — ’ 

. -h 2mr\ cosh* a-,, 

D ^ _4 >(1 — y) sinh + wrX cosh «■ 

mV* (3+^(1 — v) sinh' «» cosh a. - (1 - y)*cx„‘ 


(/) 

( 3 > 


+ 2fnTX cosh* aw 

The deflection surface of (be plate is found by substituting these 
values of the constants in (he espres'sion 


w s tCi + ©j » ^ (ir^ 

«»14S • 

+ (ft) 

If the supporting beams are absolutely rigid, X « » in expres' 
sions (/) and (g) and Am and Bm assume tlie same sTiIue as in 
Art. 29 for a plate all four sides ot nhich are supported on ngid 
supports. 

Substituting X = 0 in cvpresMOns (/) and (g), ne obtain the 
values of the constants in senes (h) for the case where two sides 
of the plate are simply supported and the other tiio are free. 

The maximum deflection and the maximum bending moments 
are at the center of the plate. Several values of these quantities 
calculated for a square plate and for XTirious values of X are given 
in Table 29.‘ 

* The table was calculated for tbe writer by K A Caliiev, Mem Inst 
Engineers of ITot/* of Communiealton, St Petersburg, 1SI4 More recently 
the problem was discussed by E Mailer, lnftn;eur-Architi, vo! 2, 1932, 
p. 606 The tables for noa-ayBimetnca! cases are calculated in this paper 



222 


rilKO/lV or I’LATES AND SHELUi 


Table 2D — Dfflections ani> Bending Momevth at toe Center or A 
UsirORJILT I/IADED SqCAHE pLATE EITII TwO KdOE*! SiMPLT SUP- 
PORTED AND THE Other Two Supported bt I'labtic Beams 

A -03 


X - Ef/flD 

ir.^. 

i 1 



0 0143 ?(iVBh* 

0 O470?n‘ 

0 04794a' 

100 

1 0 Oi47 faVf *• 

0 0481^' , 

0 OiTTgo' 

30 

1 0 0454 jnVEh* ' 

0 OlSOgn* 

0 047340* 

10 ! 

0 0474 9,i‘/Ek» 1 

U U.'iUU^a’ 1 

0 016550* 

6 1 

0 0495 9oVO‘ 1 

0 051470* 1 

0 04334a* 

4 

0 0515 qa*IEh* 

0 052840* 

0 044750' 

2 

0 0578 jnVEk* 

0 OSTljri* 

0 041940* 

1 

0 OOSl vt'/Eh* 

0 O04V* 

0 037640* 

0 $ 

Q 0820 flnVfA* 

0 074440' 

0 0315^* 

0 

0 1430 iftyEk' 1 

0 ncoja' 1 

0 005750* 


44. Rectangular Plates with aU Edges Built iQ.’ — In discussing 
this prohlom, wc use the s&me method ns in the coses considered 
prcWously \Vc start unth the sohition 
of the proWem for a simply supported 
rcctoDguIar plate and stiperposo on the 
deflection of such a plate the deflection of 
the plate by moments distributed along 
theedges (see Art. 3D). Thesemoments 
we adjust in such a manner as to satisfy 
the condition d(p/dn = Oat the boundary 
of the damped plate. The method can be applied to any kind of 
lateral loading To simplify oiirdiicus^on ne begin uith the case 
of auniformly distributed load. Thedeflectiona and the moments 

•For the rasthematical htershjTe on this euhiept see "Eneyklopadie dep 
Mathematiachen Wueenaehaften,” vol 4, art 25 (Tedone-Timpe), pp 165 
and 186 The recent references on the same subject are given in the paper 

byA E ii.La^v,Prx.lAinAm9{atA S<K,vo{ 29, p /69 The first numer- 
ical results for calculating stiesses and deflections in clamped rectangular 
plates were obtained by B M. Kojalovieh in his doctor's dissertation, St. 
Petersburg, 1902 Further progress was made bv J G. Boobnov, who 
Calculated the tables for deflections and moments in uniformly loaded 
rectangular plates with elamped edges; see Boobnov’s “Theory of Struc- 
tures of Ships,” vol 2, p 46$, 8t Peleisburg, 1914. The same problem was 
discussed also by H. Hencky in his diwsTtation “Der Spannungszustand in 
rechtecVigen Flatten, " Mllniclv WW Hencky's method was recently used 
by I. A. Wojtaszak, /. dppl. Week, vol 4, p 173,1937. The numencal 
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in this case will be RjTnmctrical with respect to the coordinate a\e'< 
shown in Fig 82. The deflection of a simply supported plate, as 
given by Eq. (126) (page 12S), is represented for the new coordi- 
nates in the following form: 

where = mrb/2a. The rotation at the edge y = b/2 of the 
plate is 


/dw\ 2qa’' -V (-0“^ 


2qa* 

"715 


>••144. 

(a« — tanh a«(l + «« tanh o.)] 

( — 1 ) * mn/ am . , 

- — T — COS ( — r,- — tanh 

m* a \co«h* «>» 


«.). ( 6 ) 


Let us consider now the deflection of the plate by the moments 
distributed along the edges y * ±f'/2 From considerations of 
symmetry we conclude that the moments can be represented 
by the following series; 


m-l45, 

The corresponding deflection Wi is obtained from expression (151) 
by substituting x 4- a/2 for^x and taking m = 1, 3, 5, • • 


results obtained by tVojtasiak in this nay for a umformly loaded plate 
coincide with the values given in Boobnov’s table Our further discussion 
makes use of the method that nas developed in the writer’s paper, Proc 
&th Intern. Cong Appl Meefi t CsmlMldge, Mass., 193S; the method us more 
general than those previously mentioned; it can be applied to any kind of 
loading, including the case of a concentrated load 
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' “2i'D 2 


, (—1) * nTxfmvy . ,mry 

— ’-rr — cos ( — - sinh — - 

jn* cosh a« o \ a o 


— «« tanh cosh - 


W) 


The rotation at the edge y = h/% corresponding to this deflec- 
tion, IS 



In our further discussion we shall need also the rotation at tho 
edges parallel to the y-axis Forming the derivative of the 
expressjoD {i) a-jtb rcapeel lo x and pnHing s « o/2, wo obtain 


/3toi\ a 

\clz/,.| ” 2irl 


2 E V-(2S„„h 

m cosh ««V a 

--ui 

?)- -4B 2 

F.-U,S, • 

sinh cosh - 2y cosh a* sinh (/) 


cosh* am 


The expression in parentheses is an even function of y which 
vanishes at the edges y = ±b/2. Such a function can be repre- 
sented by the series 


2 (j) 

<-ias. • 

in which the coeflicients Ai are calculated by using the formula 

» 

.!( ^ fiinh a. cce.li ~~ 

— 2y cosh sinh Oos ^ify, 
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from which it follows that 


'ii 



cosh^ a„ 


Substituting this in exprcsMons (g) and (J), wc obtain 



In a similar manner expressions con be obtained for the deflee* 
tiona toi and for the rotation at edges for the case where moments 
M, arc distributed along the edges x ®» ±a/2. Assuming a 
symmetcical distribution and taking 


n>l3(. • 

we find for this case, by using expressions (e) and (A), that 


(t)..r -4.2 

■’"SiFs)' 

where fim = 7nxa/2h, and that 



\Vhen the moments (c) and (t) act simultaneously, tlie rotation 
at the edges of the plate is obtiuned by the method of superposi- 
tion. Taking, for example, the edge y — ^0 find 
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Having expressions (6) and (0, we can now derive the equations 
for calculating the constants £« and in series (c) and (i) which 
represent the moments acting along the «lgoj of a clamped 
plate In the case of a clampctl plate the etlgcs do not rotate. 
Hcncc, for the edges y = ±l>/2, «c obtain 


/3w\ . 

WA-j J 


In a similar manner, for the edges i *= ± o/2, w e find 


(m) 



If wc substitute exprcssioas (6) and <f) in Kq (m) and group' 
together the terms that contain the eame cas (i«/a) as a factor 
and then obseiwe that Eq (m) bolds for any value of x, wc can 
conclude that the coefficient by which cos (irx/a) is multiplied 
must be equal to xero for each value of ». In this manner we 
obtain a system that consists of an infinite number of linear 
equations for calculating the coefficients E, and F, as follo\vs: 




i 



(») 


A similar system of equations is obtained also from Eq. (n). 
The constants E,, Et, , Fi, F*, . . . can be determined in 
1 It 18 assumed that the order of sunirBatran in expression (1) is inter- 
changeable. 
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each particular case from these systems of equations by the 
method of successive approximations. 

To aiustrate this method let us consider the case of a square 
plate. In such a case the distribution of the bending moments 
along all sides of the square is the same Hence E, 
the two systems of equations, mentioned above, are identical 
The form of the equations is 


coah* 


2 


1 


49a* l/_ 

»» Ac 


•VcobIi* c 


tanh 0 


Substitutmg the numerical values of the 
equations and considering only the first 
Stain the following system of four equations inth four unknown 

El, Et, E% and EtI 

l.RrcWE.l+0.0764E, +0.0188E* +0 0071E, » 0.6677K^ 

007MB. +in5!5li+ora30E. +0.0 59|,-oom^^ (p) 

0,0188£. +0.0330Br+oSMSliOO^- 000160A 
0 0071B, +0.0159E. +0.0I63E. +0.1568B. - 0 00043A, 

I. a™./.. ti mav b« seen that Ihc “■““8 

where A - -470V.". » “ Hence we obtain the first 

diagonal have the largest coeflie ents. He ^ ^ 

approidmations of the constants iii, • • • jigavy 

oS the left sides of Eq,. W only the ‘ f ht 

line. In such a way we «hh.m 'rom h Erst «f 

£, = 0 3700Jv. Substituting this in the se ^ 

obtain E, = -0.0395X. From' the last 

in the third equation, we find^ ^0 0083/7 Substituting these 

equation we then obtain E, ^ 

first appro'draations in the approximations, 

line » Eos. (p), " J^'o/sOB, -00f7SB 

nhich are Ei = 0.3722A, £>* ^^,„,i„*5ons again, we shall 

E, = -0.0085X. Repeating the ^culat.ons ag 

obtain the third appro-dmatiOT, ^ ^ coefficients Ei, 

Substituting the calculated ^ bending moments along 

B., , , . in series r^Srit n^rii of .he aWute 

the clamped edges of the plate. 
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value of these moments is at the middle of the sides of the square. 
AVith the four Eqs. (p) taken, this value is 

= lEi - £i + E* - Ell = O.OSlTga’. 

The comparison of this result svith Boobnov's table, calculated 
n-ith a much larger number of equations similar to Eqs. (p), 
shon^ that the error m the maximum bending moment, by taking 
only four Eqs (p), is less than I per cent It may be seen that we 
obtain for the moment a senes mlh alternating J=igns, and the 
magnitude of the error depends on the magnitude of the last 
of the calculated coefficienls E„ Ej, - 

Substituting the values of Ei, E,. . . . in eTpres.«ion (d), we 
obtain the deflection of the plate produced by the moments 
distributed along the edges y « ±l>/2. For the center of the 
plate (i ™ V 0) this deflection is 



Doubling this result, to fake into account tlie action of the 
moments distributed along the sides x » d:a/2; and adding 


Tabix so — DE rtecTioNs a.m> Benpinc Momests iv a UMronviT 
Loadcp IlErT\Non.AB PtATE wmi Beil-T-lV Edqiis 


» - oa 

6/a ... ! ‘ (jr,).., (.t/,),., ,.J {sr,h,, 

10 OOiaSfla'/CV -OOSlTfn* -0 03l3ga* 

1 t 0 OIGtg'jVfA* ~0 06Sl)a' -0 0538^* 0 02Ctgii» 0 023Iga* 

12 OOlSSgaVPA* ~0 0039^* -0 OiWgn* 0 0299g.i’ 0 022S?o> 

1 3 0 0200gi‘/£A‘ -O OCSTgn’ -0 0563ga* 0 0327ga‘ 0 0222go« 

1 4 0 0228ciV^'A* -0 0736j-t» -0 ftViV* 0 03tC>ga> 0,02I?4«‘ 

1 5 0 03t0fiVf6‘ -0 0757ga* 

la 0 0231gaV£6* -0 07«4a* -0 O-tTlga’ 0 03Sl?a* 0 OlOSg-i* 

17 0 (}2f>07a‘/£6‘ -0 0799J.I* -0.a571?a* 0 0393ga* 0 0JS2gn» 

1.8 0 0207 goVi-'A* -0 0812^** -0 O'.Ttgn* 0 OtOlg-j* 0 0174ga‘ 

l.O 0.0272gi‘/£:A* -O 0S22gj» -0 0,',71ga> 0 OWga* 0.01(V.Sgo> 
- 0 0 0277 ^n^/EI^• — 0 0S29ga* — 0 0571ga> 
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to the deflection of the simply Jmpportcd square plate (Table o) 
we obtain for the deflection at the center of a uniformlv loaded 
square plate iiith clamped edges 

(9) 


= (0.0443 - 0 0300)gi = 0 0137gj 


Similar calmlatiom can bo mado for any ratio of the aide, 
of a rectangular plate. Tho roaulta of theae calculation, arc 

^ra“a™d olmplc « n, consider bonding of a rcc.an^ar 
plate nnlh clamped edge by a load P concontraled at ‘h"™ 

We begin again anth tho c»c of a cimply anpportoj “ 

plate, ^cing the rcctilte of Art. 32, ac tod from o'P"-™ « 
(see page 148) for the unloaded portion of the plate and for y 

„ = 2(''- ^ ^ 

+ K,=?c».=h2^)ai«=!r- (f) 

When tho plate it loaded along a natrotr .trip of «■' 

extended along the i-axis the constants • • • . 

from the general expressions on page *50, are 




sinh c 
a co«h a»\ 


4a co«h 
_ mrbi^ 


K = - 


4a 


Cl ■= 


co^h 

_rn^ tanh a-. = 

4a 


nhcrc, tor a concentrate.! load P at the center of the plate, 


blOm 


_ 2Pa*(-0 * . 


Substituting into exprewaon (r), w f >“> 

■The t.t>le wa, c.WI.trf to T. H. E-.a.l - d. Jppt .I'"* • 

p A-?. 1030 
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2t*D ^ tn* a «-\ 

W-IJ •> 

_ e»h - rfnh 53 - !!S ,.„h ... smh SS 

cosh a„/ a a o 

+ ^cosh^^l- (») 

‘ fl a J 

Taking the coordinate axis asahown in Fig. 82, we must substitute 
X + a/2 for r in expression (s), and we obtain 






) cosh - — ~ — sinh - 


fc )' 

- =a l.„h .. .Inh 23 + S CO* !=3]- 


The angle of rotation along the edge y ™ b/2 is 



_1_ mri _ g, tanh a« 
tn* a cosh txm 


(0 


To calculate the bending momenta along the clamped edges wo 
proceed as in the previous case and obtain the same two systems 
of Eqs. (m) and (n). The expressions for luj and tc» are the same 
as in the previous case, and it will be necessary to change only 
the first term of these equations by substituting expression (0i 


instead of ( ^ J in Eq. (m), and also a corresponding expres- 
W/»-6/r 

For the particular case of a square plate, limiting ourselves to 
four equations, we find that the left side of the equations will be 
the same as in Eq (p). The right sides will be obtmned from the 
expression (t), and wo find 
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l.S033E.+| 0.0764g,+ 0.0188E.4- J 

n fVriUR. 4. 0.4Q45E. + ] 0.0330r» + 0 O^^E- ^ 

O.OIS 8 E 1 + 0.0330B* + 0 2255E'i + [£^^7 


0 0071E,+ 0.0169E, + 0.0163Ei+ 0 looSE, +0 00000:)P 

Solving this sj-stem of equations hy successive approxiniatio' 
as before, r\e find 

El = -0.1025P, E» = 0.0263F, Ei = 0 0042P, 

= 0.0015P. 

these value, in eepe^eion (A 7^ e 

tor the middle of the side y - b/2 can be oblmnefl 
accurate calculation* gives 

Oorapnrins tUs result trith '*‘“‘.,*°!''j'j7pS!uces°moments at 

plate, ue conclude that the uniform 

the middle of the sides that are lyi ban half o, t 

same load produces if concentrate a « „ ^e can calculate 

Havingthemomcntsalongthec tn^ ' Superposing 

the corresponding deflections by usmg Eq W- 

M.nralJl Of LOSOtS StDES ASI> 

TafIX 31.— BEVBINO MoUEW at PtATE Loade» at 

DtnxcnONS at the Cewea o 


r - 03 

*/a - j 


13 


10 1 

18 

U - 

1-0 1JS7P 

1 «t,.^“’ 

0 OOll^^, 

L IISOP^^ 

i 0 OTOOj*; 
1 

_0 1«MP 

0 075^, 

-0 1051#' : 
0 0777^, 

-0.1M7i' 

0 07»<^! 


-0 IWli* 

0 078^1 


deflectioas produced Ijy the deflections of the plate 

simply supported plate, ^ method of superposition the 

with built-in edges. By ti> . „ of plates with built-m 

other information repardm. 

» In this calculation seven 

aho> c. were uflwt. 
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edges under a central concentrated load can be obtained. Some 
results of such calculations are given m Table 31.* 

It IS seen that the moment and the deflection approach 
rapidly constant values, corresponding to b/a = «> , as the ratio 
b/a increases. 

46. Continuous Rectangular Plates. — A rectangular plate of 
width b and length = Oj + Oj + Oj supported along the edges 
and also along the intermediate lines as and U, as shown in Fig. 83, 
forms a simply supported continuous plate. The bending of 
each span of such a plate can be readily investigated by combining 



Flo S3 


the known solutions for laterally loaded, simply supported 
rectangular plates with those for rectangular plates bent by 
moments distributed along the eilgcs. 

Let us bepn with the symmetrical case m which 

Oi = a» = a* = c 

and the middle span is uniformly loaded while the side spans are 
without load (Fig 836) Considering the middle span as a 
simply supported rectangular plate and using expression (6) of 
the previous article (see pcu^c ^3), we conclude that the slope of 
the deflection surface along the edge x* = a/2 is 

‘The table was calculated by Dana Young, /. Appl Meeh , \oL 6, p. 
A-114, 1939 To obtain the momenta with the four correct figures it was 
necessary to use m this calculat ton seven eoclHcicots E and seven coelTicienta 
F in n<is. (ml and (a). 
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where = mra/ih. Owing to the eontinuity of the plate, 
bending moments M, are distributed along the edges z* — _ of- 
From Bjinmetry it is seen that these moments can be represen 
by the following series: 

2 (h) 

* m-US.-- 

The deflections tci produced by lhe«c moments can be 

from Eq. (151), and the corresponding slope along the edge 

*1 ■ a/2 (sec Eq. (e), page 224) is 

(&a\ p (-0^ 

Wa..5“"2;b 2» m 


cos ^^tanh 0m + O' 


From the condition of continuity wc conclude that 
e\prcision.s (a) and (c) representing the slope of m p 
the line X, = a/2 must be equal to the «1opo along the same line 
of the deflection surface of the plate in the adjacen . 

sidcring ihU latter span as a simply supportwl r« angi 
bent by the momenta (6) distributed along tlic go “ ’ 

we find the corresponding deflection if» of t ic p a 
Eq (IM) (see page 2(M) from which follows 

b* ,, tn*7/ ("“4) 

’'•"hSB 2 sr- 

r "'7" ’ . nw'. _ CE! ,inh 2^) 
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The corrcspondinR rIojk! nlong the edge J* »= —a/2 is 

\ar,A.--i ’ 

€o,h 5aA»l. + o»i). + jjirj; - H^)- W 

The equation for caleidating the eoefTicientN Em is 

Since thi^i equation holds for nnj' value of y, we obtain for each 
value of m the follow ing equation 

from which 
t*m' 

0m - tanh 0m cofih* 0m /.s 

3 tanh 0m cosh’ 0m + coth 0m cosh* 0m + 3(9« — coth* 0m 
It is seen that Em decreases rapidly as m increases and approaches 
the value —2qb*/irW. Having the coefficients Em calculated 
from (s), we obtain the s-alues of the bending moments along 
the line tt from expression (6) The value of this moment at 
V = 0, t.e., at the middle of the width of the plate, is 

»-l^ • 

Taking, aa an example, b = b, we have = wt/ 2, and the 
formula ig) gives 

E, = 1555, E, = 0092. 


== — 0 03Slga’. 
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' I! a Bide «pan is uniformly loaded, “ to toe 

deflection surface is no longer symme n up^ding moment 
rerlieal ari, of symmetry of the plate, and he >m”d.ng mo 
distributions along the line, » and « are not .dent.ca 






miry 

b 


« _oi p derive two system^ 
To calculate the coefficients £. and * , deflection 

of equations from the conditions o con i Considering the 
surface of the plate along the lines as a" . 
loaded span and using cNprcssions (a) n ' gynport as, 
elope of the deflection surfnee at the points of the eupp 
for oi = oi « fit »■ Ot t* 




296* 


(- 1 ), 


mruf — 
^-b ^Fosh*^ 


— tanh p, 




2 co-h fi^^tnnh d- 

fl. (0 

+ cotli P- + sinh* pm/ 


Considering now the middle span 11 and given 

the moments ilf, distributed a ong n 53 ) (sec page 204), 
by tho series {h). we find, by ' 


/ 3iij\ h 

\3rtA.- 4r2) 


(-ii^ 


+ F, 


7 + tanh p. 


\ro*h* pm 


=?[<'■- 

-) 


/ O') 

+ (E«a ^ sinli* pm/ J 

• „,1 in we obtain the following 'l-'™ 

From expressions (0 ^ j 

equations for calculating eoefficents is. 
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+ '■-) - - '■-)' <*■> 
wluTij the follow iiiR notations arc mm<1. 

The slope of the deflection surface of the middle span fit the sup- 
porting hne », by using c\prcs>ion (j), is 



+ + tank + (F. - EJ^coth p, - 


X)]- 


This slope must be equal to the slope in the adjacent unloaded 
span winch ia obtained from expression (c) by substituting Fm hr 
En In this way wo find the second system of equations which, 
using notations (0, can be wntlen in the following form: 

+ F„) + C^(r. - i’.) - - {B« + C.)F«. (m) 


From this equation we obtain 

p — P ^ 

Substituting in Eqs. (fc), we find 


(n) 


r „ d Sqa^ 2(i?, + CJ 

^Vm‘ ((T, - - 4{C. +“C“)*' 


(o) 


Substituting in each particular case for Am, E„ and Cm their 
numerical values, obtained from Eqs, (I), we find the coefficients 
E„ and Fm’, and then, from expressions (ft), we obtain the bending 
moments along the lines »* and tt. Take, os an example, 6 = a. 
Then Pm = rarll, and we find from Eqs. (f) 


At =-0 6677, B, = —1.1667, Ci= -0 7936, 

At = -0 9983, Bt = -1.0013, C, = -0.9987. 

For «t larger than 3 we can take with sufficient accuracy 

A, = B. = C, = -1. 

Substituting lhe.se values in Eq (o), we obtain 
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i!i - -5&*0.1720, £, = 

The moment at the middle of the support ss L^ 

« (Et - + E» - • ) = -0 042490*. 

For the middle of the support U we obtain 

(AT.) = (F, - F, + r» - • • ) = 0 00429a* 

Having the bending moments along the lines of support, the 
deflections 0/ the plate in each span can readily be obtained by 
superposing on the deflections 
produced by the lateral load the 
deflections due to the moments 
at the supports. 

The equations obtained for 
three spans can readily bo gen- 
cralicod and expanded for the 
coscofanynumberof spans In 


89a*- 





j f 



n 

n 

1 ' 

_1 

r'i 

1 



U-., 


-j.- 

lol 


this way an equation similar to *lirTTTTT 
the throe moments equations of 
continuous beams uill lie ob- 
tained.* Let us consider two 


(b) 

Fio U. 




adjacent spans i and 1 -b 1 of the length a< and a,+i, respective tv 
(Fig. 84). The corresponding values of the functions (/) am 
denoted by A*.. BU, Ci. and A**', C?*. The Iwndmg 

moments along the three cotumculive lines of support can bo 
represented by the scries 
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Considering the span i -f 1 and uoing pxprrsFions (a) and 07. ''c 
find 


/e,r\ (-1)J 




J- ^ 

4rZ) ^ 


«»-i 

tlM-*- cos 


- (£«■' + (p) 

In the same manner, considcnnj^ the span t, nvc obtain 


(&xc\ 27.fc* (ri) * 

•• " 6 

' f ••I s » 

+ 55 2 + 

+ (i'. - Et-')C1.1. (5) 

From the condition of continuity we ooneJude that 


Substituting expressions (p) and {q) in tliis equation and obserNung 
that it must be satisfied for any value of y, we obtain the following 
equation (or calculating Fj"*, and 

FU- - C'J + + CJ, + in?-' + 

+ EitHBff' - C^o , (155) 


Equations {k) and (ni). which we obtained previously, are par- 
ticular cases of this equation. We can write as many Eqs (155) 
as there are intermedjsle mjpports, and there is no difficulty in 
Calculating the moments at the intermediate supports if the ends 
of the plate are simply supported The left side of Eq. (155) 
holds not only for uniform load but al«o for any type of loading 
that is S}-mmetrical in each span witli respect to the t- and 
ysxes. The right eide of Bq. (155), however, ha-s a different 
value for eacii type of loading as in the tliree moments equation 
for beams. 



PLATES WITH VARIOUS EDOE CONDITIONS 239 

46. Bending of Plates Supported by Rows of Equidistant 
Columns.— If the dimensions of the plate are large in comparison 
with the distances a and b between tlic columns (Fig 85) and the 
lateral load is uniformly distributed, it can be concluded that the 
bending in all panels, ‘which arc not close to the boundarj- of 
the plate, may be assumed to be identical, so that w e can limit the 
problem to the bending of one panel only Taking the coordinate 
axes parallel to the rows of columns and the origin at the center 
of a panel, we may consider this panel a-s .a uniformly loaded 
rectangular plate with sides a and b From symmetry we con- 



fc) 


tiude'thal the deflection mrface ot the pl»le i. M shown by the 
dotted lines in Fig. 85(p The maximnm deflection is at the center 
ot the plate, and the deflection at the corners is seto lo sim- 
plify the problem we assume that the cross-sectional dimensions 
of the columns are small and can be neglected in so ar oa c oc 
tion and moments at the center of the plate are conceme . o 
then have a uniformly loaded rectangular plate supported at the 
comem, and we conclude from symmetry that the slope of the 
deflection surface in the direction of the normal to t le un ai^ 
and the shearing force are zero at all points along e g 
plate except the comers.* 

‘ In thia simplified form the probfem was diseuwd by .5 

see. for example. A. Nadai. -Ubet die Ihegung djuchlsufender 

MM Mech, vol 2. P 1 . 1922; and the book by B. G. G.lerkin, 

"Thin Elastic Plates.” Moscow, 193i .innir the boundary 

* The enuating to aero of the Iwisttog moment along the ^una^ 
follow, from the fact that the dope in the direction of the normal to 
Ixmndary is aero. 
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Proceeding as in the case of a amply supported plate (Art. 29), 
,ve take the total deflection w in the form 

w = Wi + (a) 


■ “ skbV b' ) 


represents the deflection of a uniformly loaded strip clamped at 
the ends y = ±b/2 and satisfies the differential equation (101) 
of the plate as well as the boundary conditions 


{ 

A. 


'0, 


The deflection u’t is taken 1 


+ -0 
dx\dx'^ dy^ /,- ±2 

(c) 

the form of (he series 


w, = A* + 2 J'" ^ (fO 

•n>3 4 6. 

each term of which satisfies the conditions (c) The functions 
Yn must be chosen so as to satisfy the homogeneous equation 

AAiPt =* 0 (e) 

and so as to make w satisfy the boundarj' conditions at the 
edges y = ±b/2 Equation (e) and the conditions of symmetry 
are satisfied by taking scries (d) in the form 


ic, = Ao+ 2 (^-cosh^ + B„^smh’^)cos?^. 

(f) 

where the constants A#, A« and fi»are to be determined from the 
boundary conditions along the edge y = 6/2 From the condition 
concerning the slope, viz , that 


{ 4 . _ fj 


e readily find that 


(y) 
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in wHch, as before, 


' 2a' 


(h) 


Coneidering now the boundary condition concerning the shearing 
force, we see that on a normal section nn (Fig 856) of the plate 
infinitely close to the boundary y = 6/2, the shearing force Qn 1 “^ 
equal to zero at all points except those which are close to the 
column, and at these points must be infinitely large in order to 
transmit the finite load to the column (Fig 85c) along an 
infinitely small distance between x = a/2 — c and i = a/2 + c 
Representing Q, by a trigonometric series w'hich, from symmetry, 
has the form 


= c* + 2 ® 


(0 


and observing that 
= 0 for 0 < ; 


< 5 — c, and that 


j‘ Q. dr- 


we find, by applying the usual method of calculation, that 

C, 


yo6 ^ 

“ 2o “2o 


and 


a Jo 

where P = gab is the total load on one panel of 
stituting the^e values of the coefficients C® and • ’” _ ' 

- the required boundary condition takes the following orm. 

n VITX P . 

= ^ (- 1)’™— “23 
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Substituting expression (a) for le and observing that the second 
term in parentheses vani^es, on account of the boundarj' condi- 
tion dic/dy = 0, we obtun 



(-1)^ cos~. 


from which, by using expression (/), we find that 

+ 3BJ arth ... + c<«h «.l - O') 


Solving Eqs (g) and 0) the constants Am and Bm, 
obtain: 


An 


Pa^ ( _ i\? «»» + tanh 
’2mVD' ^ sinh a« tanh o.’ 




m 


The deflection of the plate takes the form 

IP = J^(i _ 4- A + (-I)"* C03 ^ 

3640\ 't’ / ® 2r*P ^ m* sinh a« tanh Om 

m-2*a 

l^tanh am ~ wnh ^ - («„ + tanh aj) cosh (0 

The constant Aq can now be determined from the condition that 
the deflection vanishes at the comers of the plate Hence 

(w) « * = 0, 

•"2**1 


and 


A, «= 


go*b 'V 1/ 

2t>d ^ 

n-iiS ' 


am d- tanh aA 
tanh*o« / 


(m) 


The deflection at any point of tho plate can be calculated by u«ing 
expressions (f) and (m). The maximum deflection is evidently 
at the center of the plate, at which point we have 
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qh* qa*b 
“ ~ 3SiD 2 t^D 

qa^b 

~2^ 




^ 1 ^ a. + t»nh o.A 

i tunh’,.. I 


Value, of thi, dclleelion calculated for acvcral value, "t; ™ “ 
l/a are given in Table 32. Values of the bendtuB 
(k W. and calculated by us.ng fomul^ (99) and 

expression (J) for deflection are also given It is seen th 


Tabus 32 — DErt-Ecnovs Aszt Momests at the Cevter < 

, - 03 


k. Panel 


b/a 


Il.lltt|t3ll4|l5 CO 


^‘1 

“£vl 

- fljb* 


0 o« Jo OMC 0 otor'o ot4 ” “T “'’r 

. 0 00090 OCoJo 0^0 ^lo 0.4 otejo 0.390 0 ^ 
Hf - -|o 0359|o 0372|0 <^710 OSfo |0 i 1 _ 

6 > o the maximum bending moment at If 

does not differ much from the moment at the mid 
formly loaded strip of lengthtclamped p— aZ 2 o--ej ^ 

at the ends. 

At the points of support of the plate 
there are concentrated _ reactions 
acting, and the moments calculated 
from expression (i) become infinitclj' 
large. To obtain the actual stresses 
in the portions of the plate nc:^ the g,. 

columns, the cros.s-sectional dimen- T.ot iiis beein uxth 

sions of the columns should be “^^^^^culation of the bcncl- 
the case of a circular column- Th ^ ^ 

ing moments, using expression ( 0 . direction 

square panel (a = b) the bending e =s 0 22a (Fig 85a) so 

practically vanish along a circle , and in-side such a 

that the portion of the plate around the column a 

w 4 Nadai: see hU book "LlastLfcbe 
I Such ealcuUtions were made 1^ - 
Plitten,” p 155, Berlin, 1025. 
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circle is iiv <lio state of a simply supported plate. Hence the 
coiidit>on.s of bending nroimd a column are as shown in Fig 86, 
and the maximum stress is readily obtained by using formulas 
(75) previously derived for circular 
plates (see page 67) and combining 
ca.sc9 3 and 8 in Fig. 36. 

'Hie bending moments corresppnding 
to the centers of columns of rectangular 
cross section can be calculated by 
assuming that the reactions are uni- 
formly distributed over the rectangles, 
shown shaded in Fig 87, that represent 
the cross tections of the columns.' In 
the ease of square panels and square 
columns we have c/a *= d/b = k, and the moments at the centers 
of the columns and at the centers of the panel? arc given by the 
following formulas' 



l|<L: 


<i jLiihl’r (i -■ k){2 - k) 

12 


— -- sin mxfcl ; (o) 

' sinh mv 2 2 J 


’’ m* sinh mv 
- (M. 


(1 + 1 -* fc* , 1 ^.sinhmTfcBinmirfc'I 

“ 4 1 12 sjnli mr “J' 


ip) 


The values of these moments, calculated for various values of k 
and for r = 0 3, arc given in Table 33. 

It is Seen that the moments at the columns are much larger than 
the moments at the panel center and that their magnitude 
depends very much on the cross-sectional dimensions of the 
columns. The moments at the panel center remain practically 
constant for ratios up to it ** 0 2. Hence the previous solution, 
obtained on the a.ssumption that the reactions are concentrated 

' This case waa inveatigsted by 8 Woinowsky-Krieger, see Z, aitgev) 
Hath ^{tch , vol 14, p 13, 1934; sec also (he papers by V. tewe, tJnuin- 
{ren«ur, vol. 1, p 631, 1920; and by K TVoy, Bauinjirmeur. vol. 7, p. 21, 
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at iVie panel comers, h suIRdentVy accurate for tVie central portion 
of the panel. 


Tabix 33 — MoiiEvra at the CJEvren and at the CoRsen' of a Square 
J‘a\ei, or A VsiroHVtr LokOAD I’htb 
T 03 



The shearing forces have their maxfmum value at the middle 
of the sides of the columns at points m in Fig 87 Tliis value, 

f-a 



Fmi S’*. 
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Uniform loading of the entire plate gives the most unfavorable 
condition at the colijmn.«. To get the maximum bending moment 
at the center of a ixancl, the load must be distributed as shown by 
the shaded areas in Fig 88n The solu- 
tion for this case is rcadilj' obtained by 
combining the uniform load distribution 
of intensity g/2 shown in Fig 88f) with 
the load q/2 alternating in sign in con- 
secutive spans bhowm in Fig 88c The 
deflection surface for the latter case is 
evidently the same as that fora uniformly 
loaded atriji of length a simply supported 
at the ends * Taking, a« an example, the 
case of square panels and using the values in Table 32, we find for 
the center of a panel (Fig 88<i): 

(“)—• - h 0 «««» + sii I B - o 

^ hq O 0359a* + = 0 OSOS^o’, 

(il/,)«^.o - 5 ? • 0 (»59a* + » 0 0367(?a* 

The case in which one panel is uniformly loaded while the four 
adjacent panels arc not loaded is obtained by superposing on a 
uniform load q/2 the load q/2, the sign of which alternates as 
shown in Fig 89 In this latter case each panel is in the same 
condition as a simply supported plate, and all necessary informa- 
tion regarding bending eon be taken from Table 5 Taking the 
case of a square panel, we find for the center of a panel that 

(»)„.. = 1, 0 0034^. + ^ 0 0443^. - 0 053og,, 

= k • 0 0359a* + J? • 0 0479n’ = 0 04197(1* 

The case of bending of a long rectangular plate supported only 
by the two parallel rows of equidistant columns (Fig 90) can also 
be solved without any difficulty for several types of loading We 
begin with the case in which the plate is bent by the moments JIX, 
repro«entcd by the series 

‘ It is assumed that tlie roioinna are not rigidly connected with the plate 
and can produce only vertical reactions. 
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= '''•+ 2 w 

^ m-itO ■ 

Since there is no lateral load, the deflection surface of the plate 
can be taken in the form of the series 


w ~ At + A 

+ 


(>-9 

e(^.h - 


-3.1 0 


tnry\ trnx 

1 cos 

a / a 


the coofEcients of which are to be dcteimined from the following 
boundary conditions. 



and from the condition that the deflection varii«hfa at the 
columns. Substituting scries (r) in («), we find that 



a^Em (1 + p) sinh rr. — (1 — 0«- co«h 
‘ “ ir’m’X> (3 + >)(l — r) finh ct^eosh a- — a-(J — i')i' 

„ n*E^ *^°**<^» 

* " T-m*D (3 + ») rmh a. cosh a. — o«(l — ►) 


(0 


Combining this .-inhition with solution (i), wc can ifU'cstigntc the 
liending of the pl.alc shown in Fig. 90a under the action of a uni- 
form)*' di^tributrtl IimJ. For this purpose vre calciilale the 
l>ending moments .V, from expression <f) by u-ing formula (1*0) 
and obtain 
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12 ■ 


>9 (-1)4 1 -f- ^ 

m l_tftnha« 


bilth- a. 


(«) 


Um moment to tlw* moment (q) taWen v.UK the xicga- 
tivc sign, ne obtain the valura of .V» and which arc to be 
substituted in Tqs (0 for the constants 4 1, -1» and Hm in expres- 
sion (r) Adding cTpressjon (r) uitli these x’alues of tlie con- 
stants to expression (J), wc obtain the desirctl solution for the 
uniformly loaded plate shown in I'ig OOq 



(W 

Tio 90 


Comhining this solution with that for a uniformly loaded and 
simply supported strip of length 6 which is gn cn liy the equation 

“ = -2|d(t - "’XS*’ - »’)' 

we obtain the solution for the case in wliich the plate is bent by 
the load uniformly distributed along the edges of the plate as 
shown in Fig. 906. 

47. Beading of Plates oa Elastic Foundation. — A laterally 
loaded plate may rest on an clastic foundation as in the ca.se of a 
concrete road or foundation slab which is supported by the 
reactioiw of the siibgrade A plate resting on an ela-stic founda- 
tion may aUo lx* supported along its boundary. An example of 
this is sliown in Fig 91 where a lieam of rectangular tubular 
cross section is pressed into an clastic foundation by the loads P. 
The bottom plate of the beam, loaded by the elastic reactions 
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of the foundation, h supported by the vertical sides of the tube 
and by the vertical transverse diaphragms indicated in the figure 
by dotted lines. It is usually assumed in dl•.cu^MIlg bending of 
plates of this kind that the intensity of the reaction of the clastic 
foundation at any point is proportional to the deflection id at that, 
point * With this simplifying a-ssump- 
tion the differential equation for the 
deflection of a plate on an clastic founda- 
tion becomes 

d*w , fy d*w , _ 

dx* dj* dy* By* ' 


(«) 


Tia 91. 


where g, as before, is the intensity of the 
lateral load, and ho is the reaction of the 
foundation, fc being expressed usually in 
pounds per square inch per inch of deflec- 
tion. Sometimes this quantity b called 
the modulus of the foundation. 

Let us begin with the ease shown in 
Fig 91. If wi denotes the deflection of 
the edges of the bottom plate, and to the 
deflection of this plate with respect to the plane of its boundary, 
the intensity of the reaction of the foundation at any point is 
k{wt - id), and Eq (a) becomes 

AAio = ““ "’)• (^) 




Taking the coordinate axes as shown in the figurb and assurajng 
that the edges of the plate parallel to the y-axis are simply 
supported and the other two edges ate clamped, the boundarj' 
condition-s are 



1 An example of a mors rigonnw treatment of the problem in which the 
foundation ia eon-iidered as a scmi-lnfinitfe ela-stic body and the Bcneral 
equations of elasticity are iwed to determine the reactions ia given in a 
recent paper hv A 11 A Hogg, Phd J/ny , toI. 25, p 576, 1933. 
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The deflection w can be taken in the form of a senes: 


4feu>o 

Dir ^ 


wax 

a 



+ 2 w 


The first senes on the right side U a particular solution of 
Eq. (6) representing the deflortion of a simply supported strip 
resting on an elastic foundation The second series is the solu- 
tion of the homogeneous equation 


Aite + ^tc = 0 


m 


Hence the functions have to satisfy the ordinary differential 
equation 

r--2!^r: + (:^ + ^)y..o, w 

Using notations 


n *“ 


•201 


(h) 

/fST+V -h mI, 2>* •* N/aS, + X* - *i!L (») 


and taking the solution of Eq (5) in the form e'*, we obtain for 
r the following four roots: 


r = 0 + —B -t- *7. 0 ~ *7. — P — 17- 

The corresponding four independent particular solutions of 
Eq. ig) are 

««.» cos 7«1/, c^-*' cos 7»y, €*-» Bin y„y, e-®-» sin y^y, 

(3) 

which can be taken also in the following form; 

cosh 0„y cos y„y, sinh 0^!/ cos 7«y, cosh sin 7my, 

Binh 0my sin y^y. (fc) 

From eymmetry it can be concluded that Ym in our case is an 
even function of y. Hotwo, hy using integrals W'), »’0 obtain 
F» «= An cosh p„y cos 7*y -}- Bn sinh P«j/ sin 7«y, 
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and the deflection of the plate ia 


a Dr / i\ 

+ /Iw cosh cos y^y d- Bm smh PmV *'in (Z) 

This expression <!atisfies the houndarj' conditions (c) To satisfy 
the conditions (d) we must choose the constants Am and Bm so as 
to satisfy the equations 

I 4 - 4 \ 


(Amffm + Bmy^) f>inh ^ cos ^ I 

- (A« 7 -. - B^m) cosh ^ sill - 0 j 

Substituting thc«e values of A. and Bm tn expression (Z), we 
obtain the required deflection of the plate 
The problem of the plate wth all four edges simply supported 
can be solved in a similar manner The Navier solution can 
be used in this case also Taking the coordinate axes as shoxni 
in Fig. 59 (page 113), the deflection of the plate is 


As an example, let us consider the deflection of the plate by a 
force P concentrated at a point (f.ij). Using the energy method 
(see Art. 2S), the strain energj' of bending of tlie plate Srom 
Eq. (124) Ls found to lie 






(P) 
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We use the principle of virtual dissplacements to determine the 
coefficients from which it follovis that 


mjr^ nvj} 

’ a b 


~(r + Vi)aA^^ 


{■x^cAD/m* , 4 14 

■L'T-U + r>) 


. Jnrf . nirn 
AF sin — ^ sm 

Substituting the^c values of the coefficients in series (n), >ve 
obtain the deflection 

„ „ *nr( . ninj 

iP^ ^ ~b” fUTrX . niry 

..At 




'(«* b*) 


+ Jl 


Having the deflection of the plate produced by a concentrated 
force, the deflection produced l>v any kind of lateral loading is 
obtained by the method of supcr|)o«ition. Take, as an e\ample, 
the case of a uniformly distnbuted load of the intensitj' ?. 
Substituting qdidii for P in expression iq) and integrating betweeri 
the limits 0 and a and between 0 and i, we obtain 





2 




(r) 


When i is equal to rero, this deflection reduces to that given m 
Navier solution (122) for the deflection of a uniformly loaded 
plate 

Let us consider now the case represented in Fig. 92. A largo 
plate which rests on an elastic foundation is loaded at equidistant 
points along the a'-axis by forces P.r Wc shall take the coordinate 


' This problem has Iwcn dtseiuaedby H. M. Westergaard; see Jn^»n«fren, 
vol 33, p. 513, 1923. Practical applications of the solution of this prohleni 
in concrete road design are discussed by H. M Westerganrd in the journal 
Pufclu: Roods, vot 7, p. 25. 19M;vot 10, p. 65, 1929; and vol. 14, p 185. 
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axes as shown in the figure and use Eq (/), since there is no 
distributed lateral load. Let us consider a solution of this 
equation in the form of the series 

w = Wo + ^ r «. COS — (») 

■i-aoa. 

in which the first term 

represents the deflection of an infiniteb' long strip of unit width 
parallel to the y-axis loaded at y =» 0 by a load P/a ' The other 
terms of the senes satisfy the requirement of symmetry that the 



Fiu ®2 


tangent fo tlie deflection surface in the ^-direction shall have 
a slope of zero at the loaded points and at the points midway 
between the loads. t\'e take for fmcUoM }’- the particular 
integrals (j) which vanish for infinite values of y Hence, 

Ym = cos sin Y„y. 

To satisfy the sj-mmetry condition (SL = 0 we must take 
in this cxprci>sion 



Hence, by introducing the new c<ms(anLs Al, a* A^/ym, «e 
represent the deflections («) in tlie following form; 

(T s= tt'j + 2 co<s cos y^ 

+ ^-em7i.y). («) 

‘SV«J>i.237.p 39C. 
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In order to express the constants Al, in terms of the magnitude of 
the loads P, we consider the shearing force Q, acting along the 
normal section of the plate through the ar-axis. From sjinmetry 
we conclude that thh force Vanishes at all points except the 
points of application of the loads P at which points the shearing 
forces must give resultants equal to —P/2 It was shown in 
the discussion of a similar distribution of shearing forces in the 
previous article (see page 241) tliat the shear forces can be 
represented by the series 


The shearing force, as calculated from expression (u), is 
* ^ /»-« 

Comparing these tno expressions for the shearing force, we find 


A' 

“ 2^7-(si + ylY 

or, by using notations (»), 

= — gri>^ .. 
nDX-v/\27+^ 

Substituting this in expression (u), we finally obtain 


“ Wa + •■ 


(~1)* mrx 


cos 

+ Sm frin 7.!/). (r) 


The maximum deflection is evidratly under the loads P and is 
obtainfyj by suhftitutiag x ^ a/2, y = 0 in expression <v), 
which gives 
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_ PX , PX* 7-1 

2-\/2 a* o* V‘X^”+ >4' 


(156) 


The deflection in the particular case of one isolated load P 
acting on an infinitely large plate* can also be obtained by setting 
a = OB, in formula (156) In such a case the first term in the 
formula vanishes, and by using notations (t) we obtain 


" 2V2rk 


Using tho substitution 


X^ + Mi 

2V2H-J. ' ’•• + r‘ 


wo find 


X* 


1 



» f 1 ■ 

* 2V5»itJo V5 ’l + «* 


PX* 

8i' 


(167) 


IVith this magnitude of Hio deflection, (ho maximum pressure 
on the clastic foundation h 


(P)- 


PX* 

8 


.P /I 

' 8\2>' 


(15S) 


The maximum tensile stress is at tho bottom of tho plate under 
the point of application of the load. The theorj- developed 
above gives an infinite value for the bending moment at this 
point, and recourse should be made to the theory of thick plates 
(see Art. 25). In the above-mentioned investigation by Wchter- 
gaard the follondng formula for calculating maximum tensile 
stress at the bottom of the plate is established by using the thick- 
plate theory: 

0,275(1 + r)ploe.. (Ip)- M 

Here h denotes the thickness of the plate, and 
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b = vTCc*TT* - 0 C75A, when c < i.72l/i, 
b = c, when e > 1.724*, 

whtre c i< the raduM of the circle over the area of which the 
load P l'< a>-umc<l (o be imiforiHly <li-«trihiitc<l. For c = 0 the 
cttM- of the roiicentrate<l force 
obtained. 

The ca-M? of oquidUtant loads 
P applierl alonp the edge of a 
f-omi-infinile plate, &s ^hown in 
Tik. 93, can abo treated tn a 
similar way The final formula for the niaxiniiim tensile stress 
at the Iwttom of the plate under the load when the distance a 
IS large is 

(».)_ - 0 529<1 + (fj') - 0.71 1. (i) 

where b is eaknd.ate<l iv* in the prcximi'' ease, and e is tlie radius 
of the semicircle o\er the urea of which the load P is assumed to 
be uniformly doitriimtctl. Formulas (w) and (r) have proved 
vciy useful in the design of concrete roads, in w liieli caso the circle 
of radius c repiv.«ent« the area of contact of tiio wheel tiro with 
the road surface. 

The ca>c of a rectangular plate of finite dimensions resting 
on an elastic foundation and submitleil to the action of a con- 
centrated load ha.s Iwn disciis!><*d hy II. Happel ’ Tiie Ritz 
method (see page 124) »r.s used to determine the deflectious of 
this plate, and it was ahown in the particular example of a cen- 
trally loaded square plate that the scries representing the 
deflection cons'crges rapidly and that the deflection can be cal- 
culated with sufficient aecurncy by taking only the few first 
terms of the series.* The ease of an infinite plate supported by 
an elastic foundation and loaded by equidistant equal loads 
was discussed by V. Lewe.* 

‘ H iPPEi, H , .l/fllli Z , i«l 6, p. 203, 1920. 

*Tbe problrro of a s/juare plate on an elastic foundation has also been 
investigated expcTiraentally; see the paper hy J Mnt nnd \V. N. Dgood, 
Phil Mag , 7th Ser , vol J9, p J, lt^;an<i that by G. Murphy, Bull lovn 
Eng Exprr. Sta 135, 1937 
•Lrsri; Y., BaidsffJsSfMr, rpl p iSS, 1SC3. 
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CHvVrTCR VII 

PLATES OF VARIOUS SHAPES 


48. Equations of Bending of I^ates in Polar Coordinates.— 
In the di'seussion of symmetrical Iwnding of circular plates polar 
roordinatc.'i ware u««l (Chap III) Tlie «amc coordinates ran 
also be used to advant.-igc in fbe general ease of be/iding o! cir- 
cular plate.s. 


0 



Flo 01 

If the r and $ coordinatrn .are taken, a» shown In Fig. flSo, 
the relation between the polar and Cartesian coorriitmtes is 
given by the equations 

r* •= j* -f- K*, 0 sc arc tan y/jr, (o) 

from which it follows that 


£r 

dx 

dl 






Using these cxpix*s.sions, we obtain the ^fo|le of the deflection 
j«»irface of a plate in the x-direction a.s 


3ir dip flr dw W dte 

^ Ox tJd dx Sr 


1, dw 
r da 


cin 




(r) 
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second dcriratires aro required. Repeating twee the opera- 
tion indicated in expre^ion (c), we find 


dho 

dj* 




3*tP 



In a similar manner we obtzun 
dhe 


_ -die sin 0 cos fl , cos* 9 
^ r* 39- r* ' 

3’uj 3*u? . . . , d*ic cos 29 dir cos 20 

5755 - 5? ™ " +5T5— - « — 

_ du» $in 0 cos 0 d*ic, sm 0 cos 0 
3r r t?0* r* 

Wth this transformation of coordinates we obtain 


(/) 


Au> 


0 * 11 ? 0*ip _ 0*>r 1 , 1 0*tP 

0r* 0y* " 0r» ? dr ?00j’ 


(9) 


Repeating this operation twice, the differential equation (101) 
for the deflection surface of a laterally loaded plate transforms 
in polar coordinates to the following form 


\0r* ^ r 0r ^ r* 00»A0'-* 


u - _ S. 

^ ~ D 


^^^^en the load is symmetrically distributed with respect to the 
center of the plate, the deflection w is independent of 0, and 
Eq. (159) coincides with Eq. (58) (xcc page 68) which was 
obtained in the ca^e of S3'romctrica]Iy loaded circular plates. 

Lot 113 con-'ider an element cut out of theplatebj' two adjacent 
axial planes forming an angle <10 and bj* two cj-Undrical surfaces 
of radii r and r -b dr, respectively (Fig. 94b). We denote the 
bending and twisting momenta acting on the element per unit 
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length by M„ Mi and M,t and take their positive directions as 
shown in the figure. To express these momenta by the deflec- 
tion u> of the plate ne assume that tbej-axis coincides with the 
radius r. The moments Mr, M, and Mrt then have the same 
\’alues as the moments Mr, M, and Sfty at the same point, and 
by substituting = 0 in expressions (d), (e) and (/) we obtain 



In a similar manner, from formulas (102) and (103), we obtain 
the expressions for the shearing forces 


Q, - .nd e, . <I61) 

where Ate is given fay expression (y). 

In the case of a clamped edge the boundary conditions of a 
circular plate of radius a are 

= 0 , “ »■ m 

In the case of a simply supported edge 

» 0, = 0. (t) 

In the ca''e of a free edge (sec page 94) 

(.>/.)_ -0, w 

Ttie genera} s^nti&a o/ "Eq. /J59; can be talcn, as before, in 
the form of a sum 

«r «= IP* 4- tPi, (A") 
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in which ice is n parlicjjlar Hdiition of I’q. (159) and tci is the 
goUition of the homoRoneons rqitatioii 


r ar r* Bey\ dr* r'Or 7* dO- ) 


= 0. 


(162) 


This latlcr holuUnn we lake in tljc fonn of the followinfi serirs;' 


Wi * jRt) + ^ Km cos ^ li'm gin mO, (1G3) 


in which Rfl, fZ /Z'l, /Zi, . . arc functions of the radial 

distance r only SuhstitminR this series in l^q (162), we obtain 
for eacli of these functions an or«Hnaf>’ differential equation of 
the following kind' 


/ d* 1 rf in*\/d*IU ^ I dUm tn’/vVN „ 
V*" + ; 5 - VA’S*' ■*■ f ■* - -vr- j " »■ 


The general solution of this equation for tn > 1 is 

Km « d,r» + /{.r— + Cmr~** + +». (0 

For m ■ 0 and m « I the solutions are 


ffo “ .1# + lUr* + C# log r + DtT* log r) 
and > (m) 

Ri » dir + K>r* + C»r-* + Dir log r. j 
Similar expressions can be written for the functions 7?^,. Sul>- 
stituting these expressions for the functions Km and K'„ in 
aeries (163), wo obtain the general solution of Kq. (162). The 
. .constants d«, B„, . . . , i)« in each particular case must be 
determined so as to satisfy the bound.ary conditions Tiie 
solution Ke, which is indei>endent of the angle 6, represents 
symmetrical bending of circular plates. Several particular 
cases of this kind have already been discussed in Chap. HI. 

49. Circular Plates under a Linearly Varying Load. — If a 
circular plate is acted upon by a load diatrihiifed as sho'vn 
in Fig. 95, tins load can always be divided into two parts: (1) 
n uniformly distributed load of intensity ^(pj + pi) and (2) 
a linearly varying load having zero intensity along the diameter 


'This solutinn was given by A. Clebseh id his “Tiieone der EHstieit 
feslpj- KSiper," 1802. 
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CD of the plate and the intensities — p and +p at tlic ends A 
and B of the diameter /Ifl. The case of uniform load ha-s already 
lieeii discussed in Chap. III. Wc have to consider here only the 
non-uniform load represented in the figure by the two sluulrd 
triangles.* 

The intensity of the load g at any 
point with coordinates rand 


1 = 


pr cos 8 


(a) 


The particular solution of E<j (l5tl) 
can thus be taken in the following 
form: 

This, after substitution in Eq (18S)), £ 

givw 

^ I02l> 



Ilencc, 


pr* cos g 
* lfi2a/> ■ 


As the solution of the homogeneous cqu.alion (IG2) wo take only 
(he term of scries (163) (hat contains (ho function A*, and asMime 

ifj “ (Air + Bir* + C,r-‘ ■¥ Ihr log r) co- 6 (c) 

Since it i-s ndvantageou-s to work with dimensionles» quantitii’s, 
wc introduce, in place of r, the ratio 


With this new- notation the deflertion of the plate In-comes 
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where p vanort from zero to iiniiy. TJie rnn*-lanls /J, i?, ... in 
Uui cxprt>.«inii muni now lx* «lcUTtniiutl from tjic Iwundary 
conditions. 

I.ct »•« fiogin with the en.^? of b ismipl.e #'ii{>|>orte(l plate (Fig. 
95) In this case the deflection tc mill the Ix-nding moment 
AT, nt the boundar)’ \ ani^h, and nc obtain 

- 0, - 0. (r) 

At the center of tlic plate (p ■= 0) the deflection le and tlio 
moment Mr mU'^t l>e finite. I'rom this it follows at once tiiat 
the coristantu C and D in etprcs.-ion (</} are niunl to foro. Tlio 
rcnioiniiiR two constants A and fl will now be found from I-iqs. 
(f) wliicli rKo 

Or).-. - -,5^,(1 + .1 + B) c« 8 - 0 , 

(.V.)..! - + .) + 2(3 + OB) ro» 8 » 0. 


Since these equations mii't lx* fulfilled for any value of 9, the 
factors lirfore ens 6 must vanish Tliis gi'es 


and wc ohtnin 


i + .t +/f~0, 
4(5 + e) + 2(3 + ►)/? « 0. 


2(5 + e) 


SuhstitutinB these values in c-xprc«sion (if), wo obtain the deflec- 
tion u' of the plate in the following form; 


" “ + ' - (3 + Or') rm 8. (f) 

For calculating tlie bonding moments and the shearing forces 
we suhslilute expression (0 Kq'*- (ICO) and (161), from 

which 

'Ifr “= ^(5 4- v)p(l — p*) cos e, 

— (l + 6s)(3 + s)p»] cos 6, 
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+»’)'- 0(3 + >■)?’] cos e, 

+ O “ 3(3 + v)p-] Pin 0 

It is seen that (M,)^ occurs at p « l/\/S and is equal to 

nr\^ - P”*(3 4- ») 

' *“ 72v/3 

The maximum value of Af, occiifs at 



P “ ^(5"+ «•)(! + 37)/-v/3Tl + 5“v)(3 + v) 
and is equal to 

nrs _ P«* . (5 + i-jd + 3.-) 
vuiw 72 3+“? 


Tho value of the intensity of the vertical reaction at tbo boundary 

is< 


The moment of (his reaction with respect to the diameter CD of 
the plate (Fig. 95) is 



This moment balances the moment of the load distributed over 
the piate with respect to the same diameter. 

As a second example let us consider the case of a circular 
plate with a free boundary. Such 
a condition is encountered in the 
case of a circuhr foundation slab 
supporting a chimney. As the 
result of wind pressure, a moment 
M will be transmitted to the slab 
(Fig. 96). Assuming that the reactions corresponding to this 
moment are distributed followii^ a linear law as shomi in (ho 
figure, we obtain the same kind of loading as in the previous 
c&sei and the geaersl saiution can be taken in the saroe Sorro (d) 
‘The reaction in the upward diieetion is taken positive. 



Fjo. ee. 
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as before The boundary conditions at the order boundary of 
the plate, rvhich is free from forces, are 

(j/,),., - 0, = (q. - - 0. (•■) 

The inner portion of tlic plate of radms b is considered absolutely 
rigid It IS also n.'-sumed that the edge of the plate is clamped 
along the circle of radius b Ilrncc for p = b/a = (3 the following 
boundary condition must tie satisfied 

Substituting expression (li) in Eqs (t) and 0)> obtain the 
following equations for the determination of the constants 
4(5 +»)+ 2(3 + r)P + 2(1 - r)C 4- (1 + v)i) »= 0. 

4(17 + r) + 2(3 + y)U + 2(1 - y)C - (3 - v)D *= 0, 

+ 2^5 - 2^»C + Z) ■= 0. 

From thesMS equations 

n « .4 (2 + 0 + (1 >)g«(3 + $*) 

" (3 + r) + (I - ' 

r « . 4(2 + r)g* - (3 + r)g*(3 + fl«) „ 

^ (S + r) + (l^T5tf5 ’ ^ 


Substituting these vahica 



m expression (d) and using Eqs. (160) 
and (161), we can obtain the values of 
the momenta and of the shearing 
forces The constant A docs not 
appear m these equations. The cor- 
responding term in expression (d) 
represents the rotation of the plate as 
a rigid body ith respect to the diam- 
rtcr perpendicular to the plane of Fig. 
96. Provided the modulus of the 


foundation is knoirn, the angle of rota- 
tion can be calculated from the coiidi- 
^ tion of equilibrium of the given 

F,a 97. moment M and the reactions of the 

foundation. 

Using expression (d), the case of a simply supported circular 
plate loaded by a moment H at the center (Fig. 97o) can be 
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readily soh’cd. In this case we have to omit the term coniaimng 
P® Vrhieli represents the distributed load The constant C mu't 
be taken equal to zero to eliminate an infinitely large clcflertion 
at the center. Expression (d) thus reduces to 

, u* = (Afi + + J)p log fi) cos 6 (A-) 

The three constants A, B and t) mil now be determined front 
the following boundary conditions: 


= 0, {Ur)^l = 0, 1 

-a Bin 8 M + cob tdS + M » 0. j ® 

The first two of these equations represent the conditions at a 
simply supported edge; the last states the condition of oquililt. 
riiim of the forces and moments acting at the Iioundary of the 
plate and the external moment if. From Eqs. (0 obtain 


A ' 
Hence, 
to «= — 


» 1 + » Ma „ 1 + 1 - Ma „ ^ Ma 

3 + v^' "“*3 + »-8?5’ ^ 4*1) 

s afV + 'X' " + '> ' 


(m) 


Deeausp of the presence of the logarithmic term in the hraekets, 
the slope of the defleetlon surface as e.a1culfltetl from expression 
(n») becomes infinitely large. To eliminate this difficulty the 
central portion of radius 5 of the plate may lie con-sidcred as 
absolutely rigid.' Assuming the plate to !« clamped along this 
inner boundarj’, which rotates under the action of the moment M 
(Fig. 976), we find 


"■ - sa-RJ+^b^i' -«■ + 

+ (I + r)(I - ^')>p + 2[(3 + .-) + (1 - logp 

- 0^10 -f- *)0' - (3 + ')K‘} f™* f") 

where ff «= b/a. IHicn S is r<(iiat to zero, Eq (n) rerluoH to 
Eq. (m) previously olifahied. By sulrsfifuting expression (n) 
in 12q. (190) the )>endtng moments .lEniid 5f, can Is* calcuhttisl. 

' INlionmcnU with giKh plate* were m**tt hy ft. )■ Rea/fei t'nir. 
»V«. 7t, 1032. 
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The case in wlncli tlic ontrr Ijoutulary of the plate U clamped 
(Fir ll7c) can l>c di-«cus.“ed in ft nimilar manner. Thl<» Cftfc w of 
practical mtcre-«t in df^iRn of clnstic coiiplinRs of plmfls.* Tlic 
nmxiiniini radial hlnwc-i at the inner and at the outer IwvmdanM 
and the angle of rotation «> of the central ripd portion for thn 
ca-H* arc 

M 

” atSh*' 

where the eonvtanta «. «, ami a, have the values given in 
Table 31 


Tabu: 31 


0 -b/a 1 

« 

1*1 


0 « 1 

It 17 

7 10 

12 40 

0 Q 

to 51 

13 6:> 


0 7 

30 25 

V> C5 


0 8 

ts 2 2 rt 

60 m 



60. Circular Plates under a Concentrated Load.— The ca.«e of a 
load applied at the eenter of the plate ha.« already l>ocn dlv 
etissed In Art. 10 Here we ahall a^cume that the load P w 
applied at point A at distance h from the center 0 of the plate 
(Fig. 9S).* Dividing tho plate into two parts by tho cylindrical 
section of radius h aa shown in the figure by the dotted line, wc 
can apply solution (1G3) for each of these portions of the plate. 
If the angle 0 is measured from the radius OA , only the terms con- 
taining cos tnO should be retained. Hence for the outer part of 
the plate we obtain 

to =» P# + X 

I IlEisss'ER, II., in(;;niVur.ArcK>>, toL 1, p. 73, 1039. 

* This problam w »s solved by Clebsch, «{ , p 2C0. See also A. FSppI, 
Siisiinffjb bnyer. Akad. ir»s* , Jahrg , p 155, 1012. The discussion of tho 
same problem by using bipolar coordinates was given by E Mclan, 
p. 100, 1920; and by W FlOgge, “Die Stienge Bereebnung von Kreisplattcn 
unUr EinicUasten,” Berlin, 1928 Bee alao the paper by H. Schmidt, 
/nffenwur-Archfe, vol 1, p 147,1030 
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where 

Ko “ 4o + Bar* + Ci log r + Dar* log r, \ 

J2, = ,r + Bit* + Cir-‘ + D,r log r, J (j,) 

= il.r" + /J«r- + C,r^* + 

Similar expressiona can also be written for the functions 
R\, Rit corresponding to the inner portion of the plate Using 
the symbols Ai,, B’^, . . . instead of Am, Bm, for fh® 
slants of the latter portion of the plate, 
from the condition that the deflect ton, the 
slope and the moments must be finite at 
the center of the plate, we obtain 

CS = DJ = 0, 

c{ - d; - 0, 


- D; = 0. 

Hence for eacli term of series (o) ne have 
to determine four constants for the outer 
portion of the plate and two for the inner 
portion. , . , 

The sit equations necessary' for this determination can e 
obtained from the boundarj' conditions at the edge o t c p a 
and from the continuity conditions along the circle o 
If the outer edge of the plate is assumed to be c ampe , 
corresponding boundary conditions are 



Fio 98 


Denoting the deflection of the inner portion o c P 
and observing that there are no external momen s ®I’ 
the circle of radius b. we write the continuity con i 


the circle of radius b, we write 
that circle as 


dw auTi 9*w _ ^^ 1 , for 

The last equation is obtained from a 
force Q, along the dividing circle. T a o 


r » 6. (<0 

of the shearing 
continuous at . 



2()S TIIFOHY OF I-I^ATFX ASh fHIF.UJi 

fll! jM)ints of tlip firdo pxri-pt imiut .1, wlipro it lia.« a di-ooii- 
timiitv due to eonrcHtrateil f«r«* /*. UdtiR for tliii forpp Ui*' 
repro'ontntiou lit fonn of the sj*ni*s> 

71 ,( 2 + 2 

M-t 

nnd fur tlic i>}irnnn(; f<UTf tin* fiM of tlic I'xprc^dtinH (1RI)> 
wo obtain 

+ 2 -»*)• 

From the f.ix F«i'< Ic). (<0 and (/), the mx con-tantj* ran lx* ral- 
rulatrd, ami the fmictioix /f« and can in? rfpn”‘i“nte<l in the 
followinj; form; 


‘ + 6 »)(e’ - r*)l 

2rt» ' J’ 

- + ’■’^1"* T (■!) j. 

» - - r 1 X *-’)'• '*'• l«r. "1 

lOr^Lf'’' fl’fc* “ a* 6 » 

0 * 6 * 0 * 6 * ' C* ^ rj' 

■ SMT^TlVulo'-l*”' ■ 


Jl* 


K 

- STc[<'’ 

Jii 

pb* r 

** “iGr^L 


r6‘ f 

" ”l&rD[ 


8 m(w» - 1 )tD(. 

+ (ni - 


ri.©!- 


n+ In* 

UsiiiR thc-e fimctionx, we obtain the deflection under the 
load 03 

P (o* - 6*)* 

16»£> o* ' 


(u-)~ 


(l(Vl) 


‘ Th’is series Ls nnatosjous to the Senes that » as used in tlie ease of rec- 
tangtjarphitcs, see p Sil. 
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Fort = 0 thisformula coincides ^vith formula (92) for a rentiall> 
loaded plate. The case of the plate with simplj supported . dge 
can be treated in a similar manner. 

The problem in which a circular ring plate is clamped along 
the inner edge (r = t) and loaded by a concentraUd foico I 
at the outer boundary (Rg- 99) can also 
be solved by using series (a) In this 
case the boundary conditions for the 
clamped inner boundary are 

For the outer boundarj-, which is loaded only m one point, the 
conditions are 

■ Calculations made for a particular case 6/o - i •''® 



The vanaliou of the moment .long the inner edge and .1-0 along 
‘ Ilei'h'iSEB, H , l«. CTi , P 20®- 



Fio 39 




TUI.OJiy OF riiTFH ^^J> SIIFJJ^ 


a nrclr of fail'm-* r »• .Vi/fl w nhn^in m I'lR U)0 II ci\n 1)0 wn 
thni thi« moiurnt »limml-l>c«« rnpuny sv* tin’ ftnRlp 9, moa.'-urMl 
from tlio |>o'int of ajtplirMiwn of <lio Ioa<l, inon-XM-^. 

81. CtRultr rUiei Sur^te4 at Sevml »1 «dc Uie B«uad4x;.— 
Ooii'i.lrnnK itii* r.t-w' of a loa<,l •\tnmrtn<rsll)r dKtnl'ijtM «ith tT9[>r«t to lt>o 
rrntrr of ttii* |iUt», «»■ t*!* tfj* ip-orril rtiitrwton fur th)* «f<-flprl5on ntfare 
itt the fom ' 

IT w, 4- •ei, (a) 

in wfiith If, » thr lirfWiioii «f » i.tat.- «in<|tfy mipjioflM atinK til* entire 
(.oundir)-. •»i] tr, Mtufx^ Ik* IxMiiotr'fK'xt* <}j/Trrrr>tii>! n|i)j(tk>n 

A 4 «-. - 0 ( 4 J 

Drnntms Iheeotiernirainl rractH>n*at i)>r rntit'orl 1, 3, 3. . . I’J' 

Si, Su I S, nii<I u«in« »*) of tlie iirr>h>in artic-te for reprewn* 
latk»i of o»npeat»tr<J fi>rrf«, *r h»»o foe earf* naeiion A'r Ike rtfinmion 




■Ti fiewR the angie ilrfiniog the |■>iott<>n «*f tli*> wpporl f (nj lOt) Tho 

mifavtyot ikeee*rti»e/ore»at any poJsl nf 

the lioumlan w tiiru given l>y the etprtwK>n 

«> 

in shielt the arirntnation b exteniM oxer aJl 
tho ronerntrateij rtarlion* (e), 

Tlie geneeal aolnlion of the homocenwnu! 
«<|ualion (6)»tp\enhyr*prea.«i«>h (lf>3) (p'RO 
3fi0> Xvaming that the plate nenlol and omit ting the terms that pie 
infinitfl <{enocii(ins and tnoinents at the eentrr, «o obtain from cipressinn 
(IM) 



«■, - d. + + C^«) e, 


••-I 

‘Several prol)IcitiB of thig Ifnd wcfe duteuwed by \ Kadai, Z. Phytik, 
vol. 23, p 300, 1022. 
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Tor determining the constants «e have tfee following conditions at the 
boundary: 

in which Jf,i and Qr are gi^en by £qs (160) and (I6I) 
l«t us consider a particular case in nbich (be plate is supported at tiio 
points which arc the ends of a diameter tte shall measure 9 from this 
diameter. Then vi <• 0 , ^ w, and we obtain 

[^m(m — l) "^(l — i>)(ni — Dm’ ni(m + l)j^ cosni9|> (g) 

m-SiS 

in which »• ta (ho cledcctioR of the simply supported and symroetneaUy 
loaded pUtSi P is the total load on the plate and p •> r/a ^Vlten the load 
isappll^attbe center, we obtain from expression (p), by assuming s — 025, 


For a uniformly loaded plato we obtain 

(w).-. » 0269^. 

- 0371 ^. 

By combining two solutions of the type (#), the case shown m Fig. 102 c: 
also he obtained 

Bben a circular plate is supported at three ~y )~ 

points 120 deg. apart, the defieelion produced ^ J 

at the center of the plate, when the load is ^ 

apph'ed at the center, is I 


BTicn the load is uniformly distnbirted, the deflection at the center is 


I here P ■= TO*?. 
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The ease of a orciilar plate at tlirw points is as jn\estigated by 

pxpenments with glass plates. These espenments shossod a \cry satis- 
factory agreement isilh the theory ‘ 

62. Plates in the Form of a Sector.— The general solution ileveloped for 
circular plates (Art. 48) can also be adapted for a plate m the form of a 
sector, the straight edges of afaieh are ernipfj* supported • Tale, as an 
example, a plate in the form irf a semicircle simply supported along the 
diameter AB and uniformly loaded 
(Fig JOS) The deflection of fhisplate 
IS evidently the same as that of the 
circular plate indicated by the dotted 
line and loaded as shoan in Fig 103(> 
The disttibuted load is represented 
m such a case by the senes 



"S iia, 

mr 


Tio 103 ••1.3 5 

and the differential equation of tite defleelion surface is 


■k 2 


The particular solution of this equation that satisfies the boundary con- 
ditions along the diameter <40 is 





«7i( 16 - m*)(4 - m‘)D 


(C) 


The solution of the homogeneous differential equation (162) that satisfies 
the conditions along the diameter A 0 is 


«i 2 + 0-r-**) am »l9. (rf) 

«-lS5. 

Combining expressions (c) and (d), «e obtain the complete expression for 
the deflection ia of a semidmilsr plate The constants A. and 0_ arc 
determined in each particular case from <he conditions along the circular 
boundary of the plate. 

’ These experiments were rasde by Nsdai, Joe nt , p 270. 

‘Prchlents sS ifiii kiod nervdt^ats»e<l by A .Vada/, Ver. dniJ. Jf>f > 
vol 59, p. 169, 1915 See also the book by Galerkin, loc. cd , p 237, in 
which numerical tables for such etiaea are given. 
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Iq the ease of a eimply supported plate »e ha^e 

(w)r. 




SutaUtulins tho .™ or none M .n.i (J) tor « lo ll,o.o comlion*, »e oblam 
the following equations for calculating Am and Bm 

•tflo' 

d.o- + fl-a-** = m')D 

^.o-lm(m - I) - - 1)1 + + 1)|™ + 2 + .(2 - m)l 

4ga»|12 + - "»*)1 

“ “jnir{16 - ni*)(4 - m*)D 


Ttom these equalioni, 

Am - 


ea*(w + f> + e) 


‘mrfte - m’)(2 + W)!®* + 

^*(w + 3 + ») 

“ "<i-«mir{4 + m)(^ - + id + 

With tl.e.0 valor, ot thr cooiUnt. tte c»ptr«.o» lot deScctiori ol tho plot, 
becomes 


i 


m»(ie - m»)(4 - m’) 
4-5 + » 


171*00 - «n’K2 +"•)(>» + lU 

r-*» ”» + 3 + » — I Bin 1719. 

“ + m)(4 - m»)(7n + 1(1 + »)); 

W.lh ihi, «>p~ rot .bo Jon-iioo. lb. bond™ bt""'-" 
obtoinod from Eq. (160) „n 

In a similar manner ‘*‘",^^^„prejsiona for thedeflections 

angle */fc, k being a given jepresented ineach particular 

and bending morqc'il* * given pednt »" 

case by the following formulsa: 

11/, = ^*. iif. ^ 

r.>*nni Several values of these factors 
in which «. 0 and 0, are nuracneal rsector are given in Table 35 

for points taken on the axis of symmetry of a sector are gi 
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Table 35.— Valdes op the Factobs a, fi akb por Vakiods Ancles r/k 
or A Sectos SiMPir 8 i7»ostk> at the Bodndart 
p =0.3 



The case in which a pfate in (he ferm ot « sector is eJamped along th® 
circular boundary and simply supported along (he straight edges con be 
treated by the same method of solution as that used m the previous case 
The values of the coetlicients a and for the points taken aJong the axis ot 
symmetry ot the sector are given in Table 36 

Table 86. — Valdes op the CoEfneasrs « and $ ton Vaeiods Angles 
*/k or A Secios Olampeb alonc the Ciacut^R Bodndart and 
Simply SuppoiiTen along the Steaight Eboes 
v-08 


T/*j 

i r/e 

m — ' 

r/o 

- 1 

1 p/o - 


1 r/a - 1 


1 ^ ' 

. 

0 

. 1 


- 

P 

»/4 

0 000.5 

-0 0005 

0 0028 

0 0087 

0 0031 1 

0 0107 1 

0i 

-0 0250 

*/3 

0 0010 ' 

-0 0006 

0 00C2 

0 0143 

0 0051 

0 0123 , 

0 

-0 0340 

*/2 

0 0069 ' 

0 OOOS 

0 0144 

0 0273 

0 0089 

0 0113 ' 

o! 

-0 wsg 


0 0320 

0 0473 

0 0366 

0 0146 1 

0 0167 j 

0 0016 1 

"I 

-0 0756 


It can be seen that in this ease the masuttum bending stress occurs at the 
mid-point of the circular edge ot the sector 
It thft circular edge of a umfonaly loaded plate having the form of a 
sector is eotirely free, the maximum deflection occuia at the mid-point of the 
unsupported eitcular edge. For the case when r/k •« ir/2> we obt^ 


The bending moment at the same point is 


if. e* 0 133l«0*. 
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53. Bending of Circular Hates Resting on an Elastic Foun- 
dation. — ^^Yc shall consider here only the case in hich the load is 
8>’rametrically distributed mth respect to the center of the plate. 
We shall also assume lliat the intensit5' of the reaction of the 
foundation at each point of the bottom surface of the plate is 
proportional to the deflection of the plate at that point In 
such a case the deflection is independent of the angle & (Fig 94), 
and the differential equation (159) for the deflection of the plate 
reduces to the equation 


^ d* , ^ dne , 1 diA 
i^dH r dr/\dr* r dr/ 


q — kw 


(165) 


In this equation q is the inteasity of lateral load, and k i« the 
raodulas of foundation Tlius kw represents the inten«ity of 
the reaction at each point on the bottom surface of the plate 
Let us first consider the particular ca.se of a plate loaded at the 
center mth a load P.' In this case q is equal to zero over the 
entire surface of the plate except at the center. By intro- 
ducing the notation 


F.q. (165) becomes 

Since k is measured in pounds per cubic inch and D in pound 
inches, the quantity I ha.s the dimension of a length. To 
simplify our further discussion it is advantageous to introduce 
dimensionless quantities by using the following notations: 


Then Eq. (b) becomes 

Using the symbol 

' This problem was discussed by Hert*, foe eit, p. 255 Sec also A. 
FSppI, "Vofiesuagen uber techaische Meebatui,” >cl. 5, p. 103, 1922. 
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v,e then ^\•rifc 

AAz + 2 = 0. («) 

This IS a linear diCerential equation of the fourth order, the 
general solution of which can be represented in the following 
form: 

z = JA'.W + + C.V.<i) + OX.fr), Cfl 

where A, . . . , D are constants of integration and the functions 

A'l, . . , Xi are four independent solutions of Eq. (e). 

We shall now trj’ to find a solution of Eq (e) in the form of a 
power senes Let a,z“ be a term of this scries. Then by 
differentiation we find 


A(a»z") = n(n — + na«*'*~* =» n*o.a:*“* 

and 

™ n*(n — 

To satisfy Eq. (r) it is necessary that to each term a^* in the 
senes corresponds a term such that 

n’(fi — 2)*a*ar*-< + * 0 (s) 

Following this condition, all terms cancel when the series is sub- 
stituted in Eq (<); hence the series, if it is a convergent one, 
represents a particular solution of the equation. From Eq. 
(3) it follows that 

Observing also that 

^A(ao) = 0 and A&(a2Z‘} = 0, (0 

we can conclude tl^t there are two series satisfying Eq. (c), tiiz., 






4 *- 6 »- 8 *- 10 *- 12 *- 14 ‘^ 
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II may be aeon from tbo notalioos (c) that for small values of the 
distance r, ie., for points that are close to the point of appliea 
lion of the load P, the quantity I is small and scries 0) 
rapidly convergent. It may be aeon also that ‘'-i 
derivatives of series (j) remain finite at the poin o app 
of the load (a = 0). This indicates that these senes “I"' ' 
not sufficient to represent the stress conditions a e j 
application of the load where, as we know Irom preuous 
cussed cases, the bending moments become infinite y . 

For this reason the particular solution Xs o -Q- ^ 
taken in the following form: 

= AMog* + f’.(T), 

in which F,(x) is a function of x which can again be represente 
by a power serjea. By differentiation we fiad 

iiX. - tS + log. dAX. + AAftWl 

, * at* 

and Bubstituting Xi for 2 in Eq. («). we obtain 

+ log .(AAX, + Xi) + AAF.(») + ftW “ “ 

Since A, satisfies Eq. (e) and is 

senes (j), we obtain the following equation for determ 
F,{r); 

4d*A'i 2 3-4 

AAF,(i) + F,(x) = -gp-* - 

6-7-8-i‘ 10- 11 -12 a' 4- ■ ■ ' I ® 

■b 2* • 4> • 6* * S'* 2* • 4* • 6* * 8* ‘ 1®* ' 

Taking F,(i) in the form of the series 

F.M = !!*>• + M’ + 

and substituting this series in Eq. (Oi v® ^ ^pnuation "-ill bv 

Cients 6., b„ 6, so that tho resnltmg eqn 

satisfied. Observing that 

AA(lqd) - ,„„3 that do not 

we find, by equating to zero the sum 
contain t, that 2 • 3 ' ^ 

4».2*-bi — 
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2-3-4* 3 

' 2* • 4‘ 128' 


Equating to zero the sum of the terras containing t*, ne find 


In general, we find 


w(n — l)(n - 2) 

' 2* • 4* • 6» • • • n* 


Thus the third particular Bolution of Eq. (e) is 


/V* 1,769.472 ^ • v. 

The fourth particular integral of Eq. (c) is obtained in a 
similar manner by taking ' 

A’( - Xi log X 4- f ((i) = A'j log I + 4^(77^** 

1 4-5-6 . 10-9 S .... f.s 

■“lO* 8V‘ 4‘-6* • • • lOV ‘ 

By substituting the particular solutions {/), (n) and (o) in 
expression (/) we obtain the general solution of Eq. (e) in the 
following form. 

z = 4^1 - ^7^, + 2*.4*.6r-8i ” ' ' ‘ ) 

+ " 4r-Qt + 4z.6».8*- 10" - • ■ * ) 

+ 40 -^ + 2^M^W* )''^^" + ils^ 

“ 1 ^ 69 ^^" +'■■]+ 4G* ^ 4>T6* + 4*7^ gj . 10^ 

^ 1 . _L o . 1054 • , 1 ... 

- • ^logx + g^ggi. 442,368 ^ + * ’ * J- (p) 

It remains now to determine in each particular case the con- 
stants of integration A, . . . , i> so as to satisfy the boundary 
conditions. 
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Let us consider the case in nhich the edge of the circular 
plate of radius a is entirely free, the boundary conditions for 
such a case being given by Eqs. (j), Art. 48 (see page 259) 
Using for the moments M, and shearing forces Q, the first of tlie 
equations (160) and the first of the equations (161), respectively, 
rsc write the boundary conditions a-s 


\dr* *7 dr/_ 
d/d*ip , 1 <ftp\ 
<i\dr* r dr/^^. 


= 0.' 


(?) 


In addition to those tno conditions nchavc tnotnorc conditions 
that hold at the center of the plate; m , the deflection at the 
center of the plate must be finite, and the sum of the shearing 
forces distributed over the lateral surface of an infinitesimal 
circular cylinder cut out of the plate at its center must balance 
the concentrated force P. From the first of these two condi* 
tions it follows that the constant C in the general solution (p) 
A anishes. The second condition gives 


(j7'Q,r<l»)„. + P-0, (r) 

or, by using notation (o), 

where t is the radius of the infiniteaimal cylinder. Substituting 
Iz for w in this equation and using for z expression (p), ue find 
that for an infinitely email value of * equal to t/l the equation 
reduces to 

40 

-Al‘-^-2« + P « 0, 

it 

from which 

“ gap' 

Ilaiing tlie x’alues of the constants C and D, the remaining tivo 
constants A and B can be found from Uqs. (?). For given 
dimensions of the plate and given morfufi of the pfate and of the 
foundation thp«e equations furnish two linear equations in A 
and D. 
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Let U3 take, as an example, a plate of ladiua o = 5 in and of aueb rigidity 
that 



We apply at the center a load P such that 


D 


10-*. 


Using this value of D and substituting Iz for 10, ne find, by using expression (p) 
and taking * = n/l = 1, that Eqa (g) give 

0 500d + 0 250B = 4 0G2D ■= 4 062 • 102 10“*, 

0687^ - 84S3B = II 09D » 1109 102 10’*. 

These equations give 

A » 86 • i<n. e - -W 10-*. 

Subetituting these values in eapression (p) and tetavnvng only the teruw 
that contain 7 to a poueroot larger than the fourth, ne obtain the following 
cxpressKin hr the de/lecffon 

u.-lr-5|^S6 M lO-'i* + 102 J0-*7' log * 

The defieetion at the center (* •• 0) is then 


(tfW - -13 10-» in., 

aod the deflcetion at the Ixiundary * I) is 

ttc>*«. “ 39 1 Itr* in 

The diflereiwe cl these defleetions is ecmpaiatively small, and the pressure 
distribution o>er the foundation differs only slightly from a uniform 
distnbution. 

If ec take the radius of the plate two times larger (a “ 10 in.) and retain 
tho prei lous values for the ngidities of the plate, t becomes equal to 2 at the 
Vioiindary, and Eqs (5I reduce |o 

0 82BA 4- 1 S»«OB - 1 2WD, 

2 665A - 5 745B - Id 3W>. 

These equations gi\e 

A -3930 ••400-10-*, B--I03B--J05 10**. («> 

Tli" deflection « obtained from irtptesiwia (p) as 

„ - U - . io-{, - i) - IO-. . - 5I) 
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The deflections at the center and at the boundary of the plate arc, 
respectively, 

u'oi.t = 2 10“* in and ip —. = 0 SS JO"* m 
It IS thus seen that, if the radius of the plate is tnice as large as the quantity i, 
the distribution of pressure over the foundation is already verv far from a 
uniform one 

If ive take an infinitely large plate which was considered by H Hertz 
(see page 255), the deflection under the load is, from Fq (157), 

■= ^ = vfD - 3, 14 5 102 - 10-‘ = I 60 10"* m 


Having an expression for the deflections u, the bending momenta are 
obtained from Eqa (160) At the point of application of the load these 
momenta become infinitely large, and the results obtained b> using the thick 
plate theory (see page 255) must be applied m calculating streases at that 
point. 

The general solution {/) of Eq («) ean also be represented by Bessel 
functions for which there are numerical tables * In this manner the dis* 
cuasion of varioas cases of bending of circular plates resting on an elastic 
foundation can be considersbl) simplified * 

The strain energy method also can be used for calculating the deflection 
of a circular plate resting on an elastic foumlation For example, to obtain 
& rough approximation for Ihocase in which the deflection at the center does 
not differ much from the deflection at the boundary’. « e take for the deflec- 
tion the expression • 


W m A + Dr*, 


is) 


where A and B are two constants to be delcrrained from the condition that 
the total energy of the system in stalile equilibrium is a minimum (sec 
Art 28). From expression (e) we conclude that the defleetion surface has 
a constant curvature equal to 2B Hence the attain energy of the plate of 
radius o, oa given by Eq (47) (page 50), W 

y, = 4B* Dro*(l + e). 


The strain energy of the deformed elastic foundation is 

■" - '‘(s'*- + 1''" + S®’”') 

The total potential energy of the system for the case of a load P applied at 
the center is 

V - 4B* DraHl + e) + iADa* + lB*a') - PA. 

' Sec, for example, Jahakc-Fjndc, “Tables of Functions,” Berlin, 1933 
»Soe paper by F. Schleicher, “Festschrift zur Ilundcrtjahrfeier dor 
Technischen Hochschule Karlsruhe," 1925; and J. J.^\och. No- 6. 

1025. 



282 


THEORY OF PLATES AND SHELLS 


Taking the derivatives of thisexprcsnonnith respect to constants A and H 
and equating them to zero, wo obtain 


[2 16D(1 + »)1 ^ 


Taking the previous numcnral example (page 2S0) in a hieh 


This result is about 3 per cent less than the value 43 10"' in. previously 
obtained To obtain a better accuracy more terms should be taken in 
expression (») 

When the deflection and the reactions of the foundation are found by tho 
energy method, tho calculation of stresses can be made by considering tho 
given plate to be a circular one syrametncally loaded by the calculated 
reactions (see Chap III). In this aay a better accuracy will be obtained 
than i( an appioaimate expression, such aa expression (»), ■vfere used vn 
calculating curvnturee and bending momenta. 

If the foundations are assumed to be a eemi>infinit« elastic body Instead 
of conforming mth the simplifying assumption regarding reactions made in 
our previous discussion, the problem of bending of circular platca supported 
by an ctaslie foundation becomes more complicated This problem has 
been discussed by D L llolk' 

S4. Circular Plates o( tfoa-uuifomi Tbicknesa— Circular plates of non* 
uniform thickness are sometimes encountered in the design of machine parts, 
such as diaphragms of steam turbines and pistons of reciprocating engmes. 
The thickness of such plates is usually a function of the radial distance, and 
the acting load is symmetrical with respect to the center of the plate. Wc 
ahaTl bmit our further discuaston to this aytnmetncal case 

I*n>cccding as rros explained in Art IS and using the notations of that 
aitictc, from the conditioa of equilibrium of an clement as ehovn in Fig. 23 
(page 66) we derive the following equation: 


-If, + - Af, + Qr - 0. (a) 

dr 

in which, as before, 

I/. 

• /’roc. 51 A /n/rm Cong dppf. i/rcA , Cambndge, Mass , 1033 
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(c) 


and Q is the shearing force per unit length of a circular section of radius r 
In the case of a solid plate, Q is given by the equation 


Q 




Kd) 


in which q is the intensity of the lateral load 
Substituting expressions (6), (e) and (d) in Eq (a) and observing that the 
flexural rigidity D la no longer constant but vanes w ith the radial distance r, 
we obtain the following equation. 




Thua the problem of bending of circular aymiDetncally loaded plates reduces 
to the solution of a dilTerencial equation (e) of the second order with vsruble 
coefficients To represent the equation in diiaensionlcss form we introduce 
the following notations: 
a Is the outer radius of the plate 
h is the thickness of the plate at any point 
At Is the thickness of the plate at the center 



We also assume that tlie load is uniformly distributed Using the notation 


Eq. (e) then becomes 


0(1 - >»)o»t 

Ehi 


^ 4 , A . <i log v* Vv _ _ I 

dx* \® dx fix \sr* x dx / 


y' 


(o) 


(166) 


In many cases the vanation of the plate thickness can l>e repreuented with 
sufficient accuracy by the equation' 

V - (A) 

'The first inrcstigation of bending of circular plates of non-uniform thick- 
ness was made by II. Molzer, Z. gts. rarbwenu^jen, vol 15, p. 21, 1018 
The results given in this article are taken from O Pichler’s doctor’s disserta- 
tion, “Die Biegung krcMsymmetrischcr Plalten von vcrSderlicher Di'cte," 
Berlin, 1028 Sec also the paper by IL Gran Olsson, IngtnievT-Archiv, 
>ol. 8, p. 81, 1037. 
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m nhicJi 3 IS a constant that must be chosen m each particular case so as to 

approximate as closely as po'isiWe the actual proportions of the plate The 

■vanation of thickness along a diameter of a plate corresponding to various 



PlQ 101 


values of the constant 0 is shown m Fig 104 Substituting expression (A) 
in Eq (166), we find 




It can be readily verified that 


(0 


(J) 


is a particular solution of Cq (•) One of the two solutions of the homo- 
geneous equation corresponding to Eq (i) can be taken in the form of n 
power senes: 



e'(t + >)(3 + >) • • • (2n - 1 + 0 
! 2-4-4 6 -6 -in 2rt(2n -b 2) * 


(A) 


in which Oi is an arbitrary constant The eecond solution of the wme equa- 
tion becomes mfinitely large at the center of the plate, i e , for « •< 0, and 
therefore should not lie considered in the rase of n plate without ft hole at 
the center If solutioiu (j) and (t) arc combines], the general solution of 
Eq. (t) for n solid plate can be put in the folIoHing form: 

The constant C in each particular cane must be determined from the con- 
dition at the boundary of the piste Sincescnes (i) i« unifonnly coniergcnt. 
It can be differentiated, and the expressioiu for the lieiiJmg niomtnts can 
be obtained by substitution in Eep (6), TV dcD. ctions can bn obtainwl 
from Eq. (e). 

In the caw of a plate clamped at the edge, the lioundaty conditions are 

(ui),_i - 0, . 0, (m) 
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Table 37, and the values of ■/ and 7', arc represented graphieall> in Figs 
107 and 108, respcctUely. 

To calculate the deflcetioru and sfressea in a gi\en plate of >ariabfe 
thickness we begin by chooBing the proper value for the constant 0 as given 
by the cunea in Fig. ItM. ^\hcn the value of 0 has been detemnned and 
the conditions at the boundary are known, we can use the values of Table 
37 to calculate the deflection at the center an«l the curves in Figa 105, 106 
or IQ7, lOS to calculate the maatmuta strew K the shape of the diametrical 
section of the given plate cannot be represented with satLsfactory accuracy 
by one of the currea in Fig IW, an approximate method of eohing Iht 
problem can always be used. Tlos method fonsists of dividing the plate 
by concentric Circles into several nngs and using for each nng formulas 



(fevefoped for a ring pfate of constant thickness. The procedura of ax/cu- 
lation 18 then elmilar to that propoac<l by R. Crammel for cnlculatmg stresses 
in rotating disks ‘ 

B6. Ifcn-lin««r ProbJems ia Besdiag of Cii-calar Plates. — ■ 
From the theory of bending of bars it is Known that, if the con- 
ditions at the supports of a bar or the loading conditions arc 
changing with the deflection of Die bar, this deftcclion will no 
longer be proportional to the load, and the principle of super- 
position cannot be applied.* Similar problein-s are also encoun- 
tered in the case of bending of plates * A i-imple example of this 

‘ GSAiij/si, K , ,/,vcJ.538,p 2J7, 1923L .TheanaJogy 

existing between the problem of a rotating disk and the problem of lateral 
bending of a circular plate <if vanable thickness m as indicated by L F6ppl, 
Z. angew Math Meeh , voK 2, p 92, 1922 Xon-symmetrical bending of 
circular plates of non-umfomi thickness is diseWRsed byO OI'isoo. ]nsfmeiir~ 
Archxt, vol 10, p. 14, 1939 

* An example ot sucfi proWenrs is d«e«a*ed ia the author’s “Strenglh of 
Materials,” vol. 1, p. 157, 1930 

*See K. Girkman, Am,yAiAahrw, vol 18,1931. Several examples of such 
problems are discussed also in a paper by R. Hofmann, Z. onpne. Math. 
MtcK , vol. IS, p. 226, 193S. 
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kind is shoun in Fig. 109. A circular plate of radius a is proved 
by a \iniforra load q ngMnst an absoiutely ngid horizontal 
foundation. If moments of an intensity Ma arc applied along 
the edge of the plate, a nng-sliaped {lortion of the plate may be 
bont a-s shown in the figure, whereas a middle portion of radius b 
may remain flat. Such conditions prevail, for example, in the 
bending of the bottom plate of a circular cylindrical container 
filled wath liquid The moments Jlf* represent in this case the 
action of the cylindrical wall of the container, which undergoes 
a local bending at the bottom. Applying to the ring-shaped 



Fi« iiy* 


portion of the bottom plate the known solution for a uniformly 
loaded circular plate (see expression (m) in Art. 48], wo obtain 
the deflection 


» = C, + a,logr + C.r> + C«-'logr + ^- W 

For determining the constants of integration Ci, . . • , Ca '’re 
have the following boundary conditions at the outer edge: 

(U))^ = 0, {Mr)r^=> -M,. (t) 

Along the circle of radius b the deflection and the slope are zero. 
The bending moment 3f, also must be zero along this circle, 
since the inner portion of the plate remains flat. lienee tlie con- 
ditions at the circle of radius b are 

- 0, - 0, = 0. W 

By applying conditions (b) and (c) to expression (o) we obtain 
the five following equations: 
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+ C^s log a + Cja’ + (’«a*logo = - 


-££l 

642 )’ 

Cl + C. log i + C.4' + C.k’ 'os 4 
C.!^ + CS(,v + 1) 


+ Ci(3 + 2 log a + S*- log a + r) = 
+ C.2(« + 1) 

4- C4(3 4- 2 log b 4“ 2i» log b 4" O * 


qa^ 


:(3H 


-^(3 + 0 , 


C,J + C.2i + C.i(2 log i. + 1) - 


M.= 


and 


^32D 


162 ) 

By eliminating the constants Ci, . . . ,Ci from these equations 
wc obtain an equation connecting M, and the ratio b/o, from 
which the radius b of the flat por- 
tion of the plate can be calculated 
for each given value of 3/,. TV'ith 
this value of b the constants of 
integration can 1x3 evaluated, and 
the expression for the deflection of a 
. the plate can bo obtaineil from P 
Eq. (a). Representing the mo* 
ment and the angle of rotation q 4 

¥>« of the edge of the plate by the 
equations 




*aof/ 

-m, 


■'§’06 


5 6 


and repeating the abovo-mentioned caleulations for several values 
of the moment J/,, we can represent the relation bctwwn the 
constant factors a and fl graphically, as showTi in Fig. 110, for the 
particular ca«c‘ v = 0. It is seen from tliis figure that 0 does 
not varj' in proportion to a and that the rrsl-tanee to rotation 
of the edge of the plate decreases as tlie ratio b/o decreases. This 
condition hold-s up to the value « =• 5 at which value fl =» 1, 
b/o •“ 0, and the plate touches the foundation only at the 
* TJiU case is Hiscu-sncil in tl»t» paper hy Hofmann, loc eil , p. 2S7. 
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center, as shown in Fig. 1096. For lai^er values of a, i.e., for 
moments larger than Ma = 5qayZ2, the plate does not touch 
the foundation, and the relation between a and 0 is represented 
bv the straight line AB. The value Ma — &f]a^/Z2 is that value 
at which the deflection at the center of the plate produced by the 
moments Me ia numerically equal to the deflection of a uni- 
formly loaded plate simply supported along the edge (see Eq. 
{ 68)1 

Another example of the same kind is shown in Fig. Ill- A 
uniformly loaded circular plate is simply supported along the 



Flo in 



Fio. 112. 


edge and rests at the center upon an absolutely rigid foundation. 
Again the ring-shaped portion of the plate with outer radius o 
and inner radius 6 can be treated as a uniformly loaded plate, 
and solution (a) can be used. The ratio 6/a depends on the 
deflection S and the intensity of the load g. 

66. EllipUcal Plates. Vniformlj; LoaAetl Elliptical Plate with <» 
Clamped Edge — Taking the coordinates as shown in Fig. 112, 
the equation of the boundary of the plate is 

o* e* 

The differential equation 

AAw = J (6) 

and the boundarj' conditions for the clamped edges, i e., 

tc =s 0 and ^ 0, W 

are satisfied by taking for the deflection w the expression* 

* This solution and the solution for a uniformly varying load 9 are obtained 
by O. H. Bryan; see A. E. K Love's book, “Theory of Elasticity,” 4th ed 

p. 4S4. The case of an elliptiealplato of variable thickness is discussed by 

O. Olsson, /nffi-nieur-ArcAiP, voL 9, p 108, 1938. 
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id) 


It is noted that this expression and its first derivatives with 
respect to x and y vanish at the boundarj- by virtue of Eq (a) 
Substituting expression (d) in Eq (6), we see that the equation 
is also satisfied provided 


tCfl 


Q 



(1G7) 


Thus, since expression (d) satisfies Eq (b) and the boundarj 
conditions, it represents the rigorous solution for a uiuformlj’’ 
loaded elliptical plate xvith a clamped edge. Substituting 
* **■ 1 / = 0 in expression (d), nc find that as given bj' Eq. 
(167), is the deflection of the plate at the center If o * b, wo 
obtain for the deflection the value previously derived for a 
clamped circular plate (Eq (62), page COJ. If as* ae, the 
deflection tr« becomes equal to the deflection of a uniformly 
loaded strip with clamped ends and having the span 2b. 

The bending and twisting moments are obtained by 8ul> 
Btitiiting expression (d) in Eqs. (99) and (100). In this way 
wo find 




a*tc . d'w\ 
'dyW ' 


r-fSi* . y* I 
ir*Z)) + -,-n ~ -» 


For the center of the plate and for the ends of the liorirontal axis 
we obtain, respectively, 


+^) and 

(/) 

Similarly, for the moments M* at the center and at the ends of tho 
vertical axis we find, respectively, 

4!roBQ, + and (.U,)^,-* - is) 

It is seen that (he maximum bending stress Is obtained at (he 
ends of the shorter principal axis of the ellip^. Ilnving tho 
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raonjrnts M„ Mr and M„, the* valww of the landing moment 
Mn and the twisting moment .V,i at any point on the boundary 
arc obtained from Kqs (c) (Art. 22, p.agD 94) l>y sulrttitiiting 
in these cquiitiona 


, = J'£ . 

Va V + 




(A) 

The Rheanng forcM (J, and Q, at any point are obtained by sub- 
fitituting expression (d) m Kqs (102) and (103). Atthcboiindary 
the shearing force <3. h obtained from Eq. (d) (Art. 22, page 91), 
and the n’aetion 1’, from Kq (p) of the same article. In this 
manner we find that the intensity of the reaction is a maximum 
at the ends of the minor axis of the ellipe and tliat its absolute 
value ia 

The smallest absolute value of T, w at the ends of the major 
axis of the ellipse where 

aM B 4- 5b*)7 (j) 

^ 3rt* + 36‘ + 2o»6» 

For a circle, o »» b, and we find tr.t * *“ (lo/2. 

EUtptieal I’lali tfi/fc n Chmptd on«f Rent fry o Uniformly Yorytng 
Pressure — AMuming that q « q^, irt find that Kq. (h) and the boundary 
conditions (c) are satisfied by taking 


■ (‘-g-ff 


From this expression the bending moments and the reactions at theliound.sr}' 
can be catcuiated as in the previous case 

Uni/ormli/ Landed ElUpheal Plate vtA Simply Supported Edge— Yho 
solution for this ease is tnorcrompbeated than in the case of clamped edges:^ 
therefore we give here only some final numencal results Assuming that 
o/6 > 1, we represent the defiection and the bending moments at the center 
by the formulas 

31, = .V, = fi,qb\ 

‘SeeB.G CalerUn, Z. angeto. J/afA J/«A , yol 3, p 113,1923 


(t) 
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Tho values of tho constant factors a, fi and fli for various values of the 
ratio a/b and [or f ^ 03 ate given in Table 3S 


Table 38 — Factors a, p, p, jv rosuri^ia [1) foh Umtoilmly Loaded av» 

SiMPLT SorPORTEb ELLIPTICAL PlATES 

r - 03 


a/b ; 

‘l I 

III, 

I.t 1 

11.2 

1 1 3 j 

1 4 1 

( S 

j 2 ' 3 ' 4 ! 5 ' 

i . 

^ = , 
Pi - 

0 70 j 

0 20cl 
0 206 

|o 83 
'O 215 
0.233j 

0.06 1 07 
'o SIDO 223 
'O 261 0 2S2] 

1.17 1 

0 223 
0 303 

1 26 1 
0 222 
0 321 

jl 5$ 1 88 2 02 I2 10 

0 2)o'o jss'o isifo m' 

0 379 0 433]0 465[o 480 

2 28 
0-150 
0 500 


Comparison of these numerical values with those previously obtained for 
rectanBular plates (Table S, page 133) shows that for equal values of the 
ratio of the sides of rectanBular plates and the ratio a/b of the eemi-axes 
of clbptical plates the values of the deflections and the moments at the 
center in the two kinds of plate do not differ appreciably The ease of a 
plate having the form of half an ellipse liounded 
by the trauaverao axis has also licen discussed.' 

67. Triangular Plates. E^utlaicral 
TriangulaT Plate Simply Supparlal alike 
Edget . — The bending of such a triangular 
plate by moments uniformly dis- 
tributed Along the boundary has alre-ady 
been discussed (see page 102). It was 
shown that m such a ease the deflection surface of the plate is tho 
same as that of a uniformly stretched and uni/omiJy loaded 
membrane and is represented by the equation 



ii> = + S'*) + (o) 

in which o denotes the hciglit of the triangle, and the coordmafe 
axes are taken as shown in Fig 113. 

In the ease of a uniformly loaded plate the deflection surface 
is* 

- '')■ 
(169) 

, ‘ Galerkiv, R G , .VeMmger jt/otfc, voL 62, p 09,1923 
• The problem of bending of » plate having the form of an equilateral 
tnangle was solvet! by S Woinowsl^-Kncger. /n^ieirr-vlreAic. vol. 4, 
p. 254. 1933, 
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By differentiation we find 

It may be seen from (169) and (b) that the deflection and the bend- 
ing moment at the boundary vanish, since the expression in the 
brackets is zero at the boundary. Further 
differentiation gives 

AAw = ~ (c) 

Hence the differential equation of the deflec- 
tion surface is also satisfied, and expression 
(169) represents the solution of the problem. 
Having the expression for deflections, the 
expressions for the bending moments and 
*• the shearing forces can be readily obtained. 
The maximum bending moment occurs on the 
lines bisecting the angles of the triangle. Con- 
«idcring the points along the jc-aris and taking 
» « 0 3, wo find 
(3/,).«. «* 0 0248^0*, at i - -0.062o;') ^-qv 

» 0.0259?o*, at a: - 0.129a. / ^ 

At the center of the plate 

Jf. - M, - (1 + (HI) 

The ca.«c of a concentrated force acting on the plate can be 
solved by using the melhod of tmages (see page 174). Let us take 
a case in which the point of application of the load Is at the center 
A of the plate (Fig. 114). Considering the plate, shown in the 
figure by the heavy lines, as a portion of an infinitely long 
rectangular plate of width a, WX5 apply the fictitious loads P 
with alternating higm? as shown in the figure. The nodal lines 
of the deflection surface, produced by such loading, evidently 
ilividc the infinitely long plate into equilateral triangles each 
of which is in exactly the same condition as the given plate. 
Tims our problem is reduced to that of bending of an infinitely 
long rectangular plate loaded by the two rows of equidistant 



Fli. 114 
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Joacb +i* and —P. ICnowing the solution for one concentrated 
force (see Art. 31) and using the method of superposition, the 
deflection at point A and the stresses near that point can he 
readily calculated, since the effect of the fictitious forec-' on 
bending decreases rapidly as th«r dhlance from point .1 increa'cs 
In this manner ive find the deflection at J 

Pa* 

tc, = 0.0057lt^ (172) 

The bending moments at a small distance c from /I are given by 
the expressions 


= V'’] 


(J73) 


Since for a simply supported and centrally lo.sded circular pinto 
of radius a« the radial and the tangential moments at a distance 
c from the center are, respectively {«ee page 74), 


and 


it can be concluded that the first term-s on the right side of 
Eqa. (173) are identical with the logarithmical terms for a 
circular plate with a mdiiis 

a, _ ft) 

Hence the local stres-ses near the 
point of application of the load can 
be calculated by using the thick- 
plate theoiy developed for circular 
plates (see Art. 19). 

Plait in the Form of an Itoicdet 
Triangle unlK Simply Supported Edges— SacK & plate may be considered 
as one-balf of a square plate, as falcated in Fig 115 by dotted lines, 
and the methods previously developed for rectangular plates can be 
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tipiilicil ‘ !f B loi'l r w np|ili<^l at a point A witli coonlinfttr* f, i| lKi(? 
115), no fisi»umf“ ft r)cliliou'< lovi — i’appliMtal wliirh U tlip imner of 
the p-iint A with respect to the line BC. Tlie«* two loa<U rtirlentty pro- 
«Uifp a deflection of the Bctutro plate stieh that Iho diBEonal HC Ixwmea B 
nodal line Thus the portion OltV of the plate H in exactly the 

Mnie condition as a aiiiiply *iip)mrle«] tnanEular ptale OBC. Considering 
the load +/' and using the NaM<>r oolution for a Mptare plate (page 122), we 
olitam the defle-ctum 


In the 8 
t and 0 





lame inanncf, oinsidenng the hia.l — /* and taking 
— f instead of n, we obtain 


1 


(/) 


y instead of 




o a nry , . 

Ttie eompletc deflection of the triangular plate is oldained by atunmmg tip 
expnsHioos CO end (;); i t , 


le - tfi + ic^ (*) 

To obtain the ilcflection of the triangular plate ptmlueed by a uniformly 
dutribiited load of intensity q. we aulMtitute g iff dii for /* and integrate 
expression Ih) over the area of the tnsngle OHC. In this manner xre obtain 



2 2 



io(b* - 4.n‘)« 



n(m’ - + n‘>' 


(•) 


This is a rapidly consTrging ernes and can be used to calculate the deflection 
and the J>ending moments at any point in the pUte Taking the axa of 
symmclrj- of the triangle in Fig 115 as the ZfBxis and repre‘*enting the 
deflections and the moments ,1/.^ and .1/,^ aking this axis by the formulas 


“Eh* 


M,, - 01 


the values of the niunerieal factors a, 0 and 0i arc as gis en in Figs. 1 16 and 
117. By coropanng these reaulU with thrae gix-cn m Table 5 tor a uni- 
•This method of solution was pven by A Nadai, "Flastische Flatten,” 
p. 178, 1925. Another way of handling tlie same problem was given by 
R G. Galerkin, BuU. acad $ei <fe ftossi' p. 223, 1910: and Bull. Polyttch. 
/rMt,voL28, p. 1, St. Petersburg, 1919. 
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formly loaded square plate, it fan l»e concludes! that for the same value of a 
the ruaximuni Iwnding moment for a triangular plate is somewhat less than 
half the tnaximura bending moment for a square plate 


aooso 
aoioo 

no. iifl. 



To simplify the calculation of the deflections and moments the double 
senes (i) can be transfonned to simple senes ‘ For this purpo'C ire use the 




‘ Thu transformation was coromunicated to the writer by J. V. Uspeaslty. 
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which can be represented in the following form 

l7-(i) ■= (o« + eosh me + (t- + «-) Binh mx - (1) 

Considering no\i the senea 


we obtain 


2 


(n» + - w’) 




dr. 

dx 



d«r. 

di» 



(bi) 


{") 


Cf) 


By integrating Eki (o) w« find 

!'■ " d. cos vix + sin Bu + ^ J' sin tn(t — (p) 

— —"id. am ni* + mif. cos mx — J' cos wt{( — *)di. (d 
The eonalanu Am and B. can be determuied from the conditions 


•» 0 and r.toj - r.(r) W 

which follow from eenes (») and (w) With these values of the constants 
expression (jl gives the euni of senes (n) which reduces the double series in 
expression (i) to a sirople senes. 


(t: 
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BENDING OF PLATES UNDER THE COMBINED ACTION 
OF LATERAL LOADS AND FORCES IN THE MIDDLE 
PLANE OP THE PLATE 


68. Differential Equation of the Deflection Surface. — In our 
previous dLscu‘;5ion it has always been assumed that the plate 
is bent by lateral loads only. If in addition to lateral loads there 
are forces acting in the middle plane of the plate, these latter 
forces may have a considerable effect 
on the bending of the plate and must i 
be considered in deriving the coito>- I 
ponding differential equation of the ■ 
deflection surface. Proceeding a.5 in 
the case of lateral loading (see Art. 

21, page85),^^econsidertheequilib- < 
rium of a small element cut from the j 
plate by two pairs of planes parallel j 
to the zi- and yr-coordinate planes 
(Fig. 118). In addition to the forces , 
discussed in Art. 21 we now have 
forces acting in the middle plane of 
the plate. We denote the magnitude 
of these forces per unit length by 
N't, Nf and N„ — Ny„ as shown in 

the figure. Projecting these forces on the x- and y-axes and 
assuming that there are nobody forces or tangential forces acting 
in those direciions at the faces of the plate, we obtain the follow- 
ing equations of equilibrium: 

aNt, 


j«x; 

h-U 

1 1 

1 ! <“> 


Lpv 

n 

TC 

1 




(b) 


aNt , o 


? = 0 , 
• = 0 . 


(174) 


These equations are entirely independent of the three equations 
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o! eqitilibrium considered in Art 31 and can be treated separately, 
as will be showii in Art 60 

In considering Ibe projection of the forces sliown in Fig. 118 
on the z-axis, wc must take into account the bending of the plate 
and the resulting small angles between the forces Ni and N, that 
act on the opposite sides of the dement As a result of this bend- 
ing the projection of the normal forces Nx on the z-axis gives 

After simplification, if the small quantities of higher than the 
second order are neglected, this projection becomes 

,, , . dN.duf, , f„\ 


In the same way the projection of the normal forces on tlie 
z-axis gives 

,, d^iDj . , dNf Swj , /«,\ 

Regarding the projection of the shearing forces Nn on tlie z-axis, 
we observe that the slope of the deflection surface in the y-direc- 
Uon on the two opposite sides of the element is dw/dy and 
{dw/dy) + (d^w/dzdy)dx Hence the projection of the shearing 
forces on the z-axis is equal to 


- 3’U7 j j , dNx, dWj j 


An analogous expression can be obtained for the projection of 
the sheanng forces N,, =» on the z-axh. The final expression 
for the projection of all the shearing forces on the z-axis then can 
be written aa 




(c) 


Adding expression.s {a), (b) and (c) to the load ^ dx dy acting on 
the element and using Eqs (174), we obtain, instead of Eq. 
{ 9 ) (page 87), the following equation of equilibrium: 




anix 

dx By By* 


= -(j+ff. 


’dx* 


+ N, 


’By* 


+ 2N. 


"Bx By/ 
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Substituting expressions (99) and (100) for M„ *1/, and Mr, 
obtain 

.1. V 4- V 

flj/’ dy* DX^ *flx* ’'Oy^ 


d*w „ d*lD 3*u> 


"tij Oy/ 


This equation should be u«cc! instead of Cq (101) in clctormtninK 
the deflection of a plate if in addition to lateral load-' there 
are forces in the middle plane of the plate 

It there arc Lo<ly torcca* acting in the mnWle plane of the plate or tan- 
gential forces distributed over the nurfnces of the plate, ibe ililTtrcritial 
equations of equihbnnm of the ciciuoiit slw'* n m 1 tg 1 tS licoomc 


ONr 

di 

J.V.. 

3t 


”•1 

o' 


(170) 


Here X an.l Y denote the tao eoropononta of the 1-o.ly forers or of the 
tangentist forces per unit area of tho midille plane of the iiLsle 
Using Uqs. (ITfl), instead of IV (l7t),«eoWfliii the folio* mg dilTerentinl 
equation’ for tho deflection surface: 


!l*u d*ir 

its* Sy* 




:»V 


'd!,’ '»t3y 

(177) 

9t 9y/ 


1 Viat'on (173) or I>| (177) twthcr «filb tho rondilions at the WimUrj- 
(*■0 Xrt 22, page 63) definf«» the deflection of a piste loailH laterally ami 
submillcd to the action of forcoa in the middle plane of the plate 

69. Rectangular Plate with Simply Supported Edges under 
the Combined Action of Uniform Lateral Load and Unifora 
Tension.— AvuniP that tl»o plate ia imdcr uniform Ioiimoii in the 
J-<liroclio». as pl.onn m Fig- 119. Tho uniform lateral ond V 
c.an lie repreMvnted by the trigonometric K-ni-t ('^ page lli>) 
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2 2 


nry 
b ’ 


Eqtiation (175) thus beoomc?s 


9*u' I 2 3'io d*w Ni d*tD 
dx* 32* dy* dy* D dx* 


(a) 


'S? 

Dt* 

"-13A 


2 


0 


This oquation and the boundary eouditions at (he simply sup- 
ported edges ivill be satisfied if we take the deflection w in the 
form of the scries 




Substituting this senes in Eq. (6), we find the following values 



bothare e\ en numbers. Hence the deflection surfaceof the plate is 


16g 

' t‘D 


2 2 




Comparing this ve^uit with solution (122) (page 118), we conclude 
from the presence of (he term Da* in the brackets of 

the denominator that the deflection of the plate is somewhat 
diminished by the action of the tensile forces N,. This is as 
would be expected. 
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If, instead of tension, we haw compression, the force iV, 
becomes negative, and the deflections (a) become largei than 
those of the plate bent by lateral load only. It may aho be '>oon 
in this case that at certain values of the compressive force Nx 
the denominator of one of the terms in serias (e) mav vanish 
This indicates that at such values of A'', the plate ma) buckle 
laterally without any lateral loading. This phenomenon of 
elastic instability will be discussed later 
60. Application of the Energy Method.— The energy method, 
which was preWousIy used in discus.sing bending of plates by 
lateral loading (see Art. 28, page 120), can also be apphed to 
the cases in which the lateral load is combined with forces acting 
in the middle plane of the plate. To establish the e'cpression 
for the strain energy corresponding to the latter forces let us 
assume that these forces arc applied flrst to the unbent plate 
In this way wo obtain a two-dimensional problem which can 
be treated by the methods of the Ihcory of elasticity ' ^kssuming 
that this problem is solved and that the force"* Nt, Ng and N',y 
are known at each point of tho plate, the components of strain 
of the middle plane of the plate are obtained from the known 
formulas representing Hooke’s law, vtt , 






(«) 


The strain cnerg>', due to stretching of the middle plane of the 
plate, is then 

I'l = iff(N,e, -1- + N„y^)dxdy 

- J [iv; + A-; - 2 .Arjy, + 2(1 + .)«,]* dv, (vs) 

W’hcre the integration is extended over the entire plate. 

Lctusnowapplythelateralload. ThisloadwiU cn 
and produce additional strain of the middle plane, n ou 
vious discussion of bending of plates, this latter strain • 

neBlected. Here, hoover, ,.eh..o to teke it .oto »» f 
siaco this small strain in combination with >c sonic 

n., N,, N„ may add to the cypteeeioo tor .Ir.m eoeriiy mme 

’ 8ee, for example, author's "Tbeoiy of ^ 
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terms of llie same orilrr as tb<* Mniin rjicro' of bending. The 
X-, ?/' and 2 -compononts of the pinall displacement that a point in 
the middle plane of the plate expenciiccs durinR bending will lie 
denotcJ by u, v nnd »c, respoctivolj'. Con'>idering a linear clo- 
^ ment ti[{ of that plane in the 

0 ifl r-dlreeti«n, it may be pecri from Fig. 

120 that the elongation of the ele- 
ment due to the displacement u is 
4‘qual to (flK/3r)f/x. The elonga- 
tion of the same element due to the 
displacement w is \{B\ef0xy dx, n-s 
may be seen from the comparison of 
the length of the element A,B, in Fig. 120 with the length of its 
projection nii the i»axis Tims the total unit elongation in the 
r-direction of an element taken in the middle plane of the plate is 



Similarly the strain in the jKhrection is 

Considering now the shearing strain in the middle plane due 
to bending, we conrhtde as liefore (see Fig. 23) that tho shearing 



0 dK A 



strain due to tho displacements « and v is (du/dy) -|- {ai>/3r). 
To determine the shcani^ strain due to the displacement to we 
take two infinitely small linear elements OA and OB in the X- 
and y-directions, as shown in Fig. 121. Because of displacements 
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in the z-direction these dements come to the positions OiAi 
and OiBi. The difference between the angle t/2 and the angle 
AiOiBi is the shearing strain corresponding to the displacement 
w. To determine this difference we consider the right angle 
BiOiAi, in which ^sOi is parallel to BO. Rotating the plane 
B^iAi with respect to Oii4i by the angle dwldy, we bring the 
plane BjOiAi into coincidence with the plane and the 

point Bi to position C. The displacement BtC is equal to 
(Sw/dyjdi/ and is indined to the vertical BiBi by the angle 
dw/dx. Hence BiC is equal to {dw/dx){dw/d!/)dy, and the angle 
COiBi, which represents the shearing strain corresponding to 
the displacement u>, is (dto/dx)(,dw/dy). Adding this sheanng 
strain to the strain produced by the displacements u and v, 
we obtain 


^ ^ dw dw 

dy'^’dx'*' dx dy' 


(181) 


Formulas (179), (180) and (181) represent the components of tho 
additional strain in the middle plane of the plate due to small 
deflections. Considering them as very small in companson 
ivith the components *„ and used in the derivation of 
expression (178), we can assume that the forces N„ Ng, Af*, 
remain unchanged during bending With this assumption tho 
additional strain energy of the plate, due to the strain produced 
in the middle plane by bending, is 


V* “ + IfMdr dy. 

Substituting expressions (179), (180) and (181) for i'„ 4 ^nd 
y'n’ finally obtain 


It can be shown, by integration by parts, that the first integral 
on the right-hand side of expression (182) is equal to the work 
done during bending by the forces acting in the middle plane of 
tie piate. Taking', lor e.xampie, a rrctaiigular plate waf i 
’ The angles Ihp/Oy and Otr/Sx corrcsponil to sm*'! deflections of tin. plato 
and are regarded as small quantities. 
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till* coonhnntc axc^ dm-clwl, iw khoxs-n in Kir 119, x\c obiain 
for Ihc first term of the inteRta! 


■'" ■ XW"" - XX”'^' 


J’roeersimj; in the name manner with the other terms of the first 
inteRnil in exjm~«.-ion (iR2). we fiimlh' find 




The firvt intcKml on the riRlit-haml fide of this expression is 
esnlontly equal to the work done dunntt liendmR by the forces 
npiilnsj at the edges r * 0 and / «> o of the plate. Similarly 
the second integral m equal to the nork done by tho forces applied 
at the edges y - 0 and y = t The last two integrals, by virtue 
of Eqs (170), are equal to the work done during bending by 
the Ixxly forces acting in (he middle plane Thens integrals 
each vanWi in the al>«cnee of s«rh eorre-ponding forces. 

Adding exprci*sioiis (178) and (182) to the enerjo' of bending 
[sec Ilq. (Ill), page 95), we obtain the total strain energy of a 
Iient plato under the combine*! action of lateral loadj and forces 
acting in the middle plane of the plate Tills strain energy is 
equal to the work T, done by the lateral load dunng bentling of 
the plate piii« the work r» done by the forces acting in the 
middle plane of the jdate Obserx-ing that this latter work b 
equal to the strain energj’ T, plus the strain energy represented 
by the first integral of expre^ion (182), we conclude that the 
v\ork produced by the lateral forces is 




Applying the principle of virtual displacement, wc now give a 
xariation 8u) to the deflection w and obtain, from Eq. (183), 
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+§*//{(& + ?)■ - ^ G-^)’]} 

dzdy (184) 

The leTfc side in this equation represents the work done during 
the virtual displacement by the lateral load, and the right side 
is the corresponding change in the strain energy of the plate 
The application of this equation wall be illustrated by several 
examples in the next article. 

61. Simply Supported Rectangular Plates under the Combined 
Action of Lateral Loads and of Forces in the Middle Plane of the 
Plate. — ^Let us begin with the ca.se of a rectangular plate uni- 
formly stretched in the i-direction (Fig 119) and carrjmg a 
concentrated load P at a point with coordinates { and ij- The 
general expression for the deflection that satisfies the boundary 
conditions is 


«j- 2 2 <«) 

K-ita 


To obtain the coefficients In this senos we use the general 
equation (184). Since N, - N„ “ 0 in our case, the first 
integral on the right side of Eq (183), after substitution of 
series (a) for w, is 




The strain energj' of Iwnding representing the second integral 
in Eq. (183) is [sec Eq. (124), jiage 121J 

To obtain a wrtual deflection iw we give to a coefficient a,,., 
an increase A 7 «,„. The ronwponding deflection of the plate is 



30S Tinmr of plates asi> suf.lls 


Tlu- wur); doin' diinnR Ih'w \irtiial by tlio lateral 

load P i- 


/'Art*,,, 


t iim 

b 


{'0 


The corrcspondmj; ehantje in the strain rnerRj’ conM«ts of the 
two term'* which are 



Suhstitiitins cvpfpsMOtis (4) and (r) in nq. (1S4), we obtain 


r». "liirt . fiinj rt6,, 

PArt->., sin — ' f*in 


from whicli 


^/’Mn - 




CO 


Substituting these \ahM's of the coefficients n*,„ in cxprc'.Mon 
(a), we find the tlcflection of the plate to lx: 




wiW, 

r»a»/J 


If, instead of the tensile forces itf„ there are compressive forces 
of the s.imc magnitude, the dcdoction of the plate is obtained 
by substituting — iV, in place of in expression (ff). This sub- 
stitution gives 
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The smallest value of A’, at irhich the denominator of one of 
the terms in expression (A) becomes equal to zero is the cnhcal 
lalue of the compressive force W, It is csident that this critical 
value is obtained by taking n = 1. Hence 


m.. = 


jW/m* J. Y __ ^Y 

m* \o* 6*/ 6’ \ a mb) ’ 


(285) 


where m must be chosen so as to make expression (285) a mini- 
mum Plotting the factor 



against the ratio a/6, for various integral values of m, we obtain 
a system of curves shown in Fig 122. The portions of tho 
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curx'ea that must be used in determiiuDg k are indicated by heavy 
lines. It is seen that the factor k is equal to 4 for a square plate 
B.S well as for any plate that can be subdivided into an integral 
number of squares with the ride h. ' It can aNo be seen that for 
Jong plates k remains praclicaljy^constant at a value of 4.' 

I A more detailed discussion of thb problem is given in the author’s 
“Theory of Elastic Stability," p 327, 
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By u«ing the deflection (g) produced by one concentrated load, 
the deflection produced by any lateral load can be obtained 
by superposition. Assuming, for example, that the plate is uni- 
formly loaded by a load of inteaMty q, wc substitute q d^dq forP 
in expression (9) and integrate the expression over the entire 
area of the plate. In this \vay we obtain the same expression for 
the deflection of the plate under uniform load as has already 
been derived in another manner (see page 302). 

If the plate laterally loaded by the force P is compressed in 
the middle plane by uniformly distributed forces iV, and Ny, 
proceeding as Ijefore ivo obtain 




nvy 
f' k • 

0 




The critical value of the forces N, and Ny is obtained from 
tho condition' 


rn^.)„ . nHX,).r . n»Y 

»‘a«D tVO Va*"**!**^' 


O') 


where jn and n are chosen so as to make N, and Ny a minimum 
for any given value of the ratio Nt: Ny In the ca«o of a square 
plate submitted to the action of a iiniform pressure in the middle 
plane we have o » 6 and iV, = iV, * p Equation (j) then gives 


(fe) 


Tile critical value of p is obtained by taking m = n = I, which 
gives 




2»*D 


(186) 


In the case of a plate in the form of an isosceles right triangle 
with simply supported edges (Fig 115) the deflection surface of 
the buckled plate which satisfies al] the boundary conditions is* 

‘A completddiwussion of this problem is given tn the author’s “Theory of 
■Elaatio Stability,” p 333 

• This IS the form of natiirat vibratioa of a square plate having a diagonal 
as a nodal line 
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f . Tti , 2wy , 2rx . in/\ 

p = al sin — ■ 8 U 1 — ’ + «in — sin )■ 
\ a a a a/ 


Thus the critical value of the compressive stress is obtained by 
substituting »i = I, n = 2orwt = 2, n=I into expression 
(k). This gives 


Ptr 


a* 


(187) 


62. Methods of Calculation of Critical Forces. — It was indi- 
cated in the previous article that al certain values of the forces 
acting in the middle plane of a plate a lateral buckling of the 
plate may occur. A knowledge of such cntical values of the 
forces is of a great practical importance in the design of thin- 
walled structures. For this reason various methods of calculat- 
ing these values tv-ill now bo di«cuased. 

We can proceed, a.s was done in the previous article, by finding 
a general expression for the deflection produced by the combined 
action of the lateral load and the forces acting m the middle 
plane of the plate and then determining the values of the forces 
acting in the middle plane at which the deflection increases 
indefinitely. The smallest of <he«c values is then the critical 
force. 

Another method of calculating the critical forces is to assume 
that the plate buckles slightly under the action of the forces 
applied in its middle plane and then to calculate the magnitudes 
that the forces must have in order to keep the plate in such a 
slightly buckled form The diffcrenlial equation of the deflec- 
tion ‘surface in this case is obtained from Eq (175) or (177) by 
putting s? = 0, ie, by assuming that there is no lateral load 
If there are no body forces acting in the middle plane, the 
equation for the buckled plate then becomes 


d*W , n 5'lP 
dx* “^dx^ dy* 


’-hi-- 






(188) 


The simplest case is obtained when the forces A', and 
arc constant throughout the plate. If wc assume that there are 
given ratios lietween these forces as expressed by 
A\ = a.V, and A’'^ = pN, 



312 


Tliwnr OF FLATRS AUD SHELLS 


and solve Eq (188) for the piven boundary conditions, «e shall 
find that the as-«uincd bucklins of the plate is jmssible only for 
certain definite values of AV The (•mallest of these values ib 
the desired critieal value. 

If the forces A’„ A’, and A’^ arc not constant, tlic prohlcm 
b<'comes more complicabd, .••ince Eq. (ISS) then lias variahle 
coeflicieuta. The geiicrnl conclusion remains the 8.nme, lio^'cvcr. 
In such cases we can a-ssumc that the cxpn-wions for the forces 
A'„ Nf and A'„ have a common factor y, such that a praduai 
increase of loading is obtained by an incre.a«o of this factor. 
From the di^cus-Mon of Eq. (188) together with the given bound- 
ary conditions, it will be conclude<l that curved forms of cquilil>- 
rium are possible only for ecrlnm values of the factor y and that 
the smallest of thc'c values defines the critical loading. 

The energy method also con be used in invotigating the 
buckling of plates.* This method is e«jK'cially useful in thow* 
ca^es where a rigorous solution of Eq. (188) is unknowm and 
where it is required to find .sn approximate value of the critical 
load. In appijing this methotl wc as.'<uino that the plate, which 
is stressed only by forces acting in its middle plane, undergoes 
some small lateral dedeclion u’ cou«i«tcut with the given boundary 
conditions Then, using Eq (183) and observing that there is no 
lateral load in this case, wc obtain 

The critical value of the forces acting in tiie middle plane of the 
plate is the smallest of the values at winch Eq. (ISO) is satisfied. 
In determining this critical value we assume that, m general, the 
forces Nt, A'y and are represented by certain functions of s 
and y having a common factor y so lliat 

A^» — yA”, A*, = yA”, 

‘This method was first used l>y G H IU>an, /Voc London Malh. Soc , 
vol 22, p 54; see al*^ author’s book “Theory of Klastic Stability,’’ 1030; 
aod II Heissner’s paper .rnjirtB Malh JTecA., vol 5, p 475,1925 
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A simultaiieoiis increase of these forces is obtained by making t 
inorca&e. From Eq. (189) we then obtain 


y “ 




(190) 


To determine the critical value of if it U ncccs-sary to find, in 
each particular ca^-c, an expression for tr that natisfics tlic given 
lioimdary conditions and makes expression (190) a minimum. 
This requires that the first variation of the fraction (190) van- 
ish. If the numerator of expression (IDO) is denoted by h, 
the denominator by /«, the first vanalion of this csprc«.>>ion Is 


It Six - /■ Sit 

iy j, 


Observing that -y ** l\/It, this variation, when equated to aero, 
gives 

- y >U) - 0. (M 


By calculating (he indicated variafions and Assuming that tlicro 
are no body forces in tlie middle plane of the plate, t r., that 
l>)s. (174) hold, wc .again obtain Ilq (ISS). Thus the energy 
method brings as in this way to the integration of the same 
equation, a.s h.As already lieen discus.-od. 

For an approximate calculation of the critical values of the 
forces N,, A', and A’„ wc assume the delicction w to Iw in the 
form of a ccries 
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proceeding as in the derivation of Eq Q>) above, we obtain the 
following equations. 


dli dit 
^ 

da* "*^dos 


'“i 

= 0; 


(191) 


It can be seen from expressjon (190) that the expressions for h 
and J* are homogeneous functions of the second degree in terms 
of Oi, a*, . . Hence Eqs (19!) represent a sy.stcm of homo- 
geneous linear equations in n,, m, . . . Such equations may 

yield for oj, o,, . . . solutions different from zero only if the 
determinant of these equations is zero Putting this determi- 
nant equal to zero, an equation for determining the critical 
value of Y n-ill be obtamed This method of approximate cal- 
culation of tho critical values of the forces acting in the irdddle 
plane of a plate uill he Illustrated by examples in Art. 64. 

63. Buckling of Uaifonnly Compressed Rectangular Plates 
Simply Supported along Two Opposite Sides Perpendicular to the 
Direction of Compression and Having Various Edge Conditions 
along the Other Two Sides. — In the discussion of this problem 


method of integration of the 
differential equation for the de- 
flected plate can be used.* In 
applying the method of integra- 
tion we u'm Eq. (188). For the 
cose of uniform compression along 
the z-axis (see Fig. 123), if JV, is 



1* ■' ~ ' ‘iNtl*- 

n 

1 





Fw.. 123. 

considered as positive for compression, this equation becomes 

d*ui , g JV, ^ 

dz* dz* dy> 6y‘ ~ 'V dz* ' 


Assuming that under the action of the compressive force.s the 
plate buckles in v\ sinusoidal waves, we take the solution of 
Eq. (a) ill the form 

• The method of intescralion wasusedby the writer in the paper published 
in the Ball. Polyfec^ In»t , Kiev, 1007; *ee »lio Z. Math Phyaik, vol 58, 
p 313, tOlO Tho use of the encray method was shown in the paper pub- 
lished in Ann. ponlt chauttlre, vol 4, j>. 372, 1913 
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in Avliich F is a function f{y) ^hicli is to be determined later 
Expression (6) satisfies the boundarj"^ conditions along the sup- 
ported sides 1 = 0 and i = o of the plate, since 


tc = 0 and 


, 5*u) 


for * = 0 and x = a Substituting (fr) into Eq (a), we obtain 
the following ordinary differential equation for determining the 
function Y — J(y): 


2mVj,„ . An«T* 
a* \ 


Xufing that because of some constraints along the sides 
and y = 6 we always have 


V ^ a» ’ 


0 


and introducing tho notations 



id) 


the general solution of Eq (c) can be represented in the following 
form: 

Y = Cie~*’ + Cte“* + Cj cos Py -f C« sm (c) 

The constants of integration in this solution must be determined 
in each particular case from the conditions of constraint along 
the sides y = 0 and y — b. Several particular cases of con- 
straint along these sides will now be discussed. 

Side y = 0 Is Simply Supported; Side y = 6 is Free . — rroin 
these conditions it follows [see Eqs. (107), (lOS)] that 


tc = 0, 
d^W , d*W n 

aJs + 'S?”"' 


L ro \ _ n 


y = o, 
for 


w 

y = b. 

is) 



316 


TUEOItY OF PLATES AKD SHELLS 


The boundary conditions {f) will be satisfied if, in the general 
solution (e), we take 

Cl = -C, and C, = 0. 

The function Y can then be written in the form 
Y = A 6inh ay + B sin 0y, 

in which A and B arc constants From the boundary conditions 
{g), it lien follows that 

— (2 — 

- + (2 - i’)^] cm fb = 0, 

These equations can be satisfied by taking /I » B ■» 0. With 
these values the deflection at each point of the plate is zero, 
and we obtain the flat form of equilibrium of the plate. The 
buckled form of equilibniim of the plate becomes possible only 
if Eqa (ft) have a solution for d and B different from zero. This 
requires that the determinant of these equations should be zero; 


tanh nb = a(^* + tan ^6. (i) 

Since a and fi contain JY, [see notations (d)J, Eq. (O can be used 
for the calculation of the critical value of N, if the dimensions 
of the plate and the elastic constants of the material are known. 
These calculations show that the smallest value of is obtained 
by taking m = 1, if., by assuming that the buckled plate has 
only one half wave The ma^itude of the corresponding 
critical compressive stress can be represented by the formula 




(y.)c _ 

h 


(J) 


in which ft is a numerical factor depending upon the magnitude 
of the ratio a/l>. Several values of this factor, calculated from 
Eq. (0 for V — 0.25, are given in the second line of Table 39 
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Jwlow. For long plates it can l»c assumed with eufllcient 
accuracy that 

t = (o 456 + 


In the third line of Table 39 the entical stresses are given as cal- 
culated on the assumption that S = 30 10‘ Ih per square inch, 
v = ()25 and A/6 = 0 01. For any other maternal with a 
modulus Ei and any other value of tius ratio h/b the entical strevs 
is obtained by multiplying the numbers of the table by the factor 


Fi 

30 10’ 




Table 39. — Kcmerical Valoes or t is Ea 0) When Sioe y — 0 Is 
SlMFLT SCPrOBTLO aM» SlbC {T = 6 Is PttCE (Fio 123) 


8/4 j 

i0« 1 10 

1 12 1 11 ' 10 IS 20 2S 1 30 1 


80 

» 

1 40 'l 44o] 

' 1 ! 1 1 1 
1 1330 932,0 1330 7330 S930 610.0 664 

0 616 

0 506 

lb /n in 

|ti 000^3 rxv 

I 9n0|2.800j2 200H OSOjl.Nojl fiOOjl.480 

I.3C0 



Edge conditions similar to those ttasumed above arc realized 
in the ca.se of compression of an angle as shown in Fig 124. 
When the compressive 8trc«sc3, uniformly dis- 
tributed over the width of the sides of the angle, 
become equal to the critical stress as given by 
formula (J), the free longitudinal edges of the angle 
buckle, as shown in the figure, but the line AB 
remains straight. The edge conditions along the 
line AB are the same a.s along a simply supported 
edge. Experiments made with angles in compres- 
sion’ are in good agreement with the theory. In 
the case of comparatively short anglra buckling 
occurs, a.s shown in Fig. 124. For a long strut with 
such an angular cross section Euler’s critical com- 
pre!<.sive stress maj’ become smaller than thatgfv'en byformu]a (j), 
in which ease the stmt buckles like a comprcs.sed column. 



•See paper by F. J. Bridget, C. G Jeitane and A B. Vosscller, Trane. 
Am. Soe i/tch. Eng , p. 669, 1934. See »l«» paper by C. F. Kolibniimer, 
ZUrieh, 1935 
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Side y = 0 Is BuiU In, Side y - b Is Free {Fig. 123).— In 
this case the edge conditions for determining the constants in 
the general solution (e) are 


3Ho 

ey» 


for 


From the conditions (fc) it folloivs that 


y»0; 

0 for 


w 

v~t. 

(!) 


aC. + pc, 

25 


The function }' can then be represented in the form 

y - A(co.s &y — cosh ay) + B^sin | siuh 

Substituting this erprcssion in equations (0» "e obtain two 
homogeneous equations luiear in 4 and D. The critical value of 
the compressive stress is now determined by equating the dete> 
mlnant of these equations to sero. This gives 


2t« + (s* + f*) cos cosh ah 

= — P*s*) sin ph einh ah, 

aft 

where 


t = 0* + 


T7lV» 

a’ 


mht* 

a* 


(m) 


For a given value of the ratio o/6 and a given value of v the 
critical value of compressive stress can be calculated from the 
transcendental equation (m) and can be represented by Eq. (j)- 
Calculation,'? show that, for a comparatively short length a, the 
plate buckles in one half wave, and we must take in = I in our 
calculations. Several values of the numerical factor fc in Eq. 
(j) corresponding to various values of the ratio a/h are given 
in Table 40 (p. 319). 'fhe same values are also represented in 
Fig. 125 by the curv'o m = 1. It is seen that at the beginning 
the values of k decrease with an increase in the ratio a/b, the 
minimum value of k (fc = 1.328) bdng obtained for a/b = 1.635. 
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Beginning from this value, k increass mth the ratio a/b. Hav- 
ing the curve for m = 1, the curves for m = 2, m = 3, • • • 
can be constructed. By using such curves the number of half 
Waves in any particular case can readily be determined In 
the case of a eomparativelj'’ long plate we can, inth sufficient 
accuracy, take k = 1.328 in Hq (j). 


Table 40— NoreniCAL Yalues op 1 ix Eq (j) Wmex Sipe y »= 0 Is 
B ciLT 1\ AVD Sm>e y «» 6 Is Free (Fio 123) 

{» = 025) 


Xn the tlurd row of Table 40 the values of the critical stresses 
are given as calculated from Eq if), assuming E *= 30 10* lb. 


per square inch, p == 0.25 and h/b = 0.01. By using these 
figures the critical stresses for plates of any other proportions 
and any value of the modulus can easily be calculated. 

Sides y = 0 and y = b Are BuiU In.~ln this case the 
boundary conditions are 


Proceeding as in the previous cases, ve obtain the foJIowmg 
transcendental equation for the calculation of the critical value 
of the compression forces: 
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(cos pb — cosh ab)‘ 


= —^fin 


^ sinh ab^f^s'm pb 

+ 1 hinh «b^' 


The critical values o! the comprcsrive stress arc again gh’cii J»i' 
(j). ScA'cral values of the numencal factor i as calculated 
for various values of the ratio a/b are given jn Table 41. 


Table 41. — XuuERtCAL Values or 4 i\ 1a) (J) tVicEN Uqth Stoss y » 0 
AND y =• b Are Built Is 
(r -0 25) 


o/b j 0 4 

* i ^ 


! 1 

05 00 07 

7 60 I 7 05 I 7 00 


0 8 ' 0 0 ' 1 0 

7 29 j 7 S3 ‘ 7 69 


U is seen that the fmnllcst value of k 13 obtained when 

00 < r < 07 
b 

This indicates that in this ca.«c a long comi>res.«cd [flatp buckles 
in comparatively short wave^. The number of waves can be 
determined as before b^' plotting curves similar to thO'C shonu 
iu Hg. 125 

64. Buckling of Compressed Rectangular Plates with Built-in 
Edges. — In the follow ing di^cuscaion of the problem of buckling of 
a clamped rectangular plair tbi* energy method mil l» ijswl.* 
The coordinate a^es are taken «.■« ahowii m Fig 123, and it is 
awimcd that the shafie of the phste doc?, not differ appreciably 
from a square and that the forccN jV, and A’» arc uniformly 
dHtnbuted.* Wc can then expect that the deflection surface of 
the buckled plate is irpresentid sati-'factorily by the equation 

" ■ t(‘ - t)(' ' x)’ 
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which is seen to satisfy the boundary condition^ With this 
expression for deflections, the strain eiicrK.v of bending repre- 
sented by the second integral of (189) ts 


aVJD j/3 ,3 , 2 \ 

The first integral of the same equation is 






Substituting expressions (b) and (e) in Kq. (ISO), no obtain 
the following equation for calculating the critical values of the 
compressive forces A^, and A^,: 


(jr. + 2XX=fW(|+| + j|.) (,0 

In the particular ca«c of a square plat© sulimittod to the action 
of equal compression in two perpendicular directions a ~ h and 
A^« « Ng, we then obtain from Eq. (d) 

{S.)„ - 5.33r>5- (f) 


The i^olution by G I. Taylor, meiitmnwl above, give.s for this 


(A-.)„-5 31kr'5. if) 

If the plate is compressed in the i-<Urection only, wc obtain, 
by putting A', = 0 in I>q. (rf), (Af,)^ = I05(Z?/a*) 

It was shown in Art. 02 tint to determine the true taluc of the pritiral 
forces it is ncccasarj' lo find for tr a form that makes expression (IPO) a 
minimum. Uy assuminR for W an artiilrsry form saeh as that of fxj (a), 
we usually ohtain from expression (190) a salue (hat is larger than the 
minimum value of the same expiwe'ion Hence formula* (r) will give too 
large a value for At the*sn>e tiioeit ein f>e*Jicp«-n‘ thai Ihe Tuyinr 

method gives too anmli a value for the eriticnl l»a<l The true value of the 
critical load is thus somewhere between the values {») and (J) 
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To gPl ft better nrprojimiition for the critie^t force by using the energy 
method, It w nece-aary to tivke for if on eiprrssion with scieral parameters 
and determine these pammeters so as to midie rsjm Mion (ItX)) ft inmimum. 
Such calculations ha\c been maile* for the rajH" of ft plate uniformly com- 
pressed in the direction of the (Fig 123). 'Hie deflection surface 

was taken in the form 

tp ■■ aii4 itz)ei(it) + «ii*iWri(tf) + (?) 

for buckling III an rxbl numlier of waves nml in the form 

w - o,i\t,{*)vi(lf) + «*i/*(*)«'i(k) + Qiiif4(r)»'i{y) (A) ^ 

for buckling in an even number of «avr« The function-s >f{r) #n<| (sfy) in 
Iheic expreasiona arc funeliona rrpfrsenhng, rrspeetiicly, the normal modes 
of vibration of ft bar of length o and b el imped at both ends. For the 
(unction vfy) the form coimiponUing to the funilamcntal mode of vibration 
Is tifod in all eases For the (unction ^(x) higher mode* of vibration are 
also considered Siibstituling Mprr«i*ion (?) or etpressjon ih) w (IW)» 
nc obtain the eystem of linear e<)uations (Iflll and caleulsle the eritieai 
values of for various vntuce of a/b by selling the dctcrmlBant of thwo 
ffiufttiotis c<iual to tcro In this way «e obtain 

(x.u - <£. w 

where k )* a numerical factor Jrpiniling on the ratio a/b nf thetudeo of tho 
plate Several values of Ihu faeiur arc pven in Table 42 ' 

Tabu: 42 — Vatre* cr k iv hi| (»7 ron a /tECTivactAR Putre wrrH 



The results of calculation aro also represcoteil graphically in Fig. 120 
From this figure ne can ilclemine, m each particuhr cose, the number of 
waves into which the buckWd plate ia subdivided For comparison, curves 
calculated by Taylor's method are also giwn. Knowing tho upper and the 
lower lumts for fc, we can arrive at b conclusion in each particular ca-so 
regarding the accuracy of the values given in Table 42. 

66. Buckling of Circular and EBIptlcal Plates. Untformly Compre«sed 
Circiifar Tfate. — Let us begin with tho caae of a plate with a clamped edge. 

‘ See paper by J L. MaulbeUch, J. AppL Mah , vol. 4, p 69, 1937. 

* A subscript S after vafues of i indicates tfiat three terms in expressions 
(?) or (h) were used in the ealeulatioiu. The other values of jfc are cal- 
culated by using only two terms in the same expressions. 
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To obtain an approximate value of the cntieai c-ompressive force N, la the 
radial direction, n e assume that the shape of the buckled plate is the same 
as that of a plate bent by untfomi load (see page 62) Then 

- (a) 

where a is the radius of the plate and «c» its deflection at the center If 
polar coordmates arc used in (189), the first integral of that equation 
becomes 

J. X 


The second integral of the same equalivQ, which represents the strain energy 



of beading, is calculated by substituting the values a’lc/^r’and 
for the principal curvatures in expression (I?) Thcri 




2,dw£>»T 

7 ar dr« 


' dr dt 


(O 


Substituting (h) snif (e) in Eq (IS9), we find 


I'D 


The exact value of the critical force which can be obtained in this case by 
inlcgration of Eq (ISSJ b' 

‘ Brtas, G. II.. Proe. London J/eO. Soc, vol. 22. p. M, 1801; see ah« 
A. Nadsi, Z. Ver. drut, Ing , xoL 59, p. 169, 1915. 
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U68D 


(192) 


Thus the' 
In the t 


' of the approximate aolution is about 9 per cent. 

)f a simply supported plate the solution of Eq (188) gives 


Ar„ 


4 20P 


(193) 


This indicatea tint flic cnfieal compressive stress lot this type of support 
IS about three and a half tunes emaller than in the case of a plate with a 
I clamped edge 

Ctrcular Plate tetrt a IMe al (he Center. — II 
a uniformly compressed plate with a hole at 
the center is built in along the outer edge 
while the inner edge it free to deflect but 
cannot rotate (Fig 12Ta), the critical value 
of the compressive force N again can be 
obtained by integrating Eq (185). ‘ Such a 
calculation gives 


HlH 

(•b»H • o ■*! 

i — ill — I 


Flu 137 




(«) 


where it is a numencal factor depending upon 
the ratio a/b of the outer and the inner radii of the plate Severs! values of 
this factor are given m Table 43 


Tasse 43 — Nomericai. Values or Factor A. im Lq (e) 


a/b 

1 6 

2 

' 3 

' 

S 

S 

.0 - 

k 

89 03 

40 88 ' 

1 2t DC 

19 7G ' 

17 94 

16 00 

IS 54 14 68 


The wune table can also tie used il the moor edge of the plate is biidt in 
and the outer can deflect freely but cannot rotate 
(Fig. 127*). 

If the plate is submitted to Ibe action of com- 
pressive forces distributed along only the inner 
boundary (Fig 128), the forces A% are no k«^r 
constant, and the integration of Eq (188) Pia ]2g 

becomes more complicated * An approximate 

solution can bo obtained by using the energy method • Assuming that the 
1 Olssov, R. G , In^entetir-AreAiv, vol 8, p 449, 1937 • 

•The case of compressive forces distnbutcd along the outer boundary 
of theplatehasbecniscussedbyE Meissner, iSciiion'z Bnuzcifunff, vol 101, 
p 87, 1933 

• Tlie result obtained in this Bianner was comniunic ited to the author by 
Stew art Way. 
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plate is simply supported along the mn«- edge and free along the outi r 
edge, we take for the doBeetioa the eipresston 

V = Ci(r - 6) + C,(r - 6)* + Ci(r - 6)’ + C,(r - hj'. (P 

which satisfies the eondilion w = 0 for r = 6 The remaining boundar> 
conditions are 



From these three criuatiofis three of the tour coiMtants m esprut-ioii (J) 
can be elimiruted, w that «• toll finally contain only one coiwtwt Su^ 
stitutbg thb expression tn the integrab (6) and it) and uumg for N, the 
known value of Lame’s formula. 



in which p is the magnitude of the internal pressure, we obtain for the 
cntical value of the pressure p the formula 



in wluch t w a numencal factor depending on the magnitude 
o/6. Tstrin c , for example, o =■ 26 nod ► = 0 3, we find 


of the ratio 


VnxSormly Compressed EUipttcal Pfa/e— The case of » 

pressed elliptical plate with a cLunped edge has been pivenbvthe 

aky.Kneger.* The cntical value of the compressive force ft is given bj the 
equation 

V 

in which k is a numencal factor the value of which ^2^ 

of the semises of the ellipse Several vntues of th« factor as calculated 
by the energy method arc given inlhble 44. 

^J.App J/feA,vot.4, p 177,1937. 
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Tasle 44 — Nomericai. Vaetos ot k in Eo. (ft) 


a/b 1 

10| 

”1 

’“1 

”1 

1 4 1 1 S j 

1 2 0 1 5 0 1 

1 4.0 

k 

1 14 79 

! 13 57 1 

[l2 76 1 

12 20^ 

11 Sljll 54^ 

|ll 02jll.01 

[ 11.15 


If (he value of L for a ^ b in this (able is compared with the value of kin 
Eq (192), It can be seen that tbe error of the approximate solution is only 
0 7 per cent Better accuracy is obtained with this solution than with 
solution (d), because the expression for » was taken with two parameters, 
and two equations of the type (101) were used in calculating the critical 
force, whereas oniy one parameter was used in obtaining Eq. (if). 


66. Bending of Hates with a Small Initial Curvature.’ — 
Assume that a plate has rome initial warp of the middle surface 
jso that at. any point there i? an miiai deHection s-b whieh h 
small in comparison with the tlnclcness of the plate. If such a 
plate is submitted to the sciion of transverse loading, additional 
deflection tc, tvill be produced, and the total deflection at any 
point of the middle surface of the plate (rill be + u>j. In 
calculating the deflection ii>i we use Eq. (101) derived loT flat 
plates. This procedure is justifiable if the initial deflection 
ts small, since we may consider the inltiai deflection as produced 
by a fictitious load and apply the principle of superposition.* 
If wi addition to lateral loads tliere are forces acting in the middle 
plane of the plate, the effect of these forces on bending depends 
not only on tci but also on te# To lake this into account, in 
applying Eq. (175) we use the total deflection to = tco -J- tCi 
on tha right-hand side of the equation. It will be remembered 
that the left-hand side of the same equation was obtained from 
expressions for the bending moments in the plate Since these 
moments depend not on the total curvature but only on the 
change in curvature of the plate, the deflection Wi should be 
used instead of tc in applying that side of the equation to this 
problem. Hence, for tbe case of an initially curved plate, 
Eq. (175) becomes 


'See Autbot's paper in Afm Jb*! tf Way, of CotnmunxaiUon, vol. 89, 
St Petersburg, 1915 (Russian) 

’In tbe case of large dcSeceiona the magnitude of the deflection is no 
Priwipte of superposition is not 
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emu , n 4 . 

dx* dx* ay* dy‘ 


r a*(lg» + M>i) _ 


“ ' ay* " ax ay J 

It is seen that the effect of an initial cun'aturc on the deflection 
is equivalent to the effect of a fictitious lateral load of an intensity 

Thus a plate nill experience bending under the action of forces 
in the ly-plane alone provided there is an initial cun aturc 
Take as an example the case of a rectangular plate (Fig 119), 
and assume that the initial deflection of the plate is defined by 
the equation 

. *x .ry 

IC = aiiBin — smy w 

If uniformly distributed compressive forces iV» are acting on 
the edges of this plate, Eq. (IW) becomes 


, n < 

dz* ^ ‘‘di* dy* ^ 


dy‘ DY ' «* 0 b 


Let us take the solution of this equation in the form 
WTi = J sin ^ sm 

Substituting this value of Wi into Eq. (b), ne obtain 

. _ 

With this value of A expression (c) gives the deflection ot the 
plate produced by the compressive forces 
deflection to the initial deflection (o), we obtain for the total 
deflection of the plate the following expression: 



.■?2S 

in which 
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The maximum deflection will be at the center aiul will l>e 


This formula is anaioROiis to tliat usetl for a bar mth initial 
curvature ' 

In a more general case we can take the initial deflection surfare 
of the rectabgiilar {>late in the form of the follouins series; 




Substituting this series in l-<j (194), we find that the additional 
deflection at any j>oint of the jilate is 


>nrx . nry 
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67. Beading of Circular Plates by Moments Uniformly Dis- 
tributed along the Edge. — In the prenous discussion of pure 
bending of circular plates it %^as showTi (see page 51) that (he 
strain of the middle plane of the plate can be neglected in cases 
in which the deflections arc small as compared with the thickness 
of the plate. In cases in which the deflections are no longer 
small in comparison with the thickne-s of the pkatc hut arc atill 
small as compared with the other dimen-sions, the nnalysis of 
the problem must be cMeiided to include the strain of the middle 
plane of the plate.* , ^ 

■ffc .hall assume that a circular plate is Iicnt by the moment 
.V. uniformly distributcl nlong the cdsc of the plate (Fis 12M 
Since the deflection surface in such a ease is syminctneal ultii 
respect to the center 0, the displacement of a point in the middle 
plane of the plate can be resolved into t«o componciilsi n compo- 
nent u in the radial direction and a component la perpcndieiilar 
to the piano of the plate. Proceeding as previously '''t'''''''™ 
in Fig 120 (page 304)( no eonebldc that the strniii in the radi 
direction is 

du , l/difV (n) 

2Vrfr/ ' 

The strain in the tangential direction is evidently 

. = H. (t) 

' r 

Denoting the eortespoiiding tensile forces |ier unit lenglli by A. 
and A‘i and applving Hooke'.s law, wc obtain ^ 






1 m. rmUen. '™'"’ •" 

(•/ Contmunicaluyn, vol. 80. 1015. 
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Thcs'C force? mu«t be faken into consideration in <!erix'ing equa- 
tion? of equilibrium for an clement of the plate such as that shown 
m Figs 1206 and 120c. Taking the sum of the projection? in the 



radial «iircction of all the force* acting on the clement, we obtain 
+ Xr dr dB — .V, dr dB 0, 

from which 


X. 


d.\, 

'■* 3 ? " 


{'/) 


0. 
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pendicular to the radius in the stune manner as in the derivation 
of Eq. (55) (page 57). In this way we obtain' 


- r,/dho , 1 dhj} _ 1 _ 

^\dT*'^Tdr* T^dr) 


(e) 


The magnitude of the shearing force Q, is obtained by considering 
the equilibrium of the inner circular portion of the plate of radnn 
r (Fig. 129a). Such a consideration gives the relation 




(/) 


Substituting this expression for shearing force in Eq («) an 
using expressions (c) for and we can represent t e cqua 
lions of equilibrium (d) and (<) in the following form 


1 du 


u 1 — r/dteV dted’w 
H W\dr) ~ "Sr dr*' 


(193) 


<Pu _ ^ 

dr* “ Tdr t- v— / - - _ j 

d«ic Idhe . 1 dip . l(^) \ 

These two non-lincar equations can be integrated numerically 
by starting from the center of the plate and advancing “V 
increments in the radial direction. For a circu ar e 
amall radius c at the center, we assume a certam radial strain 

and a certain uniform curvature 

mth theso values ol ra<Ual strim and f 

the values of the radial displacement » nnd the si jx ' 
r - e can be ealenlated. Thn, the ,1”" ''L7' „d 

hand side ot Eq. (105) nee Inonn imd tlm 

of dhc/dr* for r = c can 1» calculated. . mudc and 

are known, another radial step ol length c ca - 

nil the qumtities entering in the right-hand s.dc ol Eqs. (U 
•The Luo. lor Q. 1. OPP™... O. that nW 1" E.r Thn cplne. 
the rniDns lign in Eq. (<1- 
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can be calculated for r = 2c* and to on The numerical valuer 
of M and 10 and their denvatives at tlie end of any mten al being 
known, the values of the forces A*t and N, can then be calculated 
from Eqs. (c) and the bending moments M, and il/t from Eqs. 
(52) and (53) (see page 56). By such repeated calculations 



W6 proceed up to the radial distance r = o at -which the radial 
force N, vanishes In this way we obtain a circular plate of 
radius a bent by moments Mi uniformly distributed along the 
edge By changing the numencal values of and l/pi at the 
center we obtain plates with various values of the outer radius 
and various values of the moment along the edge. 

Figure (130) shows graphically the results obtained for a plate 
with 

a « 23h and (Afr)^ = Mi = 2 03 10"’^- 
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It will be noted that the maximum deflection of the plate la 
0.55/1, which is about 9 per cent leas than the deflection ir given 
by the elementary theory which n^ects the «tram in the middle 
plane of the plate. The forces A% and N , are both po-Mlive in 
the central portion of the plate. In the outer portion of tlu plate 
the forces N, become negative; i.e , compression exists in the 
tangential direction. The maximum tangential comprcs.'-ne 
stress at the edge amounts to about 18 i^r cent of the maxunum 
bending stress QMt/hK The bending stresses produced by the 
moments 3/, and Ji/, are somewhat smaller than the stress 
6.U«/A* given by the elementary theory and become ^rnallc^ 
at the center, at which point the error of the elemcntarj' thcoiy 
amounts to about 12 per cent. From this " 

it may be concluded that for deflections of the order of 0 5A the 
errors in maximum deflection and maximum stress m gi 
the elementary theory become considerable and 
of the middle plane must be taken into account to obtain mo 
accurate rosulta. . , j j 

68. Approximate Formulas (or DnUor^y Si 

Plato with Large DoflectioDS.-Tl.c method u^ m 2 

artWo can aUo be applM in tlio ea«s ot lateral 
It i, not, however, ot practical me, since 
of numerical calculation la required to obtain the ‘>'0" 
stmsws in each particular ease. A more S 

approvimate calculation of the deflections can ..hiu. a 

alrplying the cncro' metho,!.' Iwt a circular plate 0 
be clamped at the edge and Iw subject to a un.tom.ly 
load o( hden-sity Assunriug that the sh.JW ot 
surtace can 1» represented by the same eejuatjon as m the ca 
of small deflection'", we lake 

(n) 


” S') ■ 


The cor,ts,.ondinB strain enenty of 

(*') 

I “ 3 a* 

For the radial dl-plaecments «o lake the expre^'ion 

„^,(„_r)(r, + r*r+C.r>+ ■ • • ). ^ 

‘See “Vibration I’rebknw in Ijpnwnng.” r 1W7. 
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each term of which satisfies the boundary conditions that u must 
vanish at the center and at the edge of the plate. From expres- 
sions (a) and (c) for the displacements, mc calculate the strain 
components (rond tt of themiddle plane as shown in the previous 
article and obtain the strain energy due to stretching of the 
middle plane by using the expression 




teh r * 
I - rjo 


(«* 4* *? + 2vfMi,)r *• 


id) 


Taking only the first two terms in aeries (c), wc obtain 


Vi « 250C!a* + 0 1107^0* + 0.300C,C^* 

- 0 00S4GC,o^ + 0 00682C,o>^^ 4- 0 00477^^^. (0 

The constants Ci and Cj are now determined from the condition 
that (he total energy* of the plate for a position of oquitibriiim is 
a minimum Ilcncc 


aCi 


0 , 


and 


dV, 

a?; 


0 . 


if) 


Substituting pxpresf-ion (e) for Ti, wo obtain two linear equations 
for Cl and C*. From these we find that 


Cl « 1 185^ and C, »= - 1.75^ 
a* a' 

Then, from Kq. (e) we obtain' 

V, = 2.5‘>rD-*^«,- 
a’ft’ 


Adding (hU ene^’, which results from atrctching of the middle 
plane, to the cncrg>’ of bentfing (6), wc obtain the total etram 
energy 

r + r._f.Dj:(i+o.2H||). W 

The sreond term 'in the parentbe^s represents the eorrrclion due 
'll Ua.wnme<l that p « 03in tha nIeuUtiun. 
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to strain in tiie middle surface of the plate. It is readil 5 ' seen 
that this correction is small and can be neglected if the deflec- 
tion tco at the center of the plate is small in comparison with 
the thickness k of the plate 

The strain energy being known from expresfion (h), the deflec- 
tion of the plate is obtained by appl>'iug the principle of virtual 
displacements. From this principle it follons that 

iwo = 5 Smj r dr 2irq SwoJ' r dr 

Substituting expression (k) in this equation, we obtain a cubic 
equation for ico. This equation can be put in the form 


IPo 


qa* 

64 ® 


i 

1 + 0 4S8ili 


(196) 


The last factor on the right-lmiid side represents the effect of 
the stretching of the middle surface on the deflection Because 
of this effect the deflection tc# is no longer proportional to the 
intensity q of the load, and the rigidity of the plate increases 
mth the deflection For example, taking ir« » jh, we obtain, 
from Eq. (196), 


tp« 


This indicates that the deflection in this case is 11 per cent less 
than that obtained by neglecting the stretching of the middle 
surface. 

Another method for the approximate solution of the problem 
has been developed by A. Nadai.* He begins with equations of 
equilibrium similar to Eqs. (195). To derive them we have only 
to change Eq (f), of the previous article, to fit the case of 
lateral load of intensity q. After such a change tfip expreaeion 
for the shearing force cxidently becomes 

Using this expression in the same manner in which c-xpres-sion (/) 
was used in the previous article, we obtain the following system 
of equations in place of Eqs. (195): 

‘ See his book "Elastische Plattcn” p 288. 1P23 
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fi’n 1 du 11 — r/iftrY _ <^P(^ I 

dr’' r rfr r' 2r \dr / dr dr*' 1 

d’tr I iFtr_^ 1 i/w ” 4. I 

dr* r dr* r* dr A* (/rj rfr '*’ *7 2\i/ry J I 


( 107 ) 


To olitain nn approximnH' i>oIiition of Jlio protjl<-tn a fuitahlo 
cxim-v'ion (or tin* ili'flcctioH w ^^louId In' taWrn an a fir^t appruxi* 
mation Sii}fc*titiihoK it m th»* nclU-hand (tide of tltp fir^t of tho 
rqnaliniK (107), 'm* o(»tnm a li'iM-ar Miuntioii for w uliirli can l>c 
inlcj;r!»Uxl, U) rivo a fir«i npproMmutioii for u SuletlitiitinR tlio 
fin-t nppnixiinatioii^ for u and ir in tho riRliJ-liniul i-ldo of llir 
pi'coud of tho (107). wo ohtnm a liiionr diflm-nlial 

rqiiation for ir whii-li ran l>c inlocrainl to rivc a wrond approxi- 
mation for »f. Till'' NT«md approximation «nn thon l>o u«(xl to 
olilain furllirr approximation’* for u and ir by ropoalinR llio 
«.imo Nxpirncc of calrnlation.'i 

In d^u-wiiiR IirmlitiK of a uniformly loadrd circular plate with 
a rlainjxxl edge, NA<lai l»cRinx with Uie derivative dwfdr and 
takes as first approximation the expre’p'ion 

-(=)■]• ‘ « 
which vanishes for r *= 0 and r •» o in compliance with the con- 
dition at the built-in edcp. Tlie first of the equations (1D7) then 
gives the first approximation for w. SulistllutinR these first 
approximations for u and dw/dr in the w'cond of the equations 
(197) and ^oixing it for 17, we detrmine tlie coivetnnts C and n 
in exjircssion (j) ro as to make q as nearly a constant as possible. 
In this manner tlie foIlawinR equation* for calculating the deflec- 
tion at titc center is obtained when r a* 0.25; 

^ + 05S.(a)'-o.,T0!,(5)‘. (19S) 

■ Another metliod for the approximstcaolutionnf Fxis (107) n as deretoped 
liyK Fedcthofrer,i’i«e»il)aH,\ol O.p 152, 1918; nee al«> PoncAunsMrVdetii 
vol 7, p 148, 1030 llw ei]iiatuM> tor m, dilTer* from Fq. (19S> only by 
the numencal x aliie of the coefficirut on the |eft-han<l aiile; vtr , 0 523 muat 
be used instead of 0 6S3 for r ^ 0 2 1 
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In the case of very thin plates the dellcction u'o may become 
very largo in compari-'On \vith A. In such eases the ^e“■l^taIlce 
of the plate to bending can be neglected, 4and it can he treated as 
a flexible memlirano. The general equations for snth a mem- 
brane are obtained from Eqs. (197) liv putting zero in place 
of the left side of the second of the equations Vn approximate 
solution of the resulting equations is obtained by neglecting the 
first term on the left hide of Eq. (198) as being small m comparison 
with the second term. Hence 

0 5S3(^"y o und w, = 0 605n.^ 

A more complete m\cst5gatioii of the same problem' gives 


«•* 


0 062rt 


Vea 


( 100 ) 


This lormuia, \\hidi is in very saliJnctorj- osrccmmt mill 
experiments,* shows that the deflections, arc not proportional 
to the intensity of the load but vary os the cube root of that 
intensity. For the tensile stresses at the center of the niembrano 
and at the boundary the same solution pves, respectively, 








To obtain deflections that arc proportional to the pressure, 
as is often required in various ^ 

measuring instruments, ro- ^ 

course should be had to cor- ^ ^ ^ 4^ 

rugated membranes* such as !•,« 131 

that shown in Fig. 131. As a . , 

result of the corrugations the deformation con'i* s priin 
bending and thus increases in proportion to t c pressure. 


u.. M TfcnrlvV. Z. italk Pkyiik, 

' The solution of this problem was by H 
'■ol.63,p 311, 1915 . . T n 4<IS 1927. 

•See Bruno Kck, Z anyfa .Votfc by K. Stance, 

• The theory of deflection of such membranes « d.sc.issert nj 

fnffcniVur-ArcfiiV, vol. 2, p 47,1931 „ nieasiirmg instmmenis see 

•For a bibliography on Aeronauiits, 165, 1933 

the M. D. Horsey paper, Repl Nat AdruorV 
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69. Exact Solution for a Uniformly Loaded Circular Plate with 
a Clamped Edge.’ — To obtain n more sati'-factorj* bolution of (he 
problem of large deflections of a uniformly loaded eirctilar plate 
^\^th a clamped edge, it Is neccssar>' to solve Eqs. (197). To do 
this we first write tlic equations in a somewhat different form. 
As may be seen from its derivation in Art 07, the first of these 
equations is equivalent to the equation 

+ (») 


Also, as la seen from Hq. (e) of Art. 67 and Eq. (0 of Art. (68), 
the second of the same equations can bo put in the following form: 


, 1 d*ie 1 diA . , dte , <7r . 

\l? + T-dy<-r<Tr)"‘''d;+2 <'’> 


From tho general expres-sions for the radial and tangential strain 
(pagQ 329) we obtain 



Substituting 


<f *= “ ►Ab), and «, * 

in this equation and using Eq (a), wc obtain 

The three Eqs. (a), (b) and (c) containing the three unknown 
functions N„ N, and to will now be used in solving the problem. 
We begin by transforming these equations to a dimensionless 
form by introducing the following notations 


With this notation, Eqs. (a), (6) and (c) become, respectively, 

‘Thu* Eoliitton ii due to 8 Way, Trans. /Im. 5oc Mech Eng, vot. 56, 
p 627. 1934. 
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|(JSO - & - 0, (,) 

= 0 . (,) 


The boundary conditions in this case require that the radial 
displacement u and the slope dm/dr vanish at the boundary 
Using Eq. (6) (Art. 67) for the displacements u and applying 
Hooke’s law, these conditions become 

(u)_ = r(S, - PS,)r^ = 0, (/i) 

(?)„-»• <■) 
Assuming that Sf b a sjTnmctncal function and dvi/dr an 
anlbymmetrical function of f, wc represent these functions by 
the following power scries: 

5, - Bo + + Bii* + • , O') 

^ - V8(e.i + c,v + c.s‘ + • ■ (« 

in which Bo, Bt, . . . and C|, Cj, . . . arc constants to bo 
determined later Substituting the fir«f of these senes in Eq. 
(e), we find 

S, « Bo + 3B,{* + 5B,{‘ + • • • . (0 

By integrating and differentiating Eq. (fc), we obtain, respec- 
tively. 

S-^^(c| + c.| + c.|+■■■), W 

It is seen that all the quantities in %vhich we arc intcrc-sted can 
be found if wc know the constants B», Bi, . . . , Ci, C|, . . . . 
SubstitutingseriesO), Wand in Eqs. (/) and and ob<cr%'jng 
that these equations must be satisfied for any value of {, we find 
the foUowiBg relations between the constants B and C: 
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m»t3i I 

--02< \ 


= I'* -"'fe + '«'■) 


It can be seen that when the two«mstanl‘» !?« and Ci arc assigned, 
all the other constants are detormini'd by relations (o). The 



quantities fir, fi, and dw/dr are then determined by “cnes (j), (?) 
and (k) for all points in the plate As may be seen from series 
(j) and (n), fixing Bg and Cg is equivalent to selecting the values 
of Sr and the curx’aturc at the center of the plate ‘ 

To obtain the curves for calculating deflections and stresses in 
particular cases, the following procedure ^sas used For given 
i-alues of V and p = q/E and for selected values of Bo and Ci, a 

I The selection of these same qnantitiei has already been eneoiinlered 
is the ease of bending of circular plates by moments ciocformly distributed 
along the edge (see page 331). 




LARGE DEFLECTIONS OF PLATES 


341 


con«idcral)le nuinl>or of numerical cases ucri* calculated,* and the 
radii of the jilates were detenniniHl «> as to satisfy thp boiuuJary 
condition (i). For all these plates the eahics of S, and S, at the 
boundary were calculated, and the values of the radial displace- 
ments (M)r_« at the boundar3' were determined. Since all 
calculations were made with arbitrartlj' a.«sumcd values of and 



Cl, the boundary condition (fc) was not satisfied. Howe\er, by 
interpolation it wa.s po.ssibIc to obtain all the neccssaiy data for 
plates for which both conditions (ft) and (t) are satisfied The 
result of these calculations are represented graphicalb' in Fig. 
132. If the deflection of the plate is found from this figure, the 
corresponding stress can be obtained by using the curves of 
B"ig. 133. In this figure, curves are given for the membrane 
stresses 



' Nineteen particular caites have been ealeulated by tV ay, loa. ai , p 338. 
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and for the bending stresses 

, GJI/, 

"'“-Hi-' 


as calculated for the center and for the edge of the plate.' By 
adding together a, and ffj, the total maximum stro&s at the center 
and at the edge of the plate can be obtained For purpo‘!CH 
of comparison Figs. 132 and 133 also include straight lines show- 
ing the results obtained from the elementary theory in which the 
strain of the middle plane is neglected. It ivill be noted that 
the errors of the elem«itary theory 5nerea«e as tJie load and 
deflections increase 

70. General Equations for Large Deflections of Plates. — In 
discussing the general case of large deflections of plates we \i«p 
Eq. (177) which was derived by considering the equilibrium of an 
element of the plate in the direction perpendicular to (he plate 
The forces N,, Ny and N,y now depend not only on the external 
forces applied in the ry»planc but also on the strain of the middle 
plane of the plate duo to bending. /Ishuming that there are no 
body forces in tlie ary-plane and that the load is perpendicular 
to the plate, the equations of equilibrium of an dement in tlio 
xy-plane are 


dNy dN.y 
dX ^ df/ 

dN„ dNy 

dx dy 


“ 0. 

I 

= 0 * 


(a) 


The third equation necessary to determine the three quantities 
JV„ JV,, and JV,, is obtained from a consideration of the strain 
in the middle surface of the plate during bending. The corre- 
sponding strain components [see Eqs. (179), (180) and (181)] are 

— ^ 4 . \ 

aV^r / ’ ) 

dv ,l/dv\* ( 

' The stresses are given in dimenuonless fnrm 
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By taking the second dc-rivatives of these expressions and com- 
bining tiic resulting expressions, it can be shown that 

d^y„ _ /a^ Y dHodhi' 
dy* dz* dz dy ' Vx 3y) dx^ By* ' 

By replacing the strain components bj the equivalent expressions 


7„ - 


(d) 


the third equation in terms of Nt, A^, and iVnt is obtained. 

The solution of these three equations is greatly simplified by 
the introduction of a stress function.* It may be seen that 
Eqs. (o) are identically satisfied by taking 


N, 


w 


(r) 


where f is a function of x and y If these e.vpressions for the 
forces are substituted in Eqs (d), the strain components become 
j/dV dV\ 

* A'W* "■ ’>x*/ 

l(d*F d*F\ 

*“ AVr* 

2(1 -t-r) ay 
B Bx By 


Substituting these expressions in Eq. (c), we obtain 


4- ^ 

Bx* "^dx* By^ By* 




^dx By) 


B*w B^tc 
By* 


The second equation necessary to determine F and te is obtained 
bj- substituting e.xpressions (e) in Eq. (175) which gives 


d*W , 4- — 

az‘ ^dx^ By* By* 


D\h By* Bx* 

ay dv _ n ay jx') 


( 201 ) 


' See author's “Theory ot liasticity,” p. 24, 1031 
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Equations (200) and (201), t<^ther mtli the boundarj' condi- 
tions, determine the twofuncljoms J*’ nnd ir ' Having Iho stress 
function F, wc can dotennine the stitsscs in the middle surface 
of a plate by appl}’ing Eqs. (e) From the function te, ivhich 
defines the deflection surface of the plate, the bonding and the 
shearing .stre*'scs can be obtained bj using t he same formulas as in 
the case of plates with small deflection [see Ihis (99) and (100)]. 
Thus the investigation of large deflections of plates reduces to the* 
solution of the two non-linear differential equations (200) and 
(201) The solution of these equations in the general case is 
unknouTi. Some approviroate solutions of the problem arc 
knowTi, however, and will be dlscussc<l in the next article 

In tlie particular case of bending of a plate to a cs'lindrical 
surface whose axis is parallel to the y-axis, Eqs (200) and (201) 
are simplified by observing that in this case w is a function of x 
only and that d*F/$i* amd d*F/dy* arc constants Equation 
(200) is then satisfied identically, and Eq (201) reduces to 

dhc 1 j. ^ 
dr* ~ D'*’ D dz*' 

Problems of this kind have already been discussed fully in Chap. I. 

In the case of very thm plates which may have deflections 
many times larger than their thickncas, the resistance of the plate 
to bending can be neglected, i c , the flexural ngidity D can be 
taken equal to zero, and the problem reduoed to that of finding 
the deflection of a flexible membrane Equations (200) and (201) 
then become* 

^ j- o 4.^ ^ A ) 

dx* az* ay* dif* Lw 9y/ dx* dy* J’{ 

£ d'-F a*w ^ 

k ay* dx* az* dg* ex dydx dy ~ ' I 

A numerical solution of this sistem of equations by the use of 
finite differences has been discussed by H. Hencky ’ 

* These two equations were d«nved by Th von Kirmiii, See “Encyklo- 
padie der Matheroatiscben XVjssMischsften,” >o3 IV'<, p 34£), 1910 
’These equations were obtained by A Foppl, “Vorlesungen uber Tech- 
nische Mecharik,”xol S,p 132,1907 
•Henckt, U , Z. anjrui 3/«rt JfnA.vol 1, pp 81 and 423, 1921; see 
also Kaisek, R , Z Qnjrto Stalk Sink , Tot 16, p 73, 1936 
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The cncna* method oHonl^ another moans of obtaining an 
approximate suhition for the deflection of a membrane The 
strain onergj’ of a membrane, which n due solely to btretching of 
its middle surface, is given by the expression 

V = U/(AVx + A',», + X^y„)dr dy 

” 2(1^) J J '•! + ■! + + «> - ')■'»!* <'»■ 

Substituting expressions (179), (ISO) and (ISl) for the strain 
components 7^, we obtain 


Eh f I 

2(1 - r‘)J J iVdr/ Ot\dj) + \dy} d^Koy) 

■[(h)’ + (I)’]’ + % + iS(r:)’ + 

, 1 — r f / ^uV , ^ 4 . ( ££^* 4. oli? £!f 

2 l\dy/ dx \9x) dy ax dy 




In applying the energy method we must assiime in each particular 
case suitable expressions for the displacements u, t> and w. Those 
expressions must, of course, satisfy tfio 
boundary conditioas and will contain 
beveral arbitrary parameters the magni- 
tudes of which have to be determined by 
tlie use of the principle of virtual displace- 
ments. To illustrate the irelhod, let us 
consider a uniformly loaded square mem- 
brane' w-ith sides of length 2a (Fig. 134). 

The displacements u, v and to in this case 
must vanish at the boundary. Moreox'er, 
from symmetry, it can be concluded that ui is an even function 
of X and y, whereas u and x are odd functions of x and of y, 
respectively. All these requirements are satisfied by taking the 
following expressions for the displacements: 



y 

Flu 134 


* CaJcuiatKms for this cs-se are gireo in the book “Drang und Zwang’’ 
by August and Ludwig Fflppl, vol. 1, p 226, 1934; gee also Henclcy, tor 
eii , p. 344. 
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tp » v» ccH s“ rr 
2a 2a 

. wz ry 

u ■“ c Mn — coH ~i 
a 2a 
. ry rz 

p = f Mn — row s-j 


w 


which contain two parnmotprs tp« and r Stiiwtiluting thtwj 
rxprcKMons in r.q (20^), wc ohtniii, for r = 0.25, 

The pnnciplo of virtual di-plarcmenti pvcs tlie Ino following 
cfliiationH.’ 


&V 
dc ' 


(n) 


diT* 


iir* 




Siihstitutinj; cxprcs.'i<m (<?) in place of V, wc obtain from Eq. (A) 


and from l'(i (t) 



( 201 ) 


This (IcflecUon at the center is somewhat larger than the value 
(190) previously obtained for a uniformly loaded circular mem- 
brane. The tensile strain at the center of the membrane ns 
obtained from expressions (f) is 


and the corresponding tensile stress is 


■ 0616^ - 0 3%/|2pl 

o’ \ A’ 


( 205 ) 


' Tlio right side of Eq. (A) » tm, cince the variation of the parameter c 
produces only lioruontat displaremenls and the vertical load does not 
produce work 
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Some application of these results to the investigation of large 
deflections of thin plates will be shown m the next article. 

71. Large Deflections o( Uniformly Loaded Rectangular Plates. — We 
bt^in with the case of a plate with eiamped edges To obtain an approxi- 
mate solution of the problem the energy method will be used ‘ The total 
strain energy V of the plate js obtained tiy adding to the energy of bending 
lexpression (lU), page 951 the energy due to strain of the middle surface 
[expression (203), page 345) The principle of virtual displacements then 
gives the equation 


if' — ///gw dxiiy ^ O 


(.a) 


which holds for any variation of the displacements «, r and u. By deriving 
the variation of V we can obtain from Eq («) the system of Eqs (200) 
and (201), the exact solution of which is unknown To find an approximate 
solution of our problem w c assume for «, » and tc three functions satisfying 
the boundary conditions imposed by the clamped edges and containing 
several parameters which wdf be determined by using Eq (u) Tor a 
rectaugular plate with sides 2a sod 2isod coordinate axes, a« shown in Fig. 
134, wo shall take tbo displacemeota in the following form: 


u — (o' — — g*)x(ba» + + 6»»** + 

p !■ (o' - «*)((•• - y*)j((c*« + ciji' + fjtJ* + > (6) 

ta - (o' - x*)*(5* — y‘)*(o». + o.iy* + OitJc'). J 


The first two of these expressions, which represent the displacements u 
and V in the middle plane of the plate, are odd functions m « and v> respec- 
tively, and vanish at the boundary. The expression for ir, which is an 
even function m x and y, vanishes at the boundary as do also its first deriva- 
tives Thus all the boundary rooditions unposed by the clamped edges 
are satisfied 

Expressions (h) contain 1} parameters hw, , oi«, which will now be 
determined from Eq (o), which must be satisfied for any variation of each 
of these parametera In such a way we obtain 11 equations, 3 of the form 


— — J* J’qar de — 0 


and 8 equations of the form* 


(c) 


(d) 


• Such a solution has been given ty S Way, see Proc. 5(A Intern Cong. 
vtppf. Mec\ , Cambridge, hlass , 

• The zeros <in the right sides of these et|uatn>ns result from the tact that 
the lateral load does not do work whm u or p varies. 
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These equations are not linear m the parameters a„,, 6„. and e.. as was true 
inthecaseofsmaD deflections (seepage 124) The three equations of the form 
(e) will contain terms of the third degree in the parameters Equations 

of the form (d) n U1 be linear in the panmeters t>.. and and quadratic in 
the parameters A solutMO w obtained bj soiling Eqs (<i) for the 

6..’s and e-.’s in terms of the OmJa and then substuutmg these expressions 
in Eqs (e) In this way we obtam three equations of the third degree 
involving the parameters a., alone These equations can then be sohed 
numencall^ m each particular ease hr successive approxiroaljons 

Numerical values of all the parameters hsie been computed for vanous 
intensities of the load q and tor three different shapes of the plate b/a = 1, 
b/a = I and b/a * J by assuming » — 03 



It con be seen from the evpre^ion for lo that, u we know the constant q«i, 
we can at once obtam the deflection of the plate at the center These 
deflections are graphically represented in Fig 135 in which is plotted 

against qb'/Dk. For companson the figure also includes the straight Lnes 
that represent the deflections calculated by usuig the theorj of small deflec- 
tions Also included is the curie for b/a =■ 0 which represents deflections 
of an infinitely long plate calculated as eaplaiaed in Art 3 (see page 10). 
It can be seen that the deflections of finite plates with b/a < ] are lery 
close to those obtained for an infimtel} long plate. 

Knowing the displacements as given by expressions (6), we can ealculato 
the strain of the middla. plane and the corresponding membrane stressi^ 
from Eqs. (6) of the previous article. The bending stresses ean then 
be found from Fiqs. (99) and (100) for the liending and twisting mo- 
laeatA. Sy adding the membcaiK and the bending streasea, weobrain (he 
total stress. The maximum values of this etress are at the middle of the 
long aides of plates. They arc given in graphical form in fig. 136. For 
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small deflections and the membrane thcoiy can be used.* This method will 
now bo illustrated on a simple Mtample of a square plate. We assume that 
the load 9 can bo resolved into two parts 91 and in such a manner that 
the part 91 18 balanced by the bemtioK and sheanng stres.scs calculated by 
the theory of small deflections, the part 9> being balanced by the membrane 
stresses The deflection at the center as ealculated for a square plate with 
the sides 2a by the theory cd small deflections is* 


From this we determine 


Consiilering the plate as a membrane an<l unng formula (204), we obtain 


telBk 
"0 516o‘ 

The deflection u« is now obtained from the equation 

letEk* visit 




(206) 


After the deflection tcg has been ralcuUite«l from this equation, the loads 
gi and gt are found from Eqs (e) and {/), and the corresponding stresses are 
calculated by using for 91 the smalt deflection theory (see Art 29} and for 
gt, Eq (205). The total stress is then the sum of the stresses due to the 
loads 9i and g, 

* This method Is recommended in the book “Drang und Zwang," loe. ett , 
p. 345. 

• The factor 0 730 is obtained by multiplying the number 0 0443, given 
in Table 5, by 16 and by 1 03. The factor 1 03 arises from the change of 
the value of Poisson’s ratio w = 0.3, used in the table to the value ► = 025 
used in this example 
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normal to the micklle surface of the shell and which contain its 
principal ciin’aturcs (Fig 137a). We take the coordinate axes 
X and y tangent at 0 to the fines of pnncipal cuta'afure and the 
axis 2 normal to the middle surface, as shown in the figure. The 
pnncipal radii of curvature which lie in the 12 * and j/z-plancs arc 
denoted hy r* and respectively I’he stresses acting on the 
plane faces of the element arc resolved in the directions of the 
coordinate axes, and the stress components arc denoted by our 
previous symbols «r,, t„ = r^, r,,. With this notation* the 
resultant forces per unit length of the normal sections sliow-n in 
Fig 1376 are 


3 


W, - J (a) 

K„ - j\.(l - ^)*. W 

“2 


The small quantities 2 /r, and 2 /r» appear in expressions ( 0 ), (6), 
(c), because the lateral sides of the rfemejit shown in Fig 137<i 
have a trapezoidal form due to the curvature of the shell. As a 
result of this, the shearing forces A',, and A\, are generallj' not 
equal to each other, although it stiH holds that =* t,*. In our 
further discussion we shall always assume that the thickness 6 is 
v’erj' small in comparison with the radii r,, and omit the terms 
2 /r, and z/r, in expressions (a), (b), (c). Then A’’„ = and 
the resultant forces are given by the same expressions as in the 
case of plates (see Art. 21). 

The bending and twisting moments per unit length of the nor- 
ma! sections are given by the eApressions 


' In the cases of surfaces of revolution in which the position of the element 
is defined by the angles 9 and f (see 133) the subsenpta 9 and ^ arc 
used instead of * and y in notation foTEtiessea, resultant forces and resultant 
moments. 
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‘h, id) 

J* ^^2, 3/n=J* — ^dz. (e) 

”2 ~2 

in which the rule u^od in determiniiiK the directions of the 
moments Is the same as in the case of plates In our further 
discussion wo again neglect the Rmall quantities z/r, and c/r,, due 
to the curvature of the shell, and use for the moments the same 
e'cpressions as in the discussion of plates 

In considering bending of the shell, wo assume that linear 
elements, such as AD and BC (Fig 137o), which are normal 
to the middle surface of the shell, remain straight and become 
normal to the deformed middle surface of the shell Let us 
begin irith a simple case in which, dunng bending, the lateral 
faces of the element ABCD rotate only with respect to their lines 
of intersection with the middle surface If and are the 
values of the radii of eun'atiire after deformation, the unit 
elongations of a thin lamina at a distance 2 from the middle 
surface (Fig. 137a) arc 




If, in addition to rotation, the lateral sides of the element are 
displaced parallel to themselves, owing to stretching of the 
middle surface; and if the corresponding unit elongations of the 
middle surface in the x- and p-dircctions are denoted by *1 and <*, 
respectivelj’, the elongation ** of the lamina considered above, 
as seen from Fig. 137c, is 

U~h 

*, - 

Substituting 

i, - d.(l - i)- I. = *(I + .i)(l - 
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wc obtain 


' 1 ~ 1 1 J' 


(») 


A similar expression can be obtained for the elongation In 
our further discussion the thickness h of the shell srill be always 
assumed small in comparison nitfi the radii of cur\’ature. In 
such a case the quantities ^/r* and z/r, can be neglected in com- 
parison witli unity \Vc shall neglect also the effect of the 
elongations «i and «* on the curvature ‘ Then, instead of such 
expre^ions as expression (j;), we obtain 



where x* sn<i denote the changes of curvature. Ueing these 
expressions for the components of strain of a lamina and assuming 
that there are no normal stresses between laminae (ff/ “ 0), the 
following expressions for the components of stress are obtained: 

+ n* - 2(x» + vx»)l. 

* 1 + ^i “ *(x» + vx»)]- 


Substituting these expressions in Eqs. (a) and (d) and neglecting 
the small quantities z/r, and z/r, in comparison wth unity, we 
obtain 


= + (207) 

•'ll* = — I>(x» + rX*). W, = — i>(x» + rx*), ) 

where X) has the same meaiung as in the case of plates [see Eq- 
(3)] and denotes the flexural ri^ity of the shell. 


» SimilaT simplifications arc usuallr made in the theory of bending of thin 
cur%ed bars. It can be shown in this case that the procedure is justifiable 
if the depth of the cross section h, u small in comparison with the radius r, 
say Ji/r < 01; sec author's “Strength of Materials" vol. 2, p. 429, 1930. 
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A more general case of deformation of the element m Fig 137 
is obtained if we assume that, in addition to normal stresses, 
shearing stresses also are acting on the lateral sides of the clement. 
Denoting by y the shearing strain in the middle surface of the 
shell and by Xm the rotation of the edge BC relative to O2 T^^tIl 
respect to the ar-axis (Fig 137o) and proceeding as in the case of 
plates (see Eq. (42)), we 6nd 

= (ir - 

Substituting this in Eqs. (6) and (e) and using our previous 
simplification-s, we obtain 

ar V - -yAg ) 

® - 2(1 + r)’ J (208) 

« -.V,. = D(1 - Oxn ) 

Thus assuming that during bending of a f'hell the linear elements 
normal to the middle surface remain straight and become normal 
to the deformed middle surface, we can express the resultant 
forces per unit length N,, A’, and Ntt and the moments Aft, A/ir 
and in terms of six quantities, the three components of strain 
< 1 , ({ and y of the middle surface of the shell and the three quanti- 
fies x». x» and x« representing the changes of curvature and the 
tivist of the middle surface. 

In many problems of deformation of shells the bending stresses 
can be neglected, and only the stresses due to strain in the middle 
surface of the shell need be considered Take, as an example, a 
thin spherical container submitted to the action of a uniformly 
distributed internal pre&sure normal to the surface of the shell. 
Under this action the middle surface of the shell undergoes a 
uniform strain; and since the thickness of the shell is small, the 
tensile 8tres«es can be assumed as uniformly distributed across 
the thicknes-s A similar example n afforded by a thin circular 
cylindrical container in which a gas or a liquid is compressed by 
means of pistons w hich move freely along Uie axis of the cylinder. 
Under the action of a uniform internal pressure the hoop stressra 
that are produced in the cylindrical shell are uniformly distributed 
over the thickness of the shell. If the ends of the cylinder are 
built in along the edges, the shell is no longer free to expand 
laterally, and some bending must occur near the built-in edges 
when internal pressure is applied. A more complete investiga- 
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(ion shows, however (sec Art. 81), (hat this bending is of a Jocal 
character and that the portion of the shell at some distance from 
the ends continues to remain c> hndrical and undergoes only strain 
in the middle surface mthout oppreeiabJe bending. 

If the conditions of a shell arc sucli that bending can bo 
neglected, the problem of stress anahsjs is greatly simplified, 
since the resultant moments (rf) and (c) and the resultant shearing 
forces (c) vanUh. Thus the only unknowns arc the three quanti- 
ties K„ Nf and N„ — AV> which can be determined from the 
conditions of equilibrium of an 
element, such as shown in Fig. 
137. lienee the problem lie- 
comes statically determined if 
all the forces acting on the 
shell arc known. The forces 
iV., A'* and iV,» obtained In 
this manner are sometimes 
called incmbrani forces, and the 
theoiy of shells hosed on the 
omission of bending stresses is 
called membrane theory The 
application of this theorj’ to 
various particular cases will be 
di«cus'‘ed in the remainder of 
(his chapter. 

73. Shells in the Form of a 
Surface of Revolution and 
Loaded Sjrmmetrically with 
Respect to Their Axis. — Shells 
that have the form of surfaces 
of revolution find evtensive application in %'arious kinds of con- 
tainers, tanks and domes. A surface of revolution is obtained 
by rotation of a plane curve about an axis Ijdng in the 
plane of the curve. This curve is called the meridian, and 
its plane Is a mcridtaa plane. An element of a shell is cut 
out by two adjacent meridians and two parallel circles, as shown 
inFjg 13Sa. The position of a meridian is defined by an angle /?, 
measured from some datura meridian plane; and the position of a 
parallel circle b defined by the angle p, made by the normal to the 
surface and the axis of rotation. The meridian plane and the 
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plane perpendicular to the meridian are the planer of principal 
cun'ature at a point of a surface of revolution, and the corre- 
sponding radii of curvature are denoted by ri and rj, re«pectiveJj . 
The radium of the parallel circle w denoted by ro so that the length 
of the sides of the element mcctuig at O, as shown in the figure, 
are ri dv» and ro dB = r« rin dO. The surface area of the ele- 
ment is then riri sin tp dip dfl. 

From the assumed symincliy of loading and deformation it can 
be concluded that there will be no shearing forces acting on the 
sides of the element. The magnitudes of the normal forces per 
unit length are denoted by AV and Mt as shown in the figure 
The intensity of the external load, which acts in the mondian 
plane, in the case of symmetry, is resolved in two components 
V and Z parallel to the coordinate axes. MultipljHng thc«o 
components with the area rir, sin v? dfl, wc obtain the 
components of the external load acting on the dement 
In wTiting the equations of cquilibnum of the dement, let na 
begin with the forces in the direction of the tangent to the 
meridian. On the upper side of the dement tlie force 

A’,r» d$ “ AV» ^ d9 (o) 

is acting. 

The corresponding force on the lower side of tho dement Is 

+ ft) 

From cxprcAsions (n) and (6), by neglecting a small quantity of 
second order, wc find the resultant in tho y-dircction to br> equal 
to 

N,pdf d$ + ^r, df dt - P{K,r,)df dl. (c) 

dip up 

Tho component of the exlenwJ forre in the same direction is 
.. Vr,r» dp d9. (*0 

The forces acting on the lateral rides of the dement are equal to 
A'»ri dp and have a resultant in the direction of the radius of the 
parallel circle equal to AV« dp dB. The component of thus force 
in tho y-tlircction (Fig. I3S6) is 

— AVi ^ dp dB. 
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Summing up tlie forces (c), (<i) and (e), the equation of equi- 
librium in the direction of tbc'tangcnt to the meridian becomes 

^(AVo) - AVi cos v* + IVifo = 0. (/) 

The second equation of equilibrium is obtained by summing 
up the piojections of the forces in the r-direction. The forces 
acting on the upper and lower sides of the clement have a 
ro'ultant in the 2 -<lireetion equal to 

AVo <16 dif). (g) 

The forces acting on the lateral sides of the element and having 
the resultant NiridipdB in the radial direction of the parallel 
circle give a component in the 2 -dircction of the magnitude 

A’jTi «n y d<fi d9. (A) 

The external load acting on the clement has in the same direction 
a component 

Zrir* d9 d^. (*) 

Summing up the forces (p), (k) and (i). we obtain the second 
equation of equilibrium 

N,ra + AT^i sm + Zr,ra — 0 O’) 

From the two Eqs (/) and (J) the forces A'» and N, can be cal- 
culated in each particular case 
if the radii r# and ri and the 
components F and Z of the in- 
tensitj' of the external load are 
^ven. 

Instead of the equilibrium of 
an dement, the equilibrium of 
the portion of the shell above 
the pandlel circle defined by the 
angle p may be considered (Fig 
139). If the resultant of the total load on that portion of the 
shell is denoted by R, the equation of equilibrium is 

2irroN^ sin v" d- ^ “ 0. (209) 

This equation can be used instead of the differential equation (/), 




DEFORMATION- OF SnF.LLS WITltOVT BENDING 359 


from which it can be obtuned by iiilegration If Eq. (j) ii 
divided by rirj, it can be written in the form 


ri 


It is seen that when is ob- 
tained from Eq. (209), the force 
iV* can be cafculatcd from Eq 
(210). Hence the problem of 
raenibraneBtrcs.«e3 can be readily 
solved in each particular case. 
Some applications of thc.se equa- 
tions will be dLscussed in the next 
article. 

74. Particular Cases of Shells 
in the Form of Surfaces of 
RevoluUon.* Spherical Dame . — 
Assume that a spherical shell 
(Fig. 140a) is submitted to the 
action of its own n-cight, (he 
magnitude of which per unit 
area is constant and equal to q. 
Denoting the radius of the sphere 
by a, we have r# * o "sin v and 




R a> 2irJ^*’o*g sin v* «= 2iraV(l *“ cos (/>)■ 

Equations (209) .and (210) then give 

Jf « _ fl9(l - COT v>) ^ _ og ^ 

*' ««m* 1 -f cos 

Nt = ngf-r-r- “ co< v’V 

^\I 4- cos f» / 

It is seen that the forces iV, are idwaya negative. There Is thus 
a compression along the meridians that increa.ses as the angle <p 
increases. For ^ = 0 we have N, ~ -~aqf2; and for •(> = ir/2, 

‘ Examples of this kind can be found in the book by P. Forchhelmer, " Die 
Bereebung ebener und gekrQnvmlet DehilterbCden," 3d ed , Berlin, 1931; 
see also J. W. Geckcler’s article in “Handhuch der Phj-sik," ^-ol 6. Berlin, 
192S. 
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iV, = —ai. 
When 


The forces iV# arc alv) nesativo for small anj'les 


1 

1 + cen p 


cos p 


0 , 


t e., for p = 51® 50', Ijccomcs equal to zero and, with further 
increase of p, hocomes positive. This indicates that for p 
greater than 51® 50' there are tensile stresses in the direction 
perpendicular to the meridians. 

The stresses as calculated from (211) will represent the actual 
stre.«.scs in the shell with great accuracy* if the supports are of 
such a type that the reactions are tangent to mendians (Fig. 
140a). Usually the arrangement is such that only \crtical 
reactions arc imposed on the dome hy the supports, wherea-s the 
horizontal components of the forces are taken by a supporting 
nng (Fig 1405) which undergoes a uniform circumferential 
e'ctcnsion. Since this extension is usually different from the 
strain along the parallel circle of the shell, as calculated from 
expres-sioits (211), some bending of the shell will occur near the 
supporting ring. An investigation of this bending’ shows that 
in the cose of a thin shell it is of a ver>' localized character and 
that at a certain di«tance from the supporting ring Eqs (211) 
continue to represent the stress conditions in the shell with 
satisfactory accuracy 

Very often the upper portion of a spherical dome is removed, 
as shown in Fig 140c, and an upper reinforcing ring is used to 
support the upper structure. If 2v># is the angle corresponding 
to the opening and P is the vertical load per unit length of the 
upper reinforcing ring, the resultant R corresponding to an angle 
V is 

“ - 'a*q sin vdip + 2irPa sin 
From Eqs (209) and (210) we then find 


N, = -aq- 

N, 


t = 0/7^- 


sin* ^ 
cos yi> — cos V 


_ pSin_£5 

sin* p’ 
- cos p) 4- 


( 212 ) 


* Small bending Btresses due to strua of the nuddle surface will be di^ 
cuaW in Chay. XIL 

• See Chap XII. 
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As another example of a spherical shell let iH consider a 
spherical tank supported along a parallel circle A A (Fig 141)nn<{ 
filled with liquid of a specific weight y The inner pressure for 



(□1 

Fiu U1 

any angle v> w given by the cxpn~.sion* 

p a —Z « 70(1 - cos v") 

The resultant 11 of this pressure for the portion of the shell 
defined by an angle <fi U 

It « -2iro* v) sin ^ cos »> </(#> 

- -2*n*yH - § cos* i^fl - ! cos i?)) 

Substituting in Hq. (209), we obtain 


1 - cos* is(3 - 2 cos v)j 


-nYl- (213) 

” 6 V I + cas vV 


and from Eq. (210) wc find that 


2_ros>j;^Y 

^ I + cos «•/ 


Equations (213) and (214) hold for v < F*- I" ‘'''*"','•"*"5 Ij!c 
r,4uU,,„t n for farcer vofuc of f..., tor Iho Wr 
tank, wc muH take into account not only the , , 

hut aUo the Kum of the vertical reactions along ,'i,i 

This sum is evidently erjual to the total weight of the liquid 
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4ra^y/3. Hence, 

H = — — 2io*7(i ” h co-j* «j(l — I cos ^)1. 

SiiU'-tituting in Ecj (2{K»), we obtain 

= (215) 

* 6 \ 1 — COS v>/ 

and from Eq. (210), 

(216) 

Comparing expressions (213) and (215), we sec that along the 
supporting ring dvl the forces A', change abruptly by an amount 
equal to 2'ya*/3 sin* fn. The same quantity Ls also obtained if 
we consider the vertical reaction per unit length of the ring AA 
and resolve it into two components (Fig H16): one in the direc- 
tion of the tangent to the meridian and the other in the horizontal 
direction. The first of thev' components U equal to the abnipt 
change in the magnitude of AV mentioned above; the hurizoiital 
component represents the reaction on the supporting ring which 
produces in it a uniform compression. Thi« rompi-e.ssioii can bo 
eliminated if wc U'C memliers in the direction of tangents to the 
meridians instead of vertical supporting members, a.s shown in 
Fig 141(1 As may lx- scon from e\pros«ioris (214) and (216), 
the forces Nt aho experience an abrupt change at the circle AA. 
This indicates that there is an abnipt change in the circum- 
ferential expansion on the two sides of the parallel circle AA 
Thus the membrane theorj' does not satisfy the condition of 
continuity at the cirefe AA, and we may expect some local 
bending to take place near the supporting ring. 

Conical Shell — In tins case certain membrane .stresses can be 
produced by a force applied at the lop of the cone If a force P 
is applied in the direction of the axis of the cone, the stress 
distribution is sjTiimetrica!, and from Fig 142o we obtain 


Equation (210) then ©ves A'» — 0. If n force S is acting in the 
direction of a generator (Fig. 142b), the stress distribution is no 
longer symmetrical. The stress distribution can be found by 
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till' prcs-ure at any parallel circle mn i<« 

-Z = y{ti - y). 

Al«o, for piirh a tank = (t/2) + a and u = y tan a Sub* 
stitutiiiR in the pwond of the eciuations (c). "e obtain 

_ ijd -,v) a to?, 

COS a 


This force is evidently a maximum tthen y =» d/2, and we find 




yd* Ian « 
4 cos (I 


In caloulatinR the force A', «c ob-en'c that the load R in the first 
of the equations (c) h mimencally equal to the Mcinlit of the 
liquid in the conical part mno loRcthcr \nlh the weight of the 
liquid ill the cylindrical part mnsi lienee 



R « - y + it/) fan* a, 

and we obtain 

X, ^ y yUl - jy) tan a . . 
^ * ■■ 2 cos a ■ ' 


This force becomes a maximum 
when y = \d, at which point 


(AV)~. 


IG cos Q 


If the forces supporting the tank 
are in the direction of generatrices, as shown in Fig 143, expres- 
sions (if) anil (e) rcprcM'nt the stress conditions in the shell with 
great accuracy Usually there will be a reinforcing ring along the 
upper edge of the tank Tliis ring lakes the horizontal com- 
ponents of the forces N,- the vertical components of the snme 
forces constitute the reactions supporting the tank In such a 
case it will be found that a local bending of the shell lakes place 
at the reinforcing ring. 

Shell tn the Form of an Ellipsoid of Revolution. — Sue'' a shell 
is used very often for the ends of a cylindrical boiler. In suck a 
case a half of the elH|Tsoid is used, as shown in Fig. 144. Th' 
principal radii of curvature in the case of an ellipse with semi- 
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36f> 

portion 0 / the shell represented in the figure by the hea\* 5 - line AB. 
Since the forces A', along the parallel circle BB are horizontal, r\ e 
need consider only the forces A', along the circle AA and the 
external forces acting on the ring when discussing equilibrium 
in the vertical direction Assuming that the shell is submitted 



to the action of uniform internal presssure p, ue obtain the equa- 
tion of equilibrium 


from which 


2rr».V, sin ^ * Tp(»s — t*), 

Y s pW ~ b*) ^ po(r« + h) 
' * 2r« sin v* 2r# 


( 210 ) 


Substituting this expreS'ion in Eq. (210), ne find 
pri(r* — b} pa 
2r* 2 


( 220 ) 


A torus of an elliptical cross section may be treated in a similar 
manner. 


76. Shells of ConsUot Strenetli. — \s s first example of a shell of constant 
strength, let us consider a dome of Don-uaiform thickness supporting ifsosm 
weight. The weight of the shell per unit area of the middle surface is 
and the two componeDts 0 / this weight aktag the coordiaate ares are 

^ Th sin w, X ^ yh cos Ip (o) 

In the case of a shell of constant strength the form of the meridiana is deter- 
mined in such a way that the compressne stress « constant and equal to p 
in all the directions in the middle surface, 1 r , so that 
A's *. A-» 

Substituting in Eq (310}, we find 
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or, by Bubstitutiiig rj *• ro sin f and solving tor ri. 


Tl 



r) 


From Fig. 1386, wo hnvc 


Thus £q. (e) can bo loprcscntod m the form 

. drt r» ros v 

if y 

— r» cos V — Pin v 


'A) 


At the top of the dome where ^ » 0, (be right side of the equation becomes 
indefinite. To remove thu difficulty ne use Eq (6) Because of the condi- 
tions of symmetry at the top, ri — n, and ne conclude that 


<fr« ■ fj dip ” ”d^. 


Hence, for the top of the dome we have 


— H? 

d* t 


<») 


Using Kqs (<) and (d), ne ran obtain the shape of themendian by numerical 
integration starting from the top of the dome and calculating for each 
increment A^of the angle f> the corresponding increment drg of the radius ro 
To find the variation of the thickness of the shell, Eq (f). Art 73, must be 
used Substituting N^ •* Nt — —ah in this equation and observing that a 
is constant, we obtain 


d y 

——(hr*) + Jlri cos r + — r»r«fc sm ^ 0 

Substituting evpievsion (c) for ri, the following equation is obtained 


(/) 



For 0, we obtain from Eq (/) 

^(6r») w Art 


(?) 
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It w seen lliat for tin' first mwmwit "f tlw jitirIp f any potisUnl t aloe 
for h can bo taJiPJ) Thrn for Ihe olbrr point* of thp niPDilian tbr tbirknrss 
is found l)y tliP nuniencal mttiy^tion of Ilq <g) In biR 140 tho rpsult of 
»ucl> a ralculstioi) 13 irprosentcd * It w H^en tlist tlie cciulition 

A'. - AV - -•* 

bnngs us not only to a dpfinite foiro of tl»c nudiflo wirfspp of the dome luit 
nUo to a defiinte law of variation of the tlnckneas of the drrnic alonj? tlic 
meridian. 



Fio. «<T. 


Jn tfw ca*P of a (ank of eqioil ativnRth tlial rontains a tir]iiii{ wfth a pro»- 
imro "jd at the upper iviint .t tl'ij 1 17> we nni'l fm«l a rlispe of the nieridian 
aueh that an internal pressure r<[ual to it will ri%p rise at alt (lolnls of tlio 
aliell to foreca’ 

AV “ A'# «• roast. 

•This etampV has l>pen ralruUlrd l>y \Y nitjoce; are hU "Rtatilc nnd 
riytiamik det Pehalen," p. «5i, DrtUn, l9%t, 

*A jnathematiral diseussirm of this proWrm >« Riven in the book )>y 
C. Ilunfx* and 1! KiVnic. '*Vorle*UB|fenMwrNuroeri'Hh"alleehneo,"p. 32^ 
Borlm, 1931. 
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A sImiJar problem b encountered in finding tlic shape of a drop of liquid 
resting on a horizontal plane. Beeausc of the capillary forces a thin surf ice 
film of uniforen tension is formed nhteh envelops the liquid and prc%ents 
it from spreading over the supporting surface Both problems arc matho- 
matically identical 

In such cases, Kq (210) gives 

*'(n 0 " ” ® 

Tahing the orthogonal coordinates aseiioiiR in the figure, nchnvc 


Hericc, 


r, - ft il^ = as - 

^ ^ L ro* d »m 

ri X r, dt dx 


andK<i (A)fii'e8 


Obseri mg that 

tan 


dsin <> am » 
da ■*' * 


If 

iV,' 


dt 




y/l +^an* y 


(0 

0) 


it is possible to eliminate tiny from Eq. (0 and obtain in this nay a diSeren- 
tial equation for x as n function of z. The equation obtained uj this manner 
is very complicated, and a simpler means of aoh mg the problem is to intro- 
duce a new variable u » am y. Making this anbstitution m Eq (i)snd(j), 
ve obtain 


da « yx 
di i " AV 

^ V^l - «s 


(t) 


(T) 


Tliese equations can be integrated numerically Btarling from the ui>per 
point A of the tank. .At this point, from symmetry, ri rj, and we find 
from Eq. (k) tbst 


ft 


2V> 

id 


By introducing the notation 
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we wntc 


ri 


d 


(w) 


With this radiits we mnVe the firsi ctenuiit of the nicmfian curve rii^ " it. 
rormpfiniling to the ninMI angle Vt the end of this arc we hate, aa for 
a email arc of a circle, 



N\ hen the values ii and i Ime heeii found from Cqs. (n), the values of 
and di/dx for the aamc point an founil from (1) and (1). With thew 
valiica of the dcnvativca we can calculate the values of * and u at the end of 
the nest interval, and -o on Suih calculations can he continued without 
difTiculty up to an angle * erjual, any. to 50 deg , M which the aahie of w 
tiecomM approtimatcly 0 75 t>>m thw point on and up to r * 1^0 deg. 
the increments of t are much longer than the cocrei'pomJmg increments of S', 
and it u advantageous to tale t as the independent variable instead of o* 
Fore > HQdig , s must agsin lie taWenas the independent vanahlc, anil the 
calciiUtion w continues! up to the point // where the mcnjiaa eucre has the 
horuontal tangent IIC Over (he eircuUr area /fC the tank haa a horizontal 
surface of contact with ihe foundstxui, and the preswiire vfif +«fj) Islial* 
anced hy the n action of the foundation * 

A tank designcil ui this manner' is a tank of eoristant strength only It tbo 
preiwurc at A w siiih as B«unic«l m the ralevilationa. For any other value 
of Ihw pri'wure the force* A'sand iV, will no lunger be constant hut will vary 
nlong the inirulian Their magnitude can then lio calculated by u'mg the 
general equations (2001 nnil (210) It will also lie found that the cquililr- 
num of the lank rcqiim-s that scrtieat ihesnng foretw act along the paraflef 
circle DC Tins milietiiM that rUwe (o this circle n local bending of the wall 
i.f the Unic must take plve 


76. Displacemenls in Symmttxieally loaded Shells HerinS Ih* 
Form of a Surface of Revolntion. — In the cn"r of synimetrical 
deformstion of a ahcll, a •imali dNplaecment of a point can be 
rraolvcd into two components: c in the direcUiJn of the tangent to 
the mcridLin and tc in the direction of the normal to the middfc 
purfacc. ConsIderinR an dement of the meridian (Fig. US), 
vve pee tliat the increaae of tire length of the element due to 
tangential displacements v ande -I* {dc/d>p)d<fl of itws-uds ia 
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to {dv/d<p)d'p. Because of the radial displacements w of the 
points A and B the length of (he element decreases liy an amount 
vidip. The change in the length of the element due to the 
difference in the radial displaccmcntH of the points A and B can 
be neglected as a small quantity of higher order Tims the total 
change in length of the element AB <Iue to deformation is 


^d<fi — IP dip. 
flip 

Dividing this by tlic initial lengtii 
n d-p of the clement, we find the strain 
of the shell in the meridional direction 
to be 


I dy _ IP 
rld^ rt 


(a) 



Fib Its 


Considering an element of a parallel circle it may be seen (Fig 
14S) that owing to displacements e and u> the radius r» of the 
circle increases by the amount 


V cos Ip — w sm ip 

Tiie circumference of the parallel circle increases in the same 
proportion as its radius; hence, 

«i ** ~(e cos ¥> — «• sin <p), 

U 

or, pulistituting ra «= r* sin 


V . \B ... 

a# ■= — cot Ip (o) 

r* r* 

Eliminating ip from Eq«. (a) and (b), we obtain for p the differ- 
ential equation 

dv . , . 

- p cot = fi** — rje». (c) 

Tile strain components and «# can be expressed in terms of the 
forces N't and Nt by applying Hooke’s law. This gives 


UN,. ~ 







.172 TiiFonr nr tmtw asj> fniruji 

in Kq. (c), wf obtain 


(;r 

fL- 


r rul V- “ + "<> " 


(220 


In . a. Ii rnrt.rul vr r.i^n tom.- A', nml A', ran \yc found from 
tin loid.oR .on.litiot.-, and Ihr dl-plarfmrnt r wU thru 
obiaunil li\ mtrerotion of tin* difTrnmtial rqtintlon (— )• 
Dcnolinp (ht nphl rule of ihU Mpiation by/fc), «r wntr 

- ~ r rot , 


(0 


~ r rot V* /(v)» 

rill K''iii rnl “.olution of ibl- r<|ii.alion li 

ill w III! li C i- a ron«(aiit of inti cration to lo ilrtomtinwl from thr 
oomlituin at the Fup|tort t*t « 

Tnkr, as an rxamptr, a uplirrical rbcU of roii-tant tuic n 
[©.adcKlby il-own woielit (Hr UOu). InMirliara.*rfi “ ri " ^ 
Sf and Nt arr gtvrn by <*xpr<-«<tona (21 1), and Kq. (221) breom 


(fr 

T- - r rot ^ 
'll? 


. o*-7(l + r)( 


Kh V 

Tho RPiioral nolutioii {«■) i- then 
«’<7(l + »)' 


' 1 + ci>» «} 


■ Eh 


Uinv-loRd 


^ 1 + ct» vJ 

+ C sin c- 

'riir con-lant C will nowr l>c drlrntiinctl from thr condition tl^^ 
for v’ = n the di«pla«*mrnl r i- *oro (HR- UOo). rrom ‘ 
condition 


= 0^ + »> 
Eh 


f loR (I + ctw o) • 

Ll + co-n " J 


The di-placcmcnt p li obtained by auljstitution in cxprrsswn {fh 
The displacement lo i- readily found from Kq. (I*)- At the 
port, where p “ 0, tho di-placemcnt ic can be calculated 
from Eq (f>) without u-onR aolution (/) hy substituting for *• * 
value from the second of tho equations (if). 
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77. Shells in the Fonn of a Surface of Revolution under 
Unsymmetrical Loading. — Considering again an clement cut 
from a shell by two adjacent mendian<i and two parallel circles 
(Fig 149), in the general case not only iiorm.sl forces A’* 

but also shearing forces N,t = Nt, will act on the sides of the 
element. Taking the sum of the projections in the !/-tiirec(ion 



of all forces acting on the element, we imist add to the forces eoii- 
sulcriHl ill Art 73 the force 

lie il^ (fi) 

representing the difference in the sharing forws acting on the 
lateral i?ides of the element. Hence, instead of Ilq (J) (.\rt 73), 
we obtain the ctiuation 

~fX.r,) + S^'r, - AV, ro. p + IV.r. - 0. (U22) 

Con.eidcring the forces in the z^lirertiou, we mii«t include tlie 
dificrence of the shearing forces acting on the top and l>otlom 
of the clement as given l»y t(»e expression 

M + Jf dl - i{r.V.,K, ■!». (« 
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tliO ^orcc 

^V, do rftft (c) 

d^io to vnriatUm of Iho forco A’* nnd the forrr 

Nt^x co< ^ dO </v (d) 

diK' to the small angle c“w v dO iK'twmi the KlirarinR forct"* A’l, 
flctiDR on the lateral wdes of the element. The romponent in 
T*dircetion of the external load aeting on the element w 

A'r»r, do d>fi (e) 

Summing up ail the'>e foiT<H, we ofttnin the equalirm 

^froA',#) + ^'^r, + .V»^, cfw o + .Vrt.ri - 0 (223) 

The third efpiation of eqmhhnnm !•* ohtonxxl hy projectmR the 
forpes on the *-a\is. Since the projection of rheanng forces on 
this axU vaimhes, the ihml equation conform-* viili Eq. (210) 
which was dcrisetl for symmetrical loading 

The problem of dctcrmininK membrane stresses under unsym- 
metrical loading retlucen to the rohition of the three Eqs. (222), 
(223) and (210) for given values of the comiionents .Y, T nnd 2 
of the intensity of the external load The application of thwo 
equations to the case of shells Mibjected to wind pressure will be 
discussed in tlic next article 

78. Stresses Produced by Wind Pressure.' — As a particular 
example of the application of the general equations of equilibrium 
derixed in the previous article, let us consider the action of wind 
pressure on a shell. Assuming that the direction of the wind is 
in the meridian piano 0 = 0 and that the prcs.surc is normal to the 
surface, we take 

X — Y = 0, Z = p sin <p cos $. (a) 

*The first InvesliRRtion of this kind was made by 11 Iteissner, “Milller- 
Drcslau-Featsclinft,” p. tSt, LcipuR, 1912; wss nl«o T Dwhmger in P. > on 
Emperger’s “Handlmch fllr Eiscnbetonbau,*’ 4th c<l , vol, 6, Berlin, 192S; 
E. Wiedemann, Seftireu liautntuixg, vol 103, p 210, 1930; and K. Girk- 
mann, Der SlahCbau, vol. C, 1933 
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The equations of equilibrium then become 


^(roA',) + — AVi cos (p = 0, j 

^(roA',,) + + A’,/-, cos v- = 0, | 

N,rt + A'ifi sin ^ = — J>r«r> fiin cos 8 j 

By using the last of these equations we elinunaie the force A'» 
and obtain the following two differential equations’ of the first 
order for determining N, and A'», «= A,*‘ 


- = -^pri cas e 


^'+(s£‘ + “‘ + F 

Sir + (r. ^ ^ i 


Let us consider the particular problem of a spherical «hcll, jn 
which case r; = rt “ a Wc take the solution of Eqs (c) in the 
form 

AV ** S, cos tf, AV » St, sin 0, (d) 


in which S, and St, are fnuctions of v* only Substituting m 
Eqs (c), we obtain the following ordinarj* differential equations 
for the determination of these fimction* 


ff + ^ - -P« <■« v-.l 

d* 2 cot^Sv d" —~~S, = ~ •pa I 
(Is? sm^ j 


By adding and subtracting the«c equations and introducing the 
notation 

t/i “ S, + S,„ (/, = S, - S,„ (f) 

the following two ordinary differential equations, each containing 
only one unknown, are obtained: 

+ (2 cot V. + a^)[7, - -J»(l + CO, ri; 

^ + (2 cot „ - - pod - c» c). 

’Tic nppLcflIioa of the »(rtw fanMioo In inre«tiii:aUnf5 wind slivcws ws.i 
u»<^ by A. 1‘uflipr. Pvh Intern. Attoc. BnJgt ond Slruetural Eng vol 5. 
p. 275, lOM. 
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Applying the general rule for integrating differential equations 
of the first order, we obtain 


f/i 


Ui 


- p«(cos y - I co,> ,)],) 


m 


where Cl and C» are constants of integration Substituting in 
Eqs (/) and using Eqs (d), we finally obtain 


cos ere, + c, . Cl 


sin e f Cl — Cj 
am’ vL 2 


+ -^-2 — ^ <“os V 

+ payees* ^ cos' •)]{ 

_L C. + C, 

-I 5 — cosv» 

+ 


pn^coa v - ^ cos’ 


To determine the constants of integration C, and Ct let ua con- 
sider a ahell in the form of a hemisphere and put ^ = ir/2 in 
expresaiona (»). Then the forces along the equator of the shell 
are 


Since the pressure at each point of the sphere is in a radial 
direction, tlie moment of the wind forces with respect to the 
diameter of the sphere perpendicular to the plane 0 = 0 is zero. 
Using this fact and applying the first of the equations (j), we 
obtain 

jV^’ cos 0de = cos* 0 d0 = 0, 

wliich gives 

Cl = -Ct. (fc) 

The second necessary equation is obtained by taUng the sum of 
the components ol aTl lorccs acting on the hall .sphere in the 
direction ofthehorizontaldiameterin the plane 0 = 0 Thisgn'es 
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sin B (Id 

= ~J'qJ^ P ® n sin t? sin p cos 6 difi dd, 

Ct-Ct a 
ar ^ = ~P^Y 

From (k) and (0 \vc obtain 

Cl = — |ap, C» = i(ip 

Sufwtituting the>e values for the constants m expressions (t) 
and using the third of the equations (6), ne obtain 


A’* •“ — ^ j — ^(2 — 3 cos s9 + cos* v), 

o sin* <p '’I 

A'l " ^ ^^" {2 cos (> — 3 sin* >fi — 2 cos< v),} (m) 

Af», = - 3 cos v> + cos’ v)- ) 


..A A. . 


By using these expressions the wind stresses at any point of the 
shell can bo readily calculated If the shell is in tho form of 
a hemisphere, there mil be 
no normal forces acting along 
the edge of the shell, since 
(A'«)^r/t = 0. The shearing 
forces A%y along the edge arc 
different from zero and arc etjual 
and opposite to the horizontal 
resultant of the wind presMiir. 

The maTimum numerical value 
of the«c forces is found at the 
ends of the diameter perpendic- 
ular to the plane = 0, at which point they are equal to ±2p(i/3. 

As n second application of Eqs. (c) lei us conrider the ca.se of a 
shell haring the shape of a circular cone and supported by a 
column at the vertex (Fig ISO). In this ca«e the radius n is 
infinitely large. For an element rfy of a meridian wc can write 
dy « Ti (1^. Hence 
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In addition we have 


r» = y gin a, 


dr* 

-r~ = Pin a, rt y tan a 
dy 


Substituting in Eqs (c), we obtain for a conical shell submitted 
to a wind pressure Z = p sin ^ cos 8 the equations 


9N, I iV> , 1 

dy y y ®jn a 88 
dNt^ 2iV«, 
dy y 


— p sin a cos 8,^ 
~p sin 6. ^ 


(») 


The second equation can be readily integrated to obtain 

The edge of the shell y « I Is free from forces; henec the constant 
of integration in expression (o) is 


C- 


.e 

3 


and we finally obtain 


■ 3 y’ 


(p) 


Substituting in the first of the equations (n), we find 


aiV. . A", 


8y 


^ = -{e il 
y V3y’ 


~y^ 


The integration of this equation give 
' sin a \ 


- y* 

3y» 


+ P sin a) CDS 9 


P-y 

2y 


nhich vantslw's at the edge y = f os it should The forces A’l are 
oiitained from the third of the equations (b), which gives 


A'» = — py stn a cos 8. 


(r) 


The expressions (p), (?) and (r) ^ve the complete solution for the 
strevses due to wind pressure on the conical shell repre.scnted in 
Fig. 160. At the top y = 0 the forces A', and A’i» liecome 
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infinitely large. To remove this difficulty \ve must assume a 
parallel circle corresponding to a certain finite value of y along 
which the conical shell is fastened to the column The forces 
N, Ntf distributed along this circle balance the wind presssure 
acting on the cone. It can be seen that, if the radius of the circle 
is not sufficient, these forces may become very large. 

79. Spherical Shell Supported at Isolated Points.’ — tVe begin with the 
general case of a shell having the form of a surface of revolution and con- 
sider the case when the forces are acting only along the edge of tlie shell so 
that A' = K = Z = 0 The general equations (6) of the previous article 
then become • 

(r»y^) + — Ntrt con “ 0, 

Ac 

r «>• » - 0. 

Npr» -f- A'»r, sin i» •• 0 

Let U8 take the solution of (hose eqiistions m the form 

AT, - 5^ cos n9, ) 

N» — S*. cosnS, j (6) 

A’»„ - am n9, J 

where 8,„ St, and St,, arc functions of «> only and n is an integer. Sub- 
stituting expreawons (&} in Eqs (a), we obtain 

^(r*5».) 4- nr,S*rm — r,S»« cos »> = 0, | 

ttifi I 

d { 

— — nri5». -1- riA‘*^ cos ^ — 0, > (c) 

+ -5s. - 0. I 

■ '* I 

Using the third of these equations, we can eiiminnte tlic function Su and 
thus obtain 



dS,.{ldr. , V - 

1- 1 — -r +«»t -b" “ 0., 

dt \rtdf / rjBiu ♦ I 

( \ dt, ri \ , , »i5^ I 

“7^ + ( - +- cot ♦.)•'**•». + - 0 

0(p Vr, d^ rx / Bin »f I 


* FlLV.qe, W , Inf Cl/ , p. 13 For the application of the Btress function 

in solution of such problems, sm* paper l»y Purher, loc cil , p 375. 
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In the particular ease of a spheneal fibcll n = r, <2, r» = a sin »?; and 
Eqs (d) reduce to the follon log simple form 

rtS.. n 

— 1- 2 rot^^ H Sif. = 0; 

difi un^ 

It 

— ' — + 2 eotiriS#^ + Sfm “ 0 

df simr 

Proceeding as in the previous article, 1>> taking the sum and the difference 
of Eqs ft) and introducing the notation 

l.’i. =‘S„+ St^. r,» -S^- S,,.. (f) 

tte obtain 

llVu 
if 

The solution of these equations is 



IromEqs (/) ne then obtain 




s„. . 1) - c..(,„ j)"] j 

It ve have a shell nithout an opening at the top, expreuioni (1) inu^t 
finite for v ■> 0. This requires that the constant of integration Ci. » 
Substituting this in Eq (i) and using £>}*.'(&)> ^e £nd 


(») 


be 

0 



Substituting for v the ao^e correspo n ding to (he edge of (be spherical 
shell, we shall obtain (he aormal and the shearing forces which must be 
distrihuted along the edge of thethrll to produce in this shell the forces (j). 
Taking, as an example, the case when « •• w/2,i e .the shell is a hemisphere, 
we obtain, from expressions (j). 
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*’2 

■'"5 


2 


nS, 


■ 2 


nS 


W 


Knowing the stresses produced in a sphencal shell hy normal and aheanng 
forces applied to the edge and proportional to cos nO and am n9, respec- 
tively, -ne can treat the problem of any distribution of normal forces along 
the edge by representing this distribution by a tngonomctnc senes in w Inch 
each term of the aeries IS a solution similar to thesolutioR (]) ‘ Tafce.asan 


joMy 

o miiitiiiiii ;oi. i i Mtiiii^ ^ 

fo) ! 


e t 

( 

‘1 

) 

-'1 h- 

■•I 1 


I'-i 

( 

n 

—-j .... 

n 

— • 5 "i 

_i. 

n 

Hlj' III 

n 

«ir(— / 


(c) 

Fio. ISl. 


example, the case of a hemUpberical dome of radius a, carrying only its o« n 
"eight of gib. pers(]uarc foot and supported by four symmetrically located 
columns If the dome is resting on a continuous foundation, the forces Nf 
arc uniformly dutnbuted along the cfige as shown in Fig 151«, m which the 
intensity of force oiV, per unit angle is plotted against the angle 9 In 
the case of four equidistant columns the distribution of reactions will be 
as shown in Fig 1511;, in which 2e denotes the angle corresponding to the 
circumferential distance eupportal by each column. Subtracting the force 
distribution of Fig 151a from the force dtatnbution of Fig. 1516, we obtain 


’ In using a 


-1 X 


Cj, cos n9 for normal forces w e obtain 


a distribution of these forces symmetrical with respect to the diameter 9 — f 
la the general case the series will contain not only cosine terms but alvi sin 
terms. The solutions for sme (erias can bo obtained in exactly the aami 
manner as in our discussion of the conoo terms. It is only necessary t; 
exchange the places of cos n9 andam ii9iii Eqs. (6). 
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the distribution of Tig 15te, repre«entmg a system of forces in equilibrium. 
Tins distribution can be represented in form of a series 

A.eosnS, (0 

in ftbich only the terms n — I, 8, 12, must considered, sinco the 
diagram ISle repeats iiaeU after each interaal of r/2 and has four rompicle 
penods in the angle 2r Applying the u*iuil method for calculating the 
cocfRcienta of senes (f), ne find 



Hence the distnbution shown by diagram I5le is represented by the senes 



Companog each term of (his senes uiih (he first of (he equations (k) ne 
conclude that 



The stresses produced in the shell by the forces (tn) arc now obtained 
by taking a solution of the form (j) corresponding to each term of senes (m) 
and then superposing these solutions In such a manner ae obtain 



Superposing this solution on solution (211), which was previously obtained 
for a dome supported by forces uniformly distnbuted along the edge (Fig. 
140d), we obtain (onnulas for calculating the stresses in a dome resting on 
four columns. It must be noted, however, that, whereas the above-men' 
boned superposition gives the necrasaty distnbution of the reactive forces 
Nf as shown in Fig. 1£1&, it also introduces sheanng forces Nit which do 
not vanish at the edge of the dome Thus our solution docs not satisfy 
all the conditions of the problem. In fact, so long as we hroit ourselves 
to membrane theory, we shall not have enough constants to satisfy all the 
conditions and to obtain the complete solution of the problem. In actual 
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constructions a reinforcing nng is usually put along the edge of the shell to 
cany the shearing forces A'l^ In such cases the solution obtained by the 
combination of solutions (211) and (») mil be a sufficiently accurate rep- 
resentation of the internal forces produced in a spherical dome rcstmg on 
four columns For a more satiafactory solution of this problem the bending 
theory of shells must be used.’ 

The method discussed in this article can also be used in the case of a non- 
sphencal dome. In such cases it is necessary to have recourse to Eqs. {d) 
which can besolved with sufficient accuracy by using numencal integration ’ 

80. Membrane Theory of Cylindrical Shells.—In tliscu.‘ismg a 
cylindrical shell (Fig. 152a) t\e a-ssumc that the generator of the 



shell ia horizontal and parallel to the i-axis. An element is cut 
from the shell by two adjacent generators and two cress sections 
perpendicular to the i-aris, and its position is defined by the 
coordinate z and the angle The forces acting on the sld^ of 
the element are shown in Fig. 1525. In addition a load will ^ 
distributed over the surface of the clement, the components of the 

‘An example of such a solution is given in A. Aas Jacobsen’s paper, 

/nS'nfeur.ArcAic.vol 8, p.275, 1937. 

* An example of euch integration is pvea in Flligge’s book, he.cU ,p. • 



riiFnicY or n.ATEs axd sin.uji 


8bl 

intci»'‘ily of UiN load tiririK donotwl, ns Jx/orr. Jiy A’, )' aikI Z. 
Con^idorinR t!i<* ixiinli'jrium of tin* ikmriil nni! mimnimK *ip 
forces in the r-<IirocUfm, we obtniti 

’ril.fi <tx + tit + Xrdfi ilx = 0 (‘0 

Ofi 

Similarly the forces m the tlinelion of tli«* 1 :uir< n1 to the tionnnl 
rro'S H'Clion, 1 1 . ni the {r*ilm*rti<m, Rtve a.s -i correspomlmK 
crivinliou of eqmlilirium 

lit + ’dfi di + Ynlfi ili = 0. {f») 

<77 

The fan.) - ixiint! m the «ims-lu>n of the tioniml to the ehell, i c.. 


ri« t». 

in the *-direction, (;i'e the equation 

.V, <{fi <li + Zrtifi <li « 0 (c) 

After sunphficatiou, the three etjuations of equilibrium can l»o 
reprcxenti^ In the following; form: 

diV, . 1 9^ _ Y \ 

di '^r dfi ’/ 

^.10^ y (224) 

dz r dfi * ’ \ 

X, ^ -Zr. / 

In each particular case wc readily Ond the value of X, Sul>- 

etituling this value in thcMrcond of tiie etpintions, we then obtain 
N,, by integration. U'ing the value of X„ lhu.s obtained we 
find A', by integrating tho fir«t equation. 

As an example of the application of Eqs (224) let us con-ider 
a horizontal eircular tiilic filled with liquid ami supported at the 
ends t Measuring thcan^efi&sshowiiiii Fig 1536 and denoting 
‘ This problem was discussed by D. Thorao, Z. prs 7'ur6menti’rtm, 
vol 17, p. 49, 1020 






DEFORMATION OF EllELLE WlTllOUT DENDIKO 


385 


by po the pressure at the aNW of the tube, the pressure at any 
point is Po — 7 a cos We thus obtain 

.Y = V = 0. Z ~ — Po + ya cos (d) 


Substituting in Eqs. (224), sre find 

iV, “ p#a — 70- co^ (^) 

Nif = — J’ 7 n sin ^ da: + Ci(?») = —yar sin CO 

= J '7 cos J tlx — 


The functions Ci{<fi) and C,(«>) must now be determined from the 
conditions at the edges. 

Let us first assume that tJicre arc no forces N, at the ends of the 
tube. Then 


(A^)^ = 0 {N,)^ = 0. 

Wo shall satisfy these conditions bv taking 

Ci(v) “ 0, Ci(v») = ,9 4- C. 

It is seen from expression (f) that tlie coastant C represents forces 
uniformly distributed around the edge of the tube, as is the 
case when the tube is subjected to torsion. If there is no torque 
applied, we must take C = 0. Then the solution of Eqs (2241 
in our particular case is 

JV, = poO — 70* cos Vi \ 

= 70 Q - sin V, ( (225) 

Ns = - i) cos V I 

It is seen that N., and iV, are proportional, respectively, to the 
shearing force and to the bending moment of a uniformly loadeo 
beam of span I and can be obtained by applying beam formu as o 
the tube carrjnng a uniformly distributed load of the magnitude 
ira ’7 per unit length of the tube. 

‘ ’fhe weight of the tube is nerfected in this discussion. 
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By a proper selection of the function Ctiip) ne can also obtain 
a solution of the problem for a cylindrical shell with built-in 
edges. In such a case the length of the generator remains 
unchanged, and we have the condition 

JJw. - - 0 

Substituting 

— x) cos <p -b C»(i»), Nf = poo — -yo* cos <e, 

we obtain 

■= vp#a + cos V 

and 

N, = - *) cos *> + — ca*^-)' cos V (226) 

Owing to the action of the forces anil iV, there w ill be a certain 
amount of strain in the circumferential direction at the end of 



the tube in contradiction to our ’assumption of built-in edges. 
This indicates that at the ends of the tube there will be some 
local bending, which is disregarded in the membrane theorj’. 
A more complete solution of the problem can be obtained only by 
considering membrane stresses ti^ther with bending streswes, as 
will be discussed in the next chapter. 

Sections of cylindrical shells, such as shown in Fig. 154, arc 
somefimesusin-iaicoi'enngvo/ vtuitmildads of eloMtare. Tfeew 
shells are usually «upi>orted only at the ends while the edges AB 
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and CD are free. In calculating the membrane stresses for such 
shells the previous Eqs. (224) can again be used. Take, for 
example, a shell of a semicircular cross section supporting its own 
weight which is assumed to be uniformly distributed over the 
surface of the shell. In such a case we have 

X = 0, F = p sin v»* Z = p cos <p. 

The third of the equations (224) gives 

W, = —pa cos tp (^) 

which vanishes along the edges AB and CD as it should It is 
seen that this condition will also be satisfied if some other curve 
is taken instead of a semicircle provided onI> that </> ±ir/2 

at tho edges. Substituting expression (ft) in the second of the 
equations ^224), we find 

Nt, — —2px sin ifi + (0 

By putting the origin of the coordinates at the middle of the span 
and assuToing the same end conditions at both ends, x “ il/2 of 
the tube, it can be concluded from symmetry that Ciiv) ®= 0 
Hence, 

X*, ~ —2px sin »>. if) 

It is seen that this solution does not vanish along tho edges AB 
and CD as it should for free edges. In structural applications, 
however, the edges are usually reinforced by longitudinal mem- 
bers strong enough to resist the tension produced by sheanng 
force (j). Substituting expression (j) in the first of the equations 
(224), we obtain 

X. = ^ cos V + 

If tho ends of the shell are supported in such a manner that the 
reactions act in the planes of the end crO!>s sections, the forces A « 
must vanish at the ends. IIcnceCi(i») = -pi* cos <?/4a, and we 
obtain 

_P^(F-.4j*). (0 

nxprcs.«ions (ft), (j) and (I) represent the solution of Eqs. (224) 
for our particular ca.se (Fig. 154) satisfying the conditions at the 
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ends and also one of tlie conditions along the edges AB and CD. 
The second condition, which concerns the shearing forces N,,, 
cannot be satisfied hy nsii% the membrane stresses alone. In 
practical applications it is assumed that the forces N,p will bo 
taken by the longitudinal members that reinforce the edges It 
can be expected that this as-^umption will be satisfactorj’ in those 
cases in which the length of the shell is not large, say I 5 2a, and 
that the membrane theory will give an approximate picture of the 
stress distribution in s«ch ca'ies For longer shells a satisfactory 
solution can be obtained only by considering bending as well as 
membrane stresses This problem will be discussed in the next 
chapter (see Art 91). • 



CHAPTER XI 

GENERAL THEORY OF CYLINDRICAL SHELLS 

81. A Circular Cylindrical SheU Loaded Symmetrically with 
Respect to Its Axis. — In practical applications we frequently 
encounter problems in which a circular cylindrical shell is sub- 
mitted to the action of forces distributed symmetrically with 



respect to the axis of the cylinder. The stress distribution in 
cylindrical Ijoilcrs .submitted to the action of steam pressure, 
stresses in cylindrical containers haring a vertical axis an 
submitted to internal liquid pressiirc and stresses in circular pipes 
under uniform internal prc«.surc arc examples of such problems. 

To establish the equations required for the solution of th^ 
problems w p consider an element, as shown in Figs. 152a and 155, 
nnd consider the oejuations of oquiUbrium. It can be cone u 
from sjTTunctry that the membrane shearing forces A*» *= 
vanish in this c.ase and that forces are constant along the 
circumference. Regarding the transverse shearing it can 
idso be concluded from .symmetry that only the forces Q, do no 
vanish. Considering the moracnla acting on the clement in 
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Fig 1S5, we also conclude from symmetry that the twisting 
momenta M,, = Mr, vanish and that the bending moments M, 
are constant along the circumference Under such conditions of 
symmetry three of the sir equations of equilibrium of the element 
are identically satisfied, and we have to consider only the remain- 
ing three equations, 112 , those obtained by projecting the forces 
on the X- and z-axes, and by taking the moment of the forces 
about the y-axis. Assuming that the external forces consist only 
of a pressure normal to the surface, these three equations of 
equilibrium are 


— dx dip = 0, 
ax I 

dx dip + N, dx dip + Zo dx dp » 0,| 
dx dp — dx dp 0 


(«) 


The first one indicates that the forces N, are constant,’ and we 
take them equal to zero in our furtlier discussion. If they are 
different from zero, the deformation and sfress corresponding to 
such constant forces can be easily calculated and superposed on 
stresses and deformations produced by lateral load. The 
remaining two equations can be written in the following simplified 
form. 


-T f- -Nr = - 

ax o' 

dMr _ 


(&) 


These two equations contain three unknoirn quantities Q, 
and To solve the problem we must therefore consider the 
displacements of points in the middle surface of the shell. 

From sjTnmetry we conclude that the component v of the dis- 
placement in the circumferential direction vanishes. We thus 
have to consider only the components u and w in the x- and 
2 -directions, respectively. The expressions for the strain com- 
ponents then become 


_ du 
dz ** 


(c) 


' Ttie effect of these forces on bending is neglected in this discussion. 
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Hence, by appljing Hooke’s law, we obtain 


N, = 


Eh 

1 - I 


;{*. + vt*) ■- 




u)- 


= ( 

y\dx *' a/ 

?fc / u’ du\ 
a'^W 


From the first Of these crpialions it follows that 

• ^ , 
dx ~ a 

and the second equation gives 

N. 


Ekv> 


(d) 


(e) 


Considering the bending moments, we conclude from sjTnmctry 
that there is no change in cun-ature in the circumferential 
tion. The curvature in the i-direction is equal to -d w/dx . 
U«Ing the same equations as for plates. «e then obtain 


W 


r, - rM„ ) 


. Eh* 

Is the flexural rigidity of the shell. 

Rctiiming now to Eqs. W and diminatins Q. from these 
equations, we obtain 

dx* o 

from which, by using Lqs. (c) ami (/). wo obtain 




Ek _ 


di Z 


( 227 ) 


All problems of sj-mmetnea! defonnation cjlind 

chelLs thus reduce to the integration of Kq. . t t},o 

The simplest application of IhH equation is 
thicknes-s of the shell is coiLstant Under such comht.ons tq. 
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(227) becomes 


( 228 ) 


Using the notation 


Eh _ 
' 4a*i) " 


a*A* 


Uq. (228) can be represented in the simplified form 




■ D 


(229) 


(230) 


This is the same equation as is obtained for a prhmatical bar with 
n, flexural rigidity D, supported by a continuous elastic foundation 
and submitted to the action of a load of intensity The 
general solution of this equation Is 

10 “ e**(Ci cos 0 x + Ci sin 0 i) 

+ <-«'(C. cos px+C, sin px) + /(z), (231) 

in which/(i) is a particular solution of Eq (230) and Ci Ct 

are the constants of integration irhich must be determined in each 
^ particular case from the conditions at the 

ends of the cylinder 
< Take, as an example, a long circular 

' I ^ pipe submitted to the action of bending 

moments Af. and shearing forces Qg both 
uniformly distributed along the edge 

/-t^ j I « 0 (Fig 156). In this case there b no 

pressure Z distnbuted over the surface of 
the shell, and /(z) = 0 in the general 
Fio. 156 solution (231). Since the forces applied 

at tlie end z = 0 produce a local bending 
which dies out rapidly as the distance r from the loaded end 
increases, we conclude that the first term on the right side of 
Eq. (231) must vanish. Hence, Ci Cj = 0, and wc obtain 

w = e-^*(C» cos Pz + C« sin px). (?) 

The two constants C* and Ct can now be determined from the 
'conditions at the loaded end which may be written 
’ See author’s “Strength of Matenals,*’ toI. 2, p. 401, 1030 
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Substituting expression (g) for tc, v>c obtain from these end 
conditions 


+ C. = ^- 0) 

The final expression for u> is thus 

yy = 

The maximum deflection is obtained at the loaded end where 


W-= 

Tlic negative sign for this deflection nsuUs from the fact that v 
is taken positive toward the axis of the cylinder The slope at 
the load^ end is obtained by differentiating expression (232). 
This gives 

Cffi Si + 0.(00. Si + m MI— 

- 2^(2/S-V. + 0.)- (2!<) 

By introducing the notation 
-fifii) = c-<*(cos fix + sin fix), ) 

^Ifix) = c“**(eos fix — sin (235) 

e{fir) = cos fix, fl0x) = e-^‘ sin fix,) 
the cxpr(x«''ions for deflection and its consecutive dcri\ atives can 
be represented in the follow-ing i^iniplificd form. 

~j,l6.1W((lr) + 

a? 

~ ~ i|23Jirf(»r) - <?,#(3')1 / 
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The numerical values ot the functions rWr), #(5i) . » W and f (M 
are riven in Table 45. ‘ The functions vtf*) and are repre- 
sented graplueaily in Fig, 157. It ui seen frorn these curves arid 
from Table 45 that the functions defining the bending of the 
shell approach rero a., the quantity dr become, large This 
indicate that the bending produced in the shell is actuallj of a 



stanta of integration nere calculated. «vTirM- 

If the moment M. and the defiection «> are 
Sion, (230), the bending moment M, » flamed 
of the eqlions W. and the value o the force N f ^Eq,^ 
{ty. Thus all necessary information for calculati g 


the shell can be found. Deformation of Circular 



(a) 

Fm 15K 

uniformly Df.lrrh.ded cLmy - 

load U far enough from ^ consideration, ot 

can he used for each haU ot the sWl. Irom 
sjunmetry no conclude that the value of Q. m eas 

a .i,„ Kiwt tiv n. Zimmcrniann, 

‘Tlio figUTCs in this #rc Berlin. 18SS 

“Die nerechnung dea Eiseubabnobetbaues, 
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We thus obtain for the right-hand portion 

to = - ctwjSx) + ^ cos (3a:j, (a) 

where x is measured from the cross section at which the load is 
applied. To calculate the moment 3/« which appears m expres- 
sion (a) we u«e expression (234) which gives the slope at ar » 0. 
In our case this slope vanishes because of symmetry Hence, 


mio - ^ “ 0, 



(6) 


Substituting this value m expression (o), the deflection of the 
nhell becomes 


P 

” ■ sSifl'"" 

and by differentiation we find 


dtu P p \ 

E " "" ) 

^ - 'O’ w - C') 

d>l£, P P \ 

5? “ / 

Observing from Eqs (h) and (/) of the preceding article that 




w’c finally obtain the following expressions for the bending 
moment and shearing force. 


"■ “ «. - -JeM- <23S) 

The results obtained are all graphically represented in Fig. 159. 
It is seen that (he mxxfmum deflection is under the load P and 
that its value as given by Eq. (237) is 


tPB.t 


P ^ Po«g 
SS*D 2Eh 


(239) 
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Tlic maximum bending moment h al-»o under the load and h 
determined from Eq (238) aa 




_P 

¥ 


(240) 


The maamum ot the nVmliilc value of the Blieormi! forec b 


0 

p ^ 



\ 

B)9"D ’ 



A 

,-iII 
./►I 2/9 


^ Qx-|0(y9X) 


Fio. 159- 


Gvideutly equal to P/2. The values ot S‘bvuS.c 

certain distance from the load can bo readily o 

Table 45. We see from this table «.d from Fig. 59 that d the 

quantities that determine the bending of the B D . ^ 

a > v/d. This fact indicates that the bending B of a local 

character and that a shell of length j<. I ->|j^ 

I - 2t//3 loaded at the middle wU y////////^ ^ 

have practically the same maximum ■ Auf 

deflection and the same maximum U-c 

stress as a very long shell. ■ 

Having the solution of the problem . 

for the case tn which a load is wn- 
centrated at a circular cros.s section, jco. 

ue can readily solve the problem of cylinder by 

n load distributed .long . rertnin length o the cjlindc^ ^^5 

applying the principle of bire^sity , nni- 

UB consider the ca"o of n ""d"™ „Hndcr (Fig. ICO) 
formly distributed along a length I of 
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Assuming tliat the load is at a considerable distance from the 
ends of the cylinder, we can use solution (237) to calculate the 
deflections The defli-ction at a point A produced by an ele- 
mcnlary ring load of an intensity* q a distance { from A is 
obtained from expression (237) by substituting q dj for P and i 
for X and is 

The deflection produced at A by the total load distributed over 
the length { is then 

“ “ + X « 

+ sin fii) = ^^(2 — cos cos 0e). 

The bonding moment at a point A can bo calculated by similar 
application of tho method of suiierpo^ition 


tg K t - M 

as j 

J 

r i" -1 


guyilllllll 

^ r* 

^ =0o 

1 J 

TnjTTTTTTT. 

1 u u nu u 

f-i 

®e. 


to) fW 


Cyhndrtcal Shell xnSfi a Uniform /nteraaf /Pressure (Fig. 161) — " 
If the edges of the shell are free, the intenial preesuro p produces 
only a hoop stress 



and the radius of the cylinder increases by the amount 


2 » 


aoi _ po* 
E " Eh' 


id) 


It the ends of the shell are built In, os showTi in Fig. 161a, they 
cannot move out, an<I focal benduig occurs at the edges. It the 


* 5 rf? la the losd pier unit length of circuinference. 
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length I of the shell is suffirientJy large, we can use solution (232) 
to in\’estig3te this bending, the moment 3/# and the sbeanng force 
Qj being determined from the conditions tliat the deflection and 
the slope along the builUin edge r = 0 (Fig Ifllo) vanish. 
According to tliese conditions, Eqs. f233) and (234) of the preced- 
ing article become 

+ Q.) = 0, 

where 2 is given by Eq. («f)- 

Solving for 3/a and Q«, we obtain 

■V, - 29’ Dl . Q. - -49 ’ m = (242) 

We thus obtain a positive bending moment and a negative shear- 
ing force acting as shown in Fig. 161a. Sub'9titutiTig the«c valuea 
in CNpressions (236), the deflection and the bending moment at 
any distance from the end can be readily calculated by the use of 
Table 45. 

If, instead of built-in edges, we have simply supported edges 
as shown in Fig. 1616, the deflcciiou and tlie bending moment 
3f, vanish along the edge, M« * 0, and we obtain, by using Eqs. 
(233), 

Q» -= -20* DS. 

By substituting these values in solution (232) the deflection at 
any distance from the end can Ire calculated. 

It was assumed in the preceding discussion that the length of 
the shell is large. If this is not the case, the bending at one end 
cannot be considered as independent of the conditions at the 
other end, and recourse must be had to the general solution (231) 
which contains four constants of integration. The particular 
solution of Eq. (230) for the ca.«c of uniform load (Z = — p) is 
~P/AB*D = — pa’/EA. The general solution (231) can then be 
put in the following form by the introduction of h 3 T)erboUc 
functions in place of the exponential functions: 

t£f * — ^ + Cl sin (?x sinh fix + Ctmn fix cosh fix 

-h C* cos fix sinh fix *1- C« cos fix cosh fix. (c) 
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If the onpn of (onrilinat*-* w tnkm nt llip niuldlc of iHo cyliiidor, 
111 I’lR. Ifilft, fXnn.**<f<ioii (r) mu’*! fw ati pven ftmctionofx. 

Ifpm p, 

C, = C, = 0 (/) 

Tlic constants Ci and C» m«st now be solpctrsl so as to satisfy tlip 
conditions at the ends If tlie ends an* simply supi>ortpd, tho 
deflection and the liendinR mnineiit M, must vanish at the ends, 
and we obtain 

(S),.;-”- <»> 

SiiUstitnting expression (r) in these relations and rememlieriiiR 

that Cj = C'» “ 0, we find 

~^k ^ ^ 

Cl cos « cosh a — C, sin a sinh a ■“ 0,1 
where, for the sake of aimphcity, 

I' = « (0 

Trom those oriiiations we obtain 

f, ^ pa’ Bil l a sin h a ' 

‘ Wi «in* a sinti* a + cos* a eo«li* a 

_ ^ 2 sin a sinh a 
Eh cot 2a 4* codi 2rt’t q-j 

Q ^ p^ cos u cosh a / 

Eh sin’ a sinh* a + cos’ a COsh* a \ 

= P®! 2 cos a cosh a I 
Eh cos 2a + cosli 2« / 

Substituting tlie ’'alucs (j) and (/) of the constants in cxprcscioii 
(e) and observing from expression (229) that 


pi' /, 2«na^ha . . , 

■ -HBSV “ 

2 cost* cosh a . . . \ 
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In each particular ca-=o, it the dimensions of the shell are know n, 
the quantity a, which a dimensionless, can be calculated by 
means ot the notation (t) and (229) By substituting this value 
in expression (f) the deflection of the shell at any point can be 
found. 

For the middle of the shell, bulistituting x = 0 m expression (i), 
we obtain 

, y pi' 2 cos a cosh a \ , , 

cos 2* + cosh 2«/ 

When the shell is long, a becomes large, the second term in the 
parenthesis of expression (m) becomes small and the deflection 
approaches the value (d) calculated for the case of free ends. 
This indicates that in the case of long shells the effect of the end 
supports upon tlie deflection at the middle is negligible. Talcing 
another extreme ca.«c, m , the case when n is very small, we can 
show by expanding the trigonometric and hyperbolic functions in 
power series that the exprc.ssion in parenthesis in Eq (w) 
approaches the value 5a*/6 and that the deflection (I) approaches 
that for a uniformly loaded and simply supported beam of length 
1 and flexural rigidity D. 

Differentiating expression (t) twice and multiplsing it by D, 
the bending moment is found as 


Jlf. = 


di* 


piV £«] 

' '‘4a\cos5 


2a + cosh 2a 
cos a cosh 


cos 2a + cosh 2a 

At the middle of the shelf this moment is 


cosh fix cos fix 
fix sinh fi^. 


(n) 


,,,, pi* sin a sinh a 

4«sros2a + cosh2a' 


io) 


It is seen that for large values of «, te, for long eholls, this 
moment becomes negligibly smidl and the middle portion is, for 
all practical purposes, under the action of merely the hoop 
stresses pa/h. 

The case of a cylinder with built4a edges (Fig 161 <t) can be 
treate<l in a similar manner. Going directly to the final result,' 

‘ Both cases are discussed in detail by I. G. Bootmov in bis "Theory of 
Structure of Sbipa,” vol 2, p 368, St Mcreburg, 1913. Also included are 
numerical labtea which aimphty the caleulattona of momenta and deflections. 
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we see 

that the bending moment Afo acting along the built-in 

edge is 

,, p sinh 2a — sin 2a V i‘y.\ 

20’ sinh 2a -b sin 2tt 20***^ 

(242) 

where 

, sinh 2a — «in 2a 



smh2a + .m2„ 



In the case of long shells, a is la^e, the factor xt(2a) expression 
(242) approaches unity and the value of the moment approaches 
that given by the first of the expressions (241). For shorter 
shells the value of the factor xi(2«) in (242) can be taken from 
Table 46. 


Tabix 46 


2a 

X.(2«) 1 

X.(2a) 

x.(2») 

0 2 

5 000 1 

0 OOCS 

0 100 

0 4 

2 502 

0 0268 

0 200 

0 6 

I C74 

0 o$o: 

0 300 

0 8 

1 26T 1 

0 1065 

0 400 

1 0 

1 033 1 

0 1670 

0 500 

1 2 

0 890 1 

0 2370 

0 596 

1 4 

0 803 

0 3170 

0 689 

1 6 

0 ?55 1 

0 4080 1 

0 773 

1 8 

0 735 

0 5050 ! 

0 855 

2 0 

0 733 1 

0 6000 

0 925 

2 5 

0 802 

0 8220 1 

1 045 

3 0 

0 893 

0 0770 ' 

1 090 

3 5 

0 960 1 

1 0500 

1 085 

4 0 

i 005 1 

1 0380 1 

1.050 

4 6 

} 017 1 

1 0400 

1 027 

5.0 

1 017 

1 0300 

1.008 


Cylindrical Shell Beni by Forcea and omenta Dislributed alony 
(he Edges . — In the preceding section this problem was discussed 
assuming that the shell is long and that each end can be treated 
independently. In the case of shorter shells both ends must be 
considered simultaneously by u^ng i«lution (e) with four con- 
stants of integration. Proceeding as in the previous cases, the 
follouing results can be obtained: For Die raso of bending by 
uniformly distributed shearii^ forces Q» (Hg. I62a) the deflection 
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and (fie 'sfopo at the cnd^ arc 


2Q<iPa^ cosfi 2a + c<w 2g 
Eh sinh 2a -h Mn 2/x 


_ ^2Qoff’a’ sinh 2a — am 2a 
y*-o iw — Eh sinli 2a + 8in 2a 


fn the case of bending by the momentH Af^ (Fig- 1626) mc olitam 


2Jfoff*o* Bi uh 2a — sm 2a 
Eh »nl) 2a + «in 2a 


, 4A!<£^a* cosh 2a — c<w 2a 
£K dnh 2a + sin 2a 


Iq the case of long shells the factors xi> Xt and xt expressions 
(243) and (244) are close to unity, and the results coincide 
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with those given by expressions (233) and (234) . To simplify 
the calculations for shorter shells, the values of functions xi. Xs 
and xj are given in Table 46. 

Using solutions (243) and (214), the stresses in a long pipe 
reinforced by equidistant nng 3 (Fig. 163) and submitted to the 
flctinn nf uniform internal pressure p can bo readily discussed. 

Assume first that there «e no rings. Then, under the action of 
internal pressure, hoop stresses = pa/h will be produced, 
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and the radius of the pipe will increase by the amount 


5 


po* 

Eh 


Xow, taking the rings into consideration and assuming that they 
are absolutely ngid, we conclude that reactive forces will be 
produced betn een each nng and the pipe The magnitude of the 
forces per unit length of the circumference of the tube will be 
denoted by P, The magnitude of P will now be determined 
from the condition that the 
forces P produce a deflection of 
the pipe under the ring equal to 
the expansion 5 created by the 
Internal pressure p. In calculat- 
ing this deflection we obsers’e 
that a portion of the tube be- 
tween two adjacent rings may be 
considered as the shell shoim in Figs 162o and 162& In this 
case <?o “ “iP, and the magnitude of the bending moment 
.\f» under a ring is determined from the condition that dvfdx “ 0 
at that jioint Hence from Eqs (243) and (244) we find 



■ B ■ — 

Fiq 163 




3/. = ^X«(2a) 

4/}jc»(2a) 

If the distance I between tlic rings Ls large,' the quantity 


ip) 


2^- ft- ~-t/3U - .=) 


is also large, the functions x»(2«) and xi(2ci) approach unity 
and the moment M» approaches the %*alue (240). For calculating 
the force P entering in Eq. (p) the expressions for deflections as 
given in Eqs. (243) and (244) must be used These expressions 
give 


P0a* 

Eh 


X.(2o) 


Ppa*x\{2a) 
2Eh x.(2a) 


S 


Eh’ 


* For » - 0 3, 2<r - 1 2S3/Va. 
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■ 2x*(2«)J 

For large values of 2a this reduces to 

= 


( 245 ) 


Ppa- 
. iEh ° 


»h\ch coinddes mlh Eq. (230). 'J''*'™ m”Ea '“S'sl 'by 
vdue of tho reactWc foocc, P 
using Table 46 Solving Kq. (245) lor r a 
expression in expression (p), 'le find 


3/« » ^iXt(2«)- 


(246) 


This coincides with expression (242) previously obtained for 

shell with built-in edges. , nnM we observe that 

To ttthe into account tho extension of nnp 
the reactive forces P produce m t e g 
and that the corresponding increase of the inner raam 
ring is^ 

«» * AS 

where yl is the cross.seclional area of the 
eatendorr rate account rve aubdiWle 8 - >■>=»“ 

Eq. (245) and obtain 


pA Xi(2«) 




(247) 


L ■'2x.(2a)J 

From this equation, P can be of 

and the moment found by substituting p 

p, in Eq. (240). cylindrical shell but also 

If the pressure p acts not only on me 
on the ends, longitudinal forces 


. I. is lh.t Ih, “ “““ " 

comparison with the radius «. 
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nrc produced m the shell. ITic extension of the radius of tho 
cylinder is then 



and the fiuantity ;](1 — Js) instead of p must he substituted in 
Eqs, (21G) and (247). 

Equation-s (247) and (245) ean lie also u«ed m the ca.se of 
external uniform jireasurc provided the eompre.s.sivc stre>>ses 
in the ring and in the shell are far enough from the critical 
stresses at winch buckling may occur ‘ This ca«e is of practical 
importance in the design of submarines and has Wen discussed 
by several authors ’ 

83. Pressure Vessels. — ^The method illustrated by tho 
exampl&s of the preceding article can also Iw applied in the 



(M 

Fio. IM. 


analysis of stresses in cylindrical vessels submitted to the action 
of internal pressure. In discussing the "membrane theory” it 
was repeatedly indicated that this theory fails to represent the 
true stressas in those portions of a shell close to tho edges, since 
the edge conditions usually cannot be completely satisGed by 
considering only membrane stresses. A similar condition in 
which the membrane theory is inadequate is found in cybndrical 
pressure vessels at the joints between the cylindrical portion and 
the ends of the vessel. At these joints the membrane stresses 
are usually accompanied by local bending stresses which are 

1 Budding of rings and cylindrical sheila is discussed in the author's book 
“Theory of Elastic Stability” 

* See paper by K von SaodMi and K. Ghather, “ Werft und Reederei,” 
vol 1, 1920, pp 163-168, 18SHI98. 216-221, and vol 2, 1921, pp 505-510 
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distributed symmetrically wth respect to the axis of the cylinder. 
These local stresses can be calculated by using solution (232) of 
Art. 81. 

Let us begin with the simple case of a cylindrical ves-sel with 
hemispherical ends (Fig. 164).* At a sufficient distance from 
the joints mn and mini the membrane theory is accurate enough 
and gives for the cylindrical portion of radius a 

S, = A', - pa. (a) 

where p denotes the internal pressure 

For the spherical ends this theory gives a uniform tensile 
force 

K - f ■ (W 

The eTt<inaion of the radius of the cyhndncal shell under the 
action of the forces (a) is 

‘‘ " k(‘ ' 5 )’ 

and the extension of the radius of the spherical ends is 


Comparing expressions (c) and (d), it can be concluded that if we 
consider only membrane stresses wc obtain a discontinuity at the 
joints as represented in Fig 1041) This indicates that at the 
joint there must act shearing forces Qo and bending moments Mo 
uniformly distributed along the circumference and of such mag- 
nitudes as to eliminate this disoontiiiuity. The stresfes pro- 
duced by these forces are sometimes called discontinuity stresses. 

In calculating the quantities Q« and M» we assume that the 
bending Ls of a local character so that solution (232) can be 
applied with sufficient accursry in discuaring the bending of the 
cjlindrical portion The m%’estigation of the liending of the 
spherical ends repn>ents a more complicated problem which will 
/)<* fully in Chap. Xlf. Hetv me obtain an approvi- 

* This ca.«c was diucusswJ by E. SfeMsner, Schiefu Oatuntun^, voJ SC, 
p 1. 1025 
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mate solution of llio prohlem by assuming that the Ix^nding is of 
importance only in the zone <rf the spherical «hcll cl(^ to the 
joint ami that this zone can lie treated as a portion of a long 
cjhndrical shell* of nulms o If the thickness of the spherical 
and the cylindncal portion of the \esscl is the same, the forces 
Qo produce equal rotations of the edges of both portions at the 
joint (Fig 1M6) This imheates that vanishes and that Qa 
alone is sufFinent to ehrainatc the discontinuity The mag- 
nitude of Qa IS noft dcterminetl from the condition that the .sum 
of the numencal values of the deflections of the edges of the two 
parts must he equal to the difference St — St of the radial evpan- 
sions furni'hed In the mcinhrane theory’ Using Eq. (233) for 
the deflections, wc obtain 


B'D 


Si "• St 


po* 


from which, bv U'tng notation (22y), 


pa»5*/> p 

2hX 80 ’ 


(0 


Having obtained this value of the force <Jo, the deflection and 
the bending moment M, can be calculated at any point by’ using 
formulas (236) wluch give* 


Substituting expression (c) for Q, and c\-pression (229) for 0 
in the formula for we obtsun 


M. 


ahp 

8v^(i - r*) 


fW*). 


if) 


This moment attains its numerical maximum at the distance 


* E Meissner, in the al)ove.nicntK>Be4l paper, showed that the error in the 
magnitude of the bending etreaiies as ealeutated from such an approximate 
solution IS small for thin hemispheneal shells and is smaller than 1 per cent 
ifoA >30 

’ Note that the direction olQtiaFtg opposite to the diroction in 

lie 15«. 
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X = »/4j3, at which point the dpri\ative of the moment is zero, 
as can bo seen from tiie fourth of the wpiations (236) 

Combining the maximum bending stress produced by Mt \\itli 
the membrane stress, we find 


i 


This stress which acta at the outer surface of the cjlindneal sheU 
is about 30 per cent larger than the membrane stress acting in 
the axial direction. In calculating stresses in the circumferen- 
tial direction in addition to the membrane stress pa/h, the hoop 
stress caused by the deflection tc as well as the bending stress 
produced by the moment = vMx roust be considered In 
this way ue obtain at the outer surface of the cyhndrica! shell 


at 


ap Ew fii*!/- 
T “ T ■ W^‘ 


'Hi - 1 

k(‘ 4' 


eitz) + 


4v'3(l - •') 


!-(ei) 


Taking k «» 0.3 and using Table 45, wc find 


» 1.032-^ at jSr » 1 85. (h) 


Since the membrane streas U smaller in the ends than in the 
cylinder sides, the maximum stress in the spherical ends w 
slnays smaller than the calculated stress (h). 

Thus the latter stress is the delcnmning factor 
in the design of the vessel. 

The same method calculating discontinuity 
stresses can be applied in the case of ends 
having (he form of an ellipsoid of revolution. 

The membrane stresses in this case are obtained 
from expressions (217) and (218) (see page 365). 

At the joint mn which represents the equator 
of the ellipsoid, Fig 165, the stresses in the direction of the 
meridian and in the equatorial direction are, respectively, 



The extension of the radius of the equator is 



Fia ir>5 


(0 
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Substituting this quantity instead of It in the previous calculation 
of the shearing force Qo, find 

, K - Va^St. 

EhW 


and instead of Eq (e), \\c obtjun 


p £ 


It is seen that the shcanng force Q« in the case of ellipsoidal 
ends is larger than in the case of homisphencal ends in the ratio 
a*/6*. The discontinuity stressca wall evidently increase in the 
same proportion. For example, taking a/b » 2, we obtain, from 
expressions (g) and (h), 




» 21 
ik 


3ap 




2 1725 


(ffl)m. 

Again, 


- ‘ ’2*t- 

IS the largest stress and is consequently the deter- 
mining factor m design ' 

84. Cylindrical T anks with Unifonn 
Wall Thickness. — If a tank is sub- 
mitted to the action of a liquid pres- 
sure, as shown in Fig 166, the stresses 
in the wall can be analyzed by using Eq 
(230) Substituting in this equation 

Fio ifis Z = - 7 (rf - z), (a) 

w-here y is the weight per unit stilume of the liquid, we obtain 



> More detail regarding stresses m noilers with ellipsoidal ends can be 
found in the book by Hfihn, “fiber tfe Fcstigkest der gewOlblen Bsden und 
der Zylinderecha'e,'’ ZQnch, lSt27. Alao included are the results of expen- 
mcntal Invcsligations ot discontinuity streaacs which arc m a gooii agreement 
with the approximate solution See also F SchuU-Grunow, /nfffnieur- 
Arrfie, vol 4. p 545, 1933. 
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A particular solution of this equation h 


7(rf - *) - x)q* 

4p'D " 


(0 


Tills expression represents the radial expaitsion of a cylindrical 
shell with free edges under Hie action of hoop stresses Siili- 
sUtiiting expression (c) iu place of /(i) in expression (231), we 
obtain for tlie complete solution of Eq ( 6 ) 
tt> = c**(Ci coa fix + C» sin 0i) + cos 0x + Ci sin /Sr) 

_ - r)rt* 

Eh 

In most practical caars the wall thieVnes^ h h small in compari- 
son with both the radius a and the depth d of the tank, and we 
may consider the shell as infinitely long. Tlic constants Ci and 
Cl are then equal to tero, and we obtain 


tc * cof* 01 + C 4 flin 0x) 


t{ d — z )a* 



(d) 


’Hm constants Ct and Ci can now In* obtained from tlie condition'* 
at the Ifottom of the tank. AsMimmg that the lower edge of 
the wall is built into an alisolulcly ripd foundation, the boundary 
conditioiLs arc 

W-' - c. - - 0, 

(^)___ - [ - W,^"(rra «r + .-in 
+ eC^->-(oai Si - .ill Si) + ^ " 

From these iqn.stioij" we obtain 



r.Xpn'<sion (<0 then iNsvmes 

IT ■■ "“^1^ — I — r^'l^rfew ^ *^ (*^ "* 0 
from which, hr itdng tls« ootatiori of fS35), wr obtain 

--wf' -iiVH’ f'’ 



412 TlIEOnr OF ri^TKH AND SIlFU.'i 

From tliH e\prc«.'ioii the deflection at any |>oint can Iw readily 
calculated by the n^e of TaWe 45 Tlic force .Y, in the circum- 
ferential direction i" then 

N, = s - ’Vr) - (l - tn 

From the seconti tlenvaUM' of cxpre^ioii (c) wc obtain the bend- 
ing moment 

Having cxpreNvion^ (/) and (jf). the maximum 8trc'< at any point 
ran rcadih be caleulatcil m each particular ciwc The licnding 
moment liaxit-j maximum xaluc at the liottom, where it is equal to 

The same re^uH can l>c obtaineil by u«ing previous solution-* 
(233) and (234) (page 393) .Warning that the lower edge of 
the shell is entirely free, wc obtain from exprc««ion (c) 



To ehrainate this displacement ami rotation of the edge and thus 
satisfy the edge conditions at the bottom of the tank, a shearing 
force Qg and bending moment 3/» must be applied as indicated in 
Fig 166 The magnitude of each of thc«c quantities is obtained 
by equating expressions (233) and (234) to e.xprcssions (i) taken 
with reversed signs. This pves 

-5|j5<W/. + 0,).+^". 

5^(W. + 0.) = . 

From these equations we ^atn obtain expression (h) for Ms, 
whereas for the shearing force we find* 

* The negative sign indicates that Q« has the direction shown in Fig 166, 
ahirh 33 lo IhcdirrclioausediaFiy J5B sicn iJenviDfi egression* 

(233) and (23t). 
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. - »■*) 
aW 


(?) 


Equation (r) then beeomea 

l.|Mw)l + I.‘w = 0 (A) 

and can bo rewritten in one of the two followini; fornif 

IJLfu’) 4- «/.*») — - 0, (») 

L(L(ir) — — w*tc] = 0, 

where i ■= %/ — i 

Wo see that Eq (A) la snttsfiiil bj the solutiuiis of the ttecond-onler 
equations 

L(t»} + te'iP — 0, 0) 

X'fu') — te’w fl W 

Aasumnig that 

>f> •• 1»l + 'iTt, tfl - <» + *^4 (0 

nrethetwo iuicarl;* independent eoluiiona of l.<i (j)t it ean lie aecn that 

tf> “ — ••ej JH<1 «f4 •• e» - «V4 ("•) 


arc tlie solutions of Eq. {k) Alt four eolutiona ((> and (rn) togetber then 
repreacnl the complete e j stem of in^lependeot eolutiona of Eq (fc) Dy usma 
the sums and the thfTcrenreeof eotutions (f>and (m), the Rcntnil aolutioii of 
Eq (A) can be repmn nted lu the folloiring form 

w “ t7(^i + Crti + ('ki + C4<r4, (n) 

in which Ci, . . . < Cl ate arlntrar) eonHtauta. Thus the problem reduces 
to the determination of four functions V.1, . . .^twhichcanallbcoMauied 

if (he complete nohition of one of Kq* (j}afni (A) uLnoan 

TakinR Eq (j) and substitiitini: for/.(«c) its meaning (/), we obtain 


{/*«• iltr 


+ •**«• •• 0. 


(e) 


By intrtxliiemit new vari.sides 
E<\ fo) liecomea 


Wetake Maeolution of thjee<i»stw»i Hiepowerni-nM 

f I w 0, + Qia + •«* + 


(') 

(') 
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SubstitutmR tliii scncfl m (O and ctiustms llic focfTirient^ of oich 
ponfr of •! to *pn), »e obtain the follow mg rphtson l>ft«ten the cocfllnenta 
of senoa (*)• 

(n* - i>l. + n.., - 0 (0 

Applying this equation to thofiral tnoroiflirHutaand taking a. i n_« » 0, 
we find that a, — Oaml that oi ran )>o taka n equal to nnv arhitrarj’ eonstant. 
Cakulatmg the further cfK'fTirirnlab\ intana of (0, «c find thatBrriea (») 


2 4 2 4 C 2 \4 b)* 1 


where /i(a) u the Brawl fumtiou a>f the first kind and of the firat order. 
For our further dianiasion U iHiuivnntagFanisUiiiac the relation 

~ ~ t 1 ' ' fa 4 )* "(2 4 o '* * ] “ 

in which the rerira m the parenihiMia, ilmntml ha w the Ik-wel function 
of the first kind and of lero order SulatiiulinR the expreamon 2« V« for c 
laeo notation (p)] in the aenca repteacoting /,(,) and cellccUng the real and 
the imaginary Uima, we oldain 


ii[2py/x) 

Uipy/h 


/«(n1 - f,(2»y/t) + t^,(apv^), 

_ I2p-v/ll* (apy^)* 

(2 4)*“ ■*■ (2 4 0 8)« ■ 

(2pVj> » (apvG)» (2p\^)i« 

2> (2 4 «)> “ <2 4 f. 8 10)‘ 


The solution (u) then pies 


(if) 


(248) 


fi C'\<^\{2p^/i) + ,*;(2pv/ 7)5. (a') 

where and vi denote the deniatives of the functions (248) with respect 
to the argument 2 p\/i 

The second integral of Eq_ (r) u of » more eomplicated form Without 
derivation w e shall state that it can be tepre«ented in the form 


ri = C"(#;(2 pV*) + {5') 

lu which if'j and are the derivatireawm respect to the argument 
of the following functions. 


^t(2p\/2) “ ^»C2 pV**) +-^Jfi + loE.^-^^lti{2p\/z)j,j 
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. . . , is given in Fig. 169 It is seen that (he values of these functions 
inrrea.se or decrease rsiHilly as the ilstanrv Irxuo Ihe end inereasrs This 
indicates that m calculating (be constants of integration in solution (c*) no 
can very often proceeil as »e did nWb (nnctio&s (335), f.e., by considering 
the cylinder ns an infinitely long one and using at each cdgeOTiJy tnool the 
four constants in solution (t'). 

* This talile was caleulaleil by F. Sihleichcr: see “KreispUtten auf Kiss' 
tischcr L’ntcrkge,” Kerim, 1920. Mom complete talilea for the name func- 
tions ate given in the book fiylshnke-tihiHfe, '‘Tables of Functions," ftcrtin, 
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Taslg 47 — Table or wie Ft vt-rioNS 


— r 

' 

itii) 


d;,(s) 

j 


,U ' 

dx 

0.00 

+ 1 0000 

0 onoo > 

0 0000 

0 0000 

0 20 

+i onno 

-0 OlM 

-0 0005 

-0 IIMO 

0 40 

+0 otwc 

-0 0399 

-0 0010 

-0 2000 

0 60 

+0 0080 

-0 09(« ' 

-0 0135 

-0 3000 

0 80 

+0 0030 

-0 1599 J 

-0 0320 

-0 3991 

1.00 

40 osn 1 

-0 2500 1 

-0 0624 

-0 4974 

1.20 

40 9(i76 1 

-0 4587 1 

-0 1073 

-0 5935 

1 40 

40 GIOl 1 

-0 4S67 ' 

-0 1709 

-0 0860 

\ GO 

40 8070 ' 

-0 6327 ' 

-0 2545 

-0.n27 

1 80 

40 S567 , 

-0 7953 ' 

~a 3612 

-0 8509 

2 00 

+0 7817 

-0 9723 1 

-0 4931 

-0.0170 

2 20 

40 0377 

-1 1610 

-0 6520 

-0 0061 

2 40 

+0 4S0O 

- 1 3875 

-0 8392 

-0 0911 

2 60 

40 3Q0t 

-1 8569 ' 

-1 05K 

-0 0913 

2 80 

+0 0081 

-1 7529 I 

-1 2*/Vl 

! -0 9589 

3 00 

-0 2214 

-2 022S 

-1 7141 

-0 6223 

3 20 

-0 SW4 

-2 1016 

-1 6636 

1 -0 7400 

3 40 

-0 ooso 

-2 2331 1 

-2 1755 

! -0 6577 

8 60 

-1 4383 

—2 3199 

-2 4933 

-0 2930 

3 80 

-1 0074 

-2 3454 

-2 8221 

40 0526 

4 00 

-2 5M4 1 

-2 2027 

-3 1346 

40 4912 

4.20 

>3 2105 1 

-2 1422 

>3 4109 

41 0318 

4 40 

-3 0233 

-1 6726 

-3 6537 

41 6833 

4 CO 

-4 6781 

-1 4610 

-3 8280 

42 4520 

4 80 

-5 4831 

-0 8837 

1 -3 9000 

43 3122 

S.OO 

-f. 2301 

-0 1160 

-3 8154 

44 3512 

5 20 

-6 9803 

40 8053 

-3 6270 

46 4835 

6 40 

-7 6674 

42 0815 

-3 2003 

46 7193 

6 60 

-8 2166 

43 5597 

-2 5409 

48 0453 

5 80 

-8 7937 

45 3063 

-1 5350 

49 4332 

G 00 

~8 8583 

47 3347 

-0 2931 

410 3462 








dz 

0 00 

+0 5000 


0 0000 


0 20 

40 4826 

-1 1034 

-0.1419 

43 1340 

0 40 

40 4480 

-0 6765 

-0 1970 

41 4974 

0 60 

40.4058 

-0 4412 

-0 2216 

40.9273 

0 80 

40 3606 

--0.2883 

-0 2286 

40 6286 
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'CfcBtA 47. — TiAvs. o* *iVK — ^^tmhnuefl') 


• 


#«(*) 

rfvSia) 

* 

1 

i 

1.00 

+0.3131 

-0 1825 

-0 2243 

+0 4422 

1 20 

+0 2?13 

-0 1076 

-0 2129 

+0 3149 

1 40 

+0 2302 

-0 0642 

-0 1971 

+0 2235 

1.60 

+0 1926 

-0 0160 

-0 1788 

+0 1560 

1.80 

+0 1588 

+0 0094 

-0 1594 

+0 1056 

2 00 

+0.1289 

+0 0265 

-0 1399 

+0 C679 

220 

+0 1026 

+0 0371 

-0 1210 

+0 0397 

2 40 

+0 0804 

+0 0429 

-0 1032 

+0 0189 

2 60 

+0.0614 

+0 0+46 

-0 0868 

+0 0039 

2 80 

+0 0455 

+0 0447 

-0 0719 

-0 0066 

3 00 

+0.0326 

+0 0427 

-0 0380 

-0 0137 

3.20 

+0.0220 

+0 0391 

-0 0469 

-0 0180 

' 3 40 

+0 0137 

+0 0356 

-0 0369 

-0 0204 

3 60 

+0 0072 

+0 0314 

-0 0284 

-0 0213 

3 80 

+0 0022 

+0 0260 

-0 0212 

-0 0210 

4.00 

-0 oou 

+0 0230 

-0 0152 

-0 0200 

4.20 

-0 <ym 

+0 om 

-0 QIM 

-1 Q18S 

4 40 

-0 0036 

+0 0156 

-0 0065 

-0 0168 

4 60 

-0 0060 

+0 0125 

-0 0035 

-0 0148 

4.80 

-0 0071 

+0 0097 

-0 0012 

-0 0129 

S 00 

-0 0071 

+0 0073 

+0 0005 

-0 0109 

S.20 

-0 0069 

+0 0053 

+0 0017 

-0 0091 

5 40 

-0.0005 

+0 0037 

+0 0025 

-0 0075 

6.60 

-0 0059 

+0 0023 

+0 0030 

-0 0060 

£ 80 

-0 0053 

+0 0012 

+0 0033 

-0 0047 

6.00 . 

-0 0046 

+O.OOC4 

+0 0033 

-0 0036 


In applying tlie general theoiy to particular rases, the ralmlation of the 
consecutive derivatives of tc »s simplified it use the loTlowing relations. 


*','(«) - Mk) ~ ^Uf>. 
<(t) - -Wt) - 

t / 

- ♦«({) 


*E"{f) - -*»(0 
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As an example, consider a eylindncal tank of the same genera! dimensions 
as that used in the previous article (p^ 413), and assume that the thickncas 
of the wall vanes from 14 in. at the bottom to 3i in at the top I" ^ 
case the distance of the origin of the coordinates (Fig 1C8), from the bottom 
of the tank la d + *» “ id - 416 in ; hence, = 21 45 For 

such a largo value of the argument, the functions tA„ . vT . and their 
first derivattvea can he replaced by their asymptotic expressions (250) i hc 
deflection and the slope at the bottom of the tank corresponding to the 
particular solution («) are 

U) 


(u»i).w 


yn« d /dwA 

£ad+*.’ \<lx),.„^A 


Ea (jr, + d)‘ 


Con.MmnB tho lenEll. of Ho oj-bodmal .Ml .n Ih. ooiiJ J.reol™ .. . or, 
large, we take the constants C.and C, m solution (s') as equal to *ero an 
determine the constants C, and C, so as to make the deflection and 
at the bottom of the shell equal to aero These requirements give us the two 
following equations 

-^lCi*;(2aV^> + C„f;(2<iV*)l.w.w - 
y/s 

-UlC.I2a v^^.(2a Vi) - 2/.(2aVi)l - Cd2pV^.(2pV*) 

a*V* 

+ 2^;(2aV*)ll-*.‘< - 

Calculating the values of funetwna ili, and their ilenvali'ps 
asymptotic formulas (230) and «il«tituling the resulting values in l.q 
(j ), wc obtain 



A' . {f ''»V2ii)l-»i «*• 

Ri-bstiluting these vahica of the constants in expression (ffO- wo And for the 
l*"ndmg moment at the Ixittoni 

M, - 13,000 Ib. u 


In the same manner, by using cxpicsexm (kOi 
shi-aring force at the bottom of the tank 

Q, ■ 527 lb per incli- 


find the magnitu>le of the 
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These rtsulta do not differ roach from the values obtained before for a taiJw 
with uniform wall thickness {page 413). 

86. Thennal Stresses in Cylindrical Shells. Uniform Temper- 
ature Dtslributian.—li a cvlmdncal shell a-ith free edges under- 
goes a uniform temperature change, no thermal stresses will be 
produced But if the edges are supported or clamped, free 
expansion of the shell is prevented, and local bending stresses 
are set up at the edges Knowing tlie thermal expansion of 
a shell when the edges are free, the values of the reactive moments 
and forces at the cdge« for any kind of symmetrical support can 
be readily obtained bv UMiig Eqs (233) and (234), as wa.s done in 
the cases showxi in Fig 161 

Temperaf»r«’ Grarhitd in the Radiol Direction —Assume that 
fi and fj are the uniform temperatures of the cylindrical wait 
at the uu-ide and the outride surfaces, respectively, and that the 
V anation of the temperature through the thickness is linear. In 
such a ca«c, at points at a lai^e diriance from the ends of the 
riiell, there will l>c no bending, and the stre«ses can be calculated 
by using Kq (51) which wa,s denied for clamped plates (see 
p.age 54) Thas the etreuses at the 




* (a) 


outer and the inner surfaces are 
. Eaiti - fi). 


(a) 


(W 


2(1 - 

where the upper sign refers to the 
outer surface, indicating that a tonsOe 
stress will act on this surface if fi > fi- 
Koar the ends there will usually be some bending of the shell, 
and the total thermal stresses will be obtained by superposing 
upon (o) such stresses as arc necessary to satisfy the boundary 
conditions. Let us conrider, as an example, the condition of 
free edges, in which case the stresses must vanish at the ends 
In calculating the stresses and deformations in this case we 
observe that at the edge the strcMcs (o) result in uniformly 
dbtributed moments (Fig. ITOa) of the amount 
Dadi - tiW 
12(1 - 0 

"io obtain a free t-dge, moments of the same magnitude but 
opposite in direction must be superposed (Fig. 170(>). Hence 




ib) 
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A load of this intensity entirely arrests the thermal expansion 
of the shell and produces in it only circumferential stresses 
having a magnitude 


To obtain the total thermal stresses, we must super^iose on the 
1 ^ _ stresses (g) the stresses that will be 

— . produced m the shell by a load of the 

j intensity -Z This latter load must 

2 a - _ be applied m order to make the lateral 

. j surface of the shell free from the 

i- Wiimi I — external load ghen by Eq (/). The 
stresses produced in the shell by 
the load -Z are obtained by tho in- 
M i tegration of the differential equation 
^aa, ' ^ I— A_l (230) which in this case becomes 


" - 


^ AS an example of the application of 

Jy' this equation let us consider a long 

cylinder, as shown in Fig 171o, and 
assume that the part of the cylinder to the right of the cross sec- 
tion mn has a constant temperature t*. whereas tliat to the left 
fide has a temperature that decreases linearly to a tempera- 
ture fi at the end i = 5 according to tho relation 


The temperature change at a point in this portion is thus 


F(i) = f - t, 


(0 
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Sutetituting this ctpression for the temperature change in Eq 
(A), v.e find that the particular rolution of that equation is 


The displacement corresponding to this particular solution is 
shown in Fig. 1716 which indicates that there is at the section 
mn an angle of discontinuity of the magnitude 




H) 


To remove this disconlinmty the moments M, must be 
Slneo the stress e, eorrespondmg to the part.culnr « 

canecl, the stresses (j), «e conclude that the 
by the moments M. are the total thermal ''T, 

tie abovesJescribed decrease la temperature. I 'b- * ^ 

the cross section mu from the eods of Ih. J 

maBuitude of the moment M, can be obtamed at once from 
Eq. (234) by substituting 








Substituting tor U Its value from “ing 

r - 0.3, a e find that the maidmiim thermal stress 


(e.)_ - 


5 "- _ 0t!53^Va>(l. - !.)• 


(m) 


It tea, aa-umed In this e^..»« 
of the cylinder is large. " ‘b" ” ” ,*|„.V5. In an infinitely 
the moment (1) must be ealetilated as IMIous ^ _ I, a 

long shell the moment 31, arc given by the 

moment and a shearing force (Fig. / 
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general solution (23G) us 

•*'" " “"0 ' •’'««!■), ] 
0, - -"S - -2SWrf(W.^ 


(”) 


Since at the tli'lanre r ^ h we ha\e ii free wlge, ii H nece^'*ary 
to apply there a moment and u force of the magnitude 

-.1/. - -0. =• (o) 

III order to eliminate the forei-w tn) (Tig 171c) 

The moment pnxhuiil hv the fim-os («) at tlie cross section 
nm gi\<" the dr-Jir«l eorrerlion A.W« which is to Iw nppliwl to 
the nionunt (J) Its \ahie ran lie obtainwl from the third of 
tlie equ'itioiix (230) if we Mile<titutc in it instcatl 

of and -2S.lf<>f(^6)* instead of (?». Thc'O sulHtitiitiona 

P'O 

i.>/ - -i>'~ - -.u,k(isk))’ - <p) 


\a a iniiiu nrni oxample. <t>ii«iJrr u < n;t*in>ii rytmilrr lia\ ing the foIlotriiiK 
Uimerunnn* a - 9|l in . f> • If m . 6 • 4f m - 101 10'*', £ » U- lO^Ib. 
l>cr*<iiiaivinph,<« - 1 hr (oriniil»(m)t1>en gives 

•• 7.720 ll> |>er eiiuare ineb (t) 

Id calculatitig itic i urrcelmn (j>), we have 
*/3U - r‘) 1 

and, from Table 43, 

^OS'>)-0231, fO5)- 0223 

Hence, from Eq (p), 

A.lf .t/»(023S« + 2 02W«) - -niSOW 

This indicates that the above-calculated maximum itreaa (jl must be 
diminished bv IS 0 per cent lo obtain the correct maximum value of the 
themittl BtrcuM 

* The oppoate sign t» that in expreaston (o) is used here, iince Eqs (236) 
are derived for tiie liiteetion of the x-axis opposite to that aliown m I ig- 
171o. 
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The method shown hero for the calculation of thernial stre^ in the case 
of * Imear temperature gradient (i) can also he easily app le m case 
which F(*) has other than a linear form 

87. Ineitensional Defonnatioa of a Circular Cylindneal Shell.’ 
If the end? of a thin circular cylindrical shell are free, 
the loading Ls not symmetrical with respect to the axis ot tnc 
cylinder, the deformation consists pnnctpally of bending in 
such cases the magnitude of deflection can be obtained rvith 

sufficient accuracy by neglecting entirely the strain in t ® 

surface of the shell. An example of such a loading condition 
is shown in Fig 172 The shortening of the t-ertica diamete 
along tthich the forces P act can be found tnth good accuracy 



by considering only the bending of the shell and «ing that 
the middle surface is inextensible -^^rvinenta 

let u, first tomidtr the liraltatiotis to ohich j 

ol displacement are snbiect it the detomation 
shell is to be incxtensional. Tokinp an elemeot ^ 
surface of the shell at a point 0 and direct, og the 
a, shotrn in Fig. 173 , ne sl.aU denote by », r and “ 
in the a-, V- and s^iirection, ot the dcplacemeot ot the po.nt O. 
The strain in the x-direction U then 

_ du (a) 


In calculating the strain in 
Eq (a) (Art. 76, page 371). 


the drcumfen'ntlal direction t 
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The shearing strain in the middle surface can be expressed by 


a dx’ 


ic) 


which is the same as in the ease of small deflections of plates 
except that a takes the place of dy. The condition that the 
deformation is inextensional then requires that the three strain 
components in the middle surface must vanish; i e , 


^ — 0 — 0 3u I 

dx ’ a a ’ adv) dx 


(<0 


These requirements are satisfied if we take the displacements in 
the following form. 

«« = 0 , 

ii * (o« cos — ai sm n^), 

till « — a^^nfo, sin n»> + cj, cos n^), 

whore a is the radius of the middle surface of the shell, ip the 
central angle and a, and constants that must be calculated 
for each particular case of loading. The displacements (e) 
represent the case in which all cross sections of the shell deform 
identically. On these displacements \ve can superpose displace- 
ments two of which vary along the length of the cylinder and 
which are given by the following series. 



u» = — oX^(h»8in + h' cos nv>), 


>’> = i^(i>-C 03 nv — b; sin np), \ 
Wi = — + K ) 


if) 


It can be readily proved by substitution in Eqs. (d) that these 
expressions also satisfy the conditions of inextcnsibility. TbiL" 
the general expreasions for displacements in inextensional 
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deformation of a cylindrical shell are 

U = 11, 4- lii, n = »I + W = «■> + ^ (ff) 

In calculating the inextensional deformations of 
shell under the action of a given system of forces it is ad an- 
tageous to use the energy' method To est^hsh the equ red 
expression for the strain enei®.’ of bending of c s e , 
ivith the calculation of the changes of curvature of the middle 
surface of the shell. The change of dw 

curvature in the direction of the gen- 
eratrix is equal to zero, since, as can be 
seen from expressions («) and (/), the 
generatrices remain straight The jjV 
change of curvature of the circum- *** 

fcrence is obtained by comparing the j 74 

curvature of an element mn of the wk ♦hot of the cor- 

cirmmlerenco (Fig. 174) "Belorc dclorraatioii 

responding element min, after deforma 

the curvature in the circumferential direction is 




a 


The curvature ol the clcmciit ui.n. atler dctormat.on n 


Hence the change in cun’ature is 


f + 


3*ir , 


'f 


X* . — fP)(tip o 

By using the second of the ninalions (d) ue e™ 

l/dp , w 

The bending moment producing thii change m cun atu 

i>/^ 


M, = 



430 


TIIHOIIY Ot I'l^TES ASH SIlKUJi 


tintl tbo corrc-iMjiuliiiK Blram cnprg>’ of Ix-nding per unit area can 
Ije calculated m the dL«cu»ion ol plate-* («i'c page 40) and is 
cfiual to 



In addition to liendiiiR, Uhto »iH la* a twi-st of cacli element 
such as that shomi at point O in Fig 173 In calculating this 
twist we note that dumig di formation an element of a generatrix 
TOtaU-s' through an ntigle isjual lo —dtr/di with rc«peet to the 
y*axis and through au angle ripml to Oe/Br wilii re«pect lo the 
z-ax'is Consulenng a Mmilar element of a generatrix at a circum- 
ferential distance a from the first one. we «ec that its rotation 
about the i/-a\is, iw a nsult of the dusplaccmenl tc, is 


die Bhe , 

9x “ Ov* 9t'^ 

The rotation of the same eiemont m the plane tangent 


(;■) 

to the shell 



Because of the central angle </»> lietwmi the two elements, the 
latter rotation has a component with respt-et to the y-axis equal to* 




From resulU O') and (t) we conclude that the total angle of 
twist between the two dements under consideration is 


and that the amount of strain energy per unit area due to tw Ut is 
(see page 50) 

1^(1 O / 3*iP , dii\* /n 

o* dx Bx) 

• In determining the sign of rotation the right-hand screw’ nile is used 

* A small quantitv of second order b noglerted in this expression. 
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Adding together expressions (i) and (0 anJ integrating over 
the surface of the shell, the total strain energy of a c> lindrical 
shell undergoing an incxtensional deformation i« found to e 


■J J[(£ + ^ 

expression for strain energy: 

+ 2(1 — (251) 

Thisexpression does not containatennwithn » l.sinccthecor 

responding dUpIaccments 


a o(ai coi <» - «'i fin «»)> I 
. If, s -d(oi sin v' + «U‘” **)/ 


(m) 


repro^nt the di.pla.'omcnl of the olrcle in 

ball- Thi- votliMl onil horitonlal coraponcnt-1 of this 

S , "found by ,ub.tl.u.i„e y - in expu-^uon, (,n) to 

obtain 

Puoh n dl-pl»c<-u.<.nl doc^ not ooulribulu to 

Tbe snmu ooncludon mu ulu, !«■ ™do W"''"' 
mend. n-prt-K-ntod by tho w™. xnlh n - I m cxprnu.on (/). 
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— —no tn^d +Cosn»)l’f 
•• - nc It.l I + nx)P . 


SuheUtulmit p^prrwiou (25U fi»r I , »c cJitBiii, (i>i ttie T>1i''te « U a 
excii minilM'r, 


n(n’ - D’rfM 

nfPa' 


+2(1 - r)B'l 


Htneo lu tlvw c<v 


oi - b: - 0 

« fr m pTprcwioirt (r) «n*l (/), 


- + 2(1 -»>a*) 


/V 

* " tl>l ^ 

« - 2 4 II 

^ I ‘ 

wDl ^ V"' - 


niH* - »)» («• - n’lln*!* 

«•« 


+ 2(1 - »)<!’]}"' 


D* (•* - Dnh'i* 


i |c. 

+ 2(1 - rin'lJ 


If the forces P aro applied at Ih© tnuiille, e — 0 and the aliorteninR nf 1^'* 
> ertieal dumetcr of the ahell u 

2/>„» I pa* 

The increase in the horizontal ilnuncter is 




(n« - »• 


2Dl 


The change in length of any other diameter can nl«o be readily catculatwl- 
The same calculations can also be maile t( c is different from *ero, and tho 
deflections vary with the distance * from the middle 

Solution (p) does not satisfy the conditnna at the free edges of the shell, 
since It requires the distnhution of moments M, — fMr to pre^cnt any 
liendiDg in meridional planes This beodiog is, however, of a local charac- 
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the middle surface of the shell after deformation is shown in Figs. 
17Ga and 1761) In Fig 176a the resultant forces and in Fig- 
176h the resultant moments, discussed in Art. 72, are shown. 
Before deformation, the axes x y and z at any point O of the 
middle surface had the directions of the generatrix, the tangent 
to the circumference and the normal to the middle surface of the 
shell, rcspccti\el> After deformation, which is assumed to be 



A ery email, these directions arc BlighUy changed. We then take 
the 2 -axis normal to the deformed middle surface, the x*axis in 
the direction of a tangent to the generatrix, which may have 
become cinwed, and the y-axis perpendicular to the xr-plane. 
The directions of the resultant forces will aNo have been slightly 
chaiig(xl accordingly, and these changes must lie considered in 
writing the equations of equilibrium of the element OABC. 

I/Ct us begin by estal»li®hiog formulas for the angular displace- 
ments of the sides BC and AB with reference to the sides OA 



aF.Ni:itAL TIIFORV OF crLlsmiKAi. sinu..i 
and OC of the element, rctpectively. In the"! 

consider the di.pl.cc„,cnh! «,»«.d»j vc^e— 

nngHlar motions produced by each of tht^ \Vo 

obtain the a-^ultantang..lar diapla^^^«t^^^ 

begin with the rotation of the side BC «i h ^ 

OA. Thin rotation can ho station! of the 

tions with respect to the y- , p»u-cd bv the dis- 

nid»Od.ndilGndthre.g.lto^«-”^^^^^^ , iopre^t 

placements r and tr. amce ino direction 

motion of the aides 0.4 and ® ^ ^,rfacc of the evUnder, 
(Fig. .73), it n i, the “^tit to the r-«n, 

the corresponding rotation of side 
is v/a, and that of side BC is 

-l(" + 5i4 

Thus, oning to the displacementa », the 
of BC with reepect to AO about the i-aris 

if/’- 

Because of the dUplaceiaenU i». the ® ^ [he^sidc BC through 
to the g-a.ais through the aaglo a»/« Bf. and the sio 

the angle . >, 

a» , 

a dy dA« W 

Thus, because o. tbo dlaplacements the relative angular dr,- 
placement is . 

Summing up <u) and (b). .be mlaL -J®"” 
the «-aai, of aide BC wulh respect to e.dc OA 


\(dv . 

- + a, 




oVx 9X dvr , 

• € “j nr ^-ith respect to side VA 

The rotation about the ya»s ot aid 5^ 

h caused by bending of the generatrices m 
eiiual to 


(-0 
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The rofation about thea-a\isof wde BC with rr«pecl lo side 0/1 
IS due to bending of the generatrices in tangential planes and is 
e<iual to 



The formulas (e), (d) and (e) thns gi%*e the three components of 
rotation of the side BC with rcsiiect to the side OA. 

Let us now establish the corrcaponding/ormuJas for the angular 
displacement of side AB with respect to side OC. Because of 
the curvature of the cvhndncal shell, the initial angle between 
these lateral sides gf the element OA BC is dip However, because 
of the displacements v and «> this angle will be changed. The 
rotation of the lateral side OC with respect to the i-axis is 


Dtp 
a dip 


(D 


The corresponding rotation for the lateral «idc AB 



Hence, instead of the imhal angle d-p, we must now use the 
expression 

+ + to) 

In calculating the angle of rotation about the y-axis of side AB 
with respect to the side OC we use the expression for twist from 
the previous article (see page 430) ; this gives the required angular 
displacement as 

Rotation about the s-axis of the side AB witli respect to OC Is 
caused by the displacements *■ and w. Because of the displace- 
ment v, the angle of rotation of side OC is dc/dr, and that of side 
AB\<i 

dv d (^\ y 

so that the relative angular displacement is 
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Because of the displacement w, the side AB rotates in the axial 
plane by the angle bwjbx. The component of this rotation mtJj 
respect to the s-axis is 

-gj. 0) 

Summing up (t) and (j), the relatire angular displacement about 
the 2 -axis of side AB with respect to side OC is 

Having the foregoing formulas' for the angles, we may now 
obtain three equations of equilibrium of tiie element OABC 
(Fig. 176) by projecting all forces on the r-, y-, and 2 -axos. 
Beginning with those forces parallel to the resultant forces Ng 
and Ngg ood projecting them on the x-axis, we obtain 

Because of the an^e of rotation represented by expression (fc), 
the forces parallel to Ng give a component in the T>direction equal 
to 

Because of the rotation represented by expression (e), the forces 
parallel to give a component in the x-dircction equal to 

—N„~dx odv>. 

Finally, because of angles n^resented by expressions (d) and (A), 
the forces parallel to and give components in the x-direction 
equal to 

-Q^,dx - Q.(£^ + g)* dx. 

Regarding the external forces acting on the element, wc assume 
that there is only a normal pressure of intensity g, the projection 
of which on the z-axis is zero. 

‘ Hjeso formubs can bo readUy obtained for a cylindncal shell from the 
{tenenl formulaa given by A E n. Love m bis book “Elasticity,' 4th ed., 

P 523. 1927. 
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Summing up all the projections calculated above, we obtain 


~dx ad<p 4- dx — N 

T Oi/I 

- - Q.^dr 


/ 3*v 3w\, , 
'Vv 3x ^ 


0. 


In the same manner two other equations of equilibrium can be 
wntten After simplification, all three equations can be put in 
the following form- 



Going now to the three equations of moments with respect to 
the Z; y-, and *-axes (Fig 1706) and again taking into considera- 
tion the small angular displacements of the sides BC and AB with 
respect to OA and OC, respcctivelj', no obtain the following 
equations; 


a.l/j, _ SM, — flV _ £f£^ \ 

dx 'di* ‘ d<fi dx ) \ 

+ a0. = 0,1 

I -If If ^ dw\ / 

dip dx **di* dx } I 

- oQ, = 0,/ 

+ a^) - "'(£ + ^) + 


( 253 ) 
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By using the first two of these equations' we can ehminate Q,, 
and Q, from Eqs. (252) and obtain in tins way tlirec equations 
contiuning the resultant forces A%, A% anti A'„ and the moments 
M,, Hf, and By using formulas (207) and (20S) of Art 72, 
aU these quantities can be expressed in terms of the three strain 
components e,, «, and 7 *, of the mtddfc surface and the three 
curvature changes x», x* aod x»*- By using the results of the 
prmdous artJcJe, these later quantities can be repres-enfed in 
terms of the displacements w, r and «* as follou's*' 

^ 3u Or IT j. 

‘ dx * a dip o 0 dip di 

, >/ 9 £ . J1}l\ 

“ o\ar Bx dp/ 

Thus >\o finally obtain the tlircc differential equations for the 
determination of t(ie displacemcnt-s ti, e and ir. 

In the derivation equations (252) and (253) ilie change of 
curvature of the element O.l/iC was taken into consideration 
Tills pfoe«lur<* is necessary* if tJie forces A'*, A'» and N„ are not 
►mall in comparison with ihwr mheat values at whleh Jaleral 
buckling of the shell may occur.* If tbe«e forces are sniall, their 
effect on Ixjnding is negligible, and wc can omit from Ilqs. (252) 
and (253) all terms containing the products of the rc.«iiltant forces 
or resultant moments svilh the dori\'atives of the small displace- 
ments u, r and tr. In such a case the three Eqs. (252) and tlio 
first two equations of system (253) can be rewritten in the 
following simplified form: 
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** di dtp 


aQ. , dQ^ 

V 
33/,, ajf, 
* dv 

aM„ , 


+ 3^, + 40 “ OA 

+ aQ^ = oA 

+ - a<?, = 0 I 


( 255 ) 


Elimmaling the shearing forces Q, and Q„ >^0 finally obtain the 
three following equations 


dN, j 


dN. aN,. 

dx dtf 


■ 0 , 

IdJ/, 


(256) 


am,, , aw, d\M„ ^ 1 aw, , 

__ 4- a 2 J- J 


By using Eqs (207), (20S) and (254), ail the quantities entering 
in these equations can be expressed by the displacements u, f, and 
ui, and ne obtain 


3»u 1 - y S'u , 14 y 3V _ 

2a’ dp* 2a di dp 
1 + r d*ii , 1 — » d*v , 1 d*v 

2 dx 3p 2 dj* a dp* 

. . ilff, 

^ 12o\3r’ 3«J^ o’ dp*) ^ IZaj.'^ 


HI h*fi 
' a i2v; 


h’/2 - 
12\ a 


di« ■^o'di’Ov^ 



(257) 


O'? A _ cg(l - y’) I 
^ a* dtp*) “ Eh 


The problem of a laterally loaded cylindrical shell reduces in 
each particular case to the solution of thw system of differential 
equations. Several applications of these equations ivill be shown 
in the next two articles. 
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89. Cylindrical Shells with Supported Edges.— Let u-j 
thfea^ of a cyUndrical shell supported at the -d. and d 

to the pressure of an enclosed liquid as shovni m Fig 17^ l 
conditions at the supports and the conditions of s>mmctr> 



d.torm.lio« ^^U1 be BalUacd .t .c tale .he componm.. of di.pl«^ 

ment in the form of the foliomog «enes; 


. 22 '*” 


W 


«- 22 **” 

in «.Weh i ie the fength of the eylmder and y i. the angle me^mred 

"'ihe load , i, rept^ented by ...e foUawing 

(b) 


V<oA 

■fi > a,j 


expressions: 

q = — ya(co3 y - cos «), 

= 0 

in winch 7 i. the spccifie wTight of **'' un"'nTload 

define, the level of the liquid, a, ehoan m F.g. 1771.. 
g can be represented by the senes 


M B fiirx 

a, 2 ^/)-. COH n<fi Bin 


(0 
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u'lual way from expressions (b) These coefficients nre repre- 

pcnted bv the expression 

a «.in na — n cos na sin or), (<0 

Minr’Cn- — 1) 


where 

m = 1, 3, 5, and w = 2, 3, 4, • • • , 

whereas 

i>mo = — cc — a cos a), W 

BIT* 

and 

D., - _ „„ 2«). (/) 

ntr* ' 

In tlie case of a cylindrical shell completely filled with liquid, 
we denote the pressure at the axis of the cylinder* by yd; then 
q = —y{d + o cos v>), (?) 

and we obtain, instead of expressions (d), (e) and (/), 

D...0, (J) 

m* mr 

To obtain the deformation of the hhell w e substitute expressions 
(o) and (c) in Eqs (257) In this way we obtain for eacli pair of 
values of m and n a system of three linear equations from which 
the corresponding values of the coefficients Bn„ and Ci.» 

can b« calculated ’ Taking a particular case in which d = o, wo 
find that for n = 0 and wi *=• I, 3, 5, • • • these equations arc 
especially simple, and we obtain 


* 0, CmO — ■ 

where 


m X<(I - K-) + I’mv] 


For n = 1 the expressions for the eocffieients are more compli- 
cated. To show how rapidly the coefficients diminish as tn 


> In a closed cjlindrical seseet this piroain* Can bo larger than ov- 
’ Siieh caJeuJatioa? hape been izisde for several particular cases by 1- A- 
tVojtaazak, Phil. Mag , scr. 7, sol 18, p 1090, 1931; see abo a paper by 
H. Reiaancr, Z. anjeic. ifalh Mnh , vol 13 , p 133, 1933 
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in which a is the central an^e subtended by the shell and I h 
the length of the shell. It can be shown by substitution of 
expression (a) in Eq (254) that in this way we shall satisfy the 
conditions at the boundaiy', which require that along the edges 
^ = 0 and ^ = or the deflection w, the force Np and the moment 
Mp vanish and that along the edges x = 0 and x *= I the deflec- 
tion IP, the force and the moment Mi vanish. The intensity 
of the normal load q can be represented by the series 

Substituting series (a) and (5) in Elqs. (257) and neglecting in 
these equations the terra h}/12a^ as being small m comparison 
with unity, we obtain the following system of hnear algebraic 
equation® for calculating the cocEBcicnts and C«.: 



To illustrate the application of the®e equations let us consider 
the case of a uniformly distributed load* acting on a portion 
of a cylindrical shell having a small angle a and a small sag 
/ =£ all — cos (o/2)). In this particular case expression (6) 
becomes 

5 - 2 2. -Si""™ 

> The load la assumed to act toward the axU of the cylinder. 
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ond the coefficients D.. are pven by the expression 

mnr 

Substitutini; these valnes in E,s. (c). »e can calculate the coeffi- 
cients A.., and C„. The calculation, “'f ' “ ^^‘2” 
case in which aa = I and for Bcveral valu« of the ra ^ 
that for small values of tins ratio, senes (a) ^ satisfactory 

and the first few terms give the displaeernents 
accuracy. The maximum deflection, which occurs at the cente 
of the shell, can be represented in the form 


9l‘ 


(e) 


in ,.hich ^ ia a numerical 

rutin“'2E'SEr::E\ £ 

loaded and simply 8tiPPort«<* P . ILnw diminishes ns 

comparison. It is seen that the deflection rapimy ui 

the ratio f/h increases. 

Ta.cc 40 -Tuc Vacto o. t«c ^>" 0 . f m ^ W 


The calculation, abo show that the d jV. dimmi'ti 

Ending strew, c, produced by the tEo .l2c b vcrc- 

rapidly a,//Uncrca-. 

tedious in the case of larger s nJ } j and a larger 

sealing the moments become less rap.dlv comergen 
number of terms must lie tahen. 
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te - ^TT, am^' 


CO 


<n w tuch U V- and are fimctKms of * only Substituting these senes 
m Fqs (257) no obtain for 17-, V- and H'. three ordinary different^ 
equations with constant coefficiente These equations can be integrated 
by using exponential functions 4n analysis of thu. Imd made for a closed 
eshndneal aheU' shons that the solution is fcr> involved and that rasulta 
smUble for practical nppheation can be obtained only by introducing 
sitoplifying assumptions , ow ti. 

91 An Approximate Investigatioo of the Bending of Cylindrical Shells. 
From the discussion of the previous article it may be concluded that the 



application of the general theory of bending of cylindrical shells in even the 
simplest cases results in isry complicated calculations To make the thwry 
applicable to the solution of practical problems some further simplifications 
in this theory are necessary. In considenng the Tacmhrane theory of c>lw- 
dncal shells it nas slated that that theory gives satisfactory results for 
portions of a shell at a considerable distance from the edges but that it is 
insufficient to aalisfj all the conditions at the boundary. It is logical ther^ 
fore to take the solution furnished by the meinbrane theory as a first approxi- 
mation and use the more elaborate bending theory only to satisfy the condi- 
tions at the edges In applying this latter theory, it must be assumed that 
no external load U distributed over the aheU and that only forces and 
moments such aa arc necessary to satisfy the boundary conditions are 

•Sec paper by K Micsel, /nyniirur-ArcAie, xoL 1, p 29, 1029 ^ 

apphcation of the theory to the calculation of stress in the hull of a sub- 
marine is shown in thu paper. 
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.h. ea... '.“o': 

mvesligated by usmg Eqs. (257) aiwrpi*^ B 

these equations. . .nrfn.Ptural engineering' the ends 

Inapplicationssuchasa^en^ulc^^^^^y suS-orted in such a 
z = 0 and i = Z of the shell {Fig 1 ^ Experiments 

manner that the dbpUcemcnts j. and » ^ **'* ^ ^ negligible, and ue 

■»" - 0 s: 

can XTeglMt the twisting '’Mmpl.S*'and tL^e^t«nt'f«"'^‘'" 

sj-stemofEqs ( 255 ) can be considerably terms’ of moment 

and components of displacement can 

Jlf,. From the fourth of the equations (25S) we obtain 

IdW, (a) 

Buta.,...bg .l,» m «.d tod to.U» .1 to -to "• 

SO. (H 

" 0 

Th. -cond .nd to 6M ol to Mu.tiom (255) Hen pve 
1 / SJ),"! 

sw. 

' IssSl o‘\5» *' ■' 

The components of dtsp'sc to" * toafs^— 
derivatives. We begm ‘‘‘ ‘ " 


«f) 


laceBienv«»'5““”' •• _ , 

with the known wlations [see Eqs ( 

, 2? - i-{hr. - eW»). 

ai Elk' 
du . i! „ 2(t 
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From tbps'* equations we otitwn 


£ - 

ai' “ ^ to o\a^ Si> /J 

•-Slug, these exjiteissiorta toRether laitK I>ia (61, (cl and (d) and with the 
ixpression (or the bciidiriR moment 

M (s) 

o’\a^ 6,9*/ 

we (inally obtain (or the determinsHon of Mt Ihc following differentW 
equation of the eighth order 


, . 6'*V* . O'M, 

i?v ■*■ ^17 *■’“ V;? 


, »,« O'M, .O'M, 

+ + -**577;* 


. O'M, 


+ (2 + »>a»— + !2(l — »»)— m 0. (A) 

-I- U + »>a Jrfii » '^1 


A particular solution of this equation is afforded hy the expitesion 
Jlf, — A«*' »in — p* 

Substitutmg It in I>| (A) and using the notation 


(i) 


the foltowmg algebraic equation forcalrulating ais obtained* 

a* + (2 - (2 + OX'la* + |(1 + 2 f)X* - 2(2 + 11<.‘ 

+ (-»X‘ + (I + f)*X« - (2 + »)X*lo» + 12(1 - F*)^X* - 0 (A) 

The eight roots of this equation can be put in the form 

<»i I » I = ± Cti ± t^i), wm • “ ± (71 ± *<*»!• 


(0 
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Beginning with the edge y, - 0 ftnil satisfy 

r“r'=— 

obtain ‘ 






>8 + Ct #in Pi*) + ' 


-T^(r. e. 
+ C,i 


I Pt* 

n 3»*»)1 8>" “ 


(m) 


wliich gives for y *» 0 


(n) 


Jl/, - (Cl + Cl) »m -J- 

It instead of a single tenn (.) we take the ir.eonometnc senes 

.V, -2'*"'“"'’"'^ 

any distnbntioa of the bending 0- N, and 

obtained Having an expression for 

W,» are obtained from Eqe. («). W '*• , . -nments M* and the 

ir in nomn p.rtM.r c... Ih. ™”5" <.v», *« ■*" 

resultant forces Qy, Nt and N,t along g jj,g ((,u, coefR- 

represent these distnbuttons by eenes can thenbe used 

cientam the terms eontainmgem ^ solution (m); and 

for the calculation of the lour ’ tjje given force distnbu- 

in this way the complete solution of the problem 

twn can be obtained . .. obtained by using Eqe. 

If the expressions for u, v and tf in t^e problem if tho dispUco- 

ifl, we can use the resulting expressions to ^Wo the pro ^ of 

ments, instead of the forces ^5y mentioned paper by Finster- 

such problems can be found in the p method lust deaenbed can bo 

walder,^ who shows that TstruTS pSms 

successfully applied in solving important structural p 

' Loe. cif , p •t47' 
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SHELLS HAVING THE FORM OF A SURFACE OF 
REVOLUTION AND LOADED SYMMETRICALLY WITH 
RESPECT TO THEIR AXIS 

92. Equations of Equilibrium. — Let us consider the conditions 
of equilibrium of tin element cut from a shell by two adjacent 
mendian planes and two sections perpendicular to the meridians 
(Fig 1S0).‘ It can be concluded from the condition of s}Tnmctry 



that only normal stresses will act on the sides of the element lying 
in the mendtan planes. The stresses can be reduced to the 
resultant force Ni Tid<fi and the resultant moment ilf» fidifi, 
and Mt being independent of the angle 9 which defines the posi- 
tion of the meridians. The side of the element perpendicular 
to the meridians which is defined by the angle ^ (Fig ISO) 
is acted upon by normal stresses which result in the force 
N, ri sin <f dd and the moment Af , r» sin ^ dd and by shearing 

' Wc use for radii of curvature and for aagles the same notation aa in Fig 
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iihich reduce the toree 0, r. sin d> normal f 
The exlemal load acting upon the element can be “ 

betoie, into two components I’r.r, sm y dy de and Z ■ ' 
tangent to the meridians and normal to e , annroach 
Assling that the membrane torees A', imd A, do aW™”^ 
their critical values,* wc neglect the change ol ^ 

deriving the equations ot eq-dlMo*" f 
in Art. 73. In Eq. (f> ol that article, whch "!“ J*'™” ^ 
projecting the lorce, on the tangent to ‘l>» ‘‘“S 

-QA, must now he added lothelctts.de. ,tn 

wrobtained by projecting the ton^ “ S'Xw" The 

anadditionaltcrmd(Q,ro)/dymustlwa p(,„il,bnlim of the 

third equation is obtained by cons, denng the „ 

moments with respect to the tangent to the parallel cncle 
the forces acting on the element. This gi'cs 


r, +^tdy)d» - j/y.d» - J/.'-.tosydyds 

- Q,rj pm ifiTidifid 




Alter simplification this 'T"*! 'pve'us ttie following 
Of Art. 73, modified explained above, give us in 

system of three equations of cquilibnum. 

cos v- - " ^’1 

*’ .. - . + Zr.ro = 0.i (258) 

A^ro + pm v H 5^ ^ ( 

^(JlVo) - -‘W.r. cos V - Qfryro = 0.| 

■In these three equations tvvo resultant 

quantities, three resultant forces A ♦, can he reduced 

Lmenls k and M,. The number and the 

to three if we -i^r.^'rrXimponems e and w of the 
moments if, and Mt m terms of ^ deformation 

displacement. In the discussion ui ’ . ^ the strain 

produced by membrane .tn»ea. we oblamen 

.Th,,.«ioao.bacldl.a;t.ptadc^«”»'’'>«“""‘”’'‘ 

“Theory of Elartic SUbihty. P- 491. between the pUnr* »" 

« In Ihia derivation we observe that * 
the momenta M* act is equal to e<w e <»»• 
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components of the middle surface the expressions 


“ ri 


e* 


w 

r» 


from which, bj iisiog Hooke’s law, we obtain 




(259) 


To got similar expressions for the tnoments and Mi let us 
consider the changes of curvature of the element DABC shmvn in 
Fig. 180 Considering the upper and the lower sides of that 
clement, we see that the initial angle between these two sides is 
dip. Because of the displacement a along the meridian, the upper 
side of the element rotates with respect to the perpendicular to 
tlie meridian plane by the amount v/r%. As a result of the dis- 
placement w, the s-ime side further rotates with respect to the 
same axis by the amount dw/vi d.p Hence the total rotation of 
the upper side of the element is 


i 

Tl ^ Tl dip 

For the lower side of the element the rotation ia 


(o) 


V , dw , p die 
f; r, d#. dv\T, r, dvj 
Hence the change of curvature of the meridian is^ 


i-i d#»\ri r 


( 6 ) 


To find the change of curvature in the plane perpendicular to the 
meridian, we observe that because of symmetry of deforma- 
tion the lateral sides of the element DABC each rotate in its 
meridian plane by an angle (^ven by expression (a). Since 
the normal to the lateral side AB of the element makes an angle 
(»/2) — cos ipdB with the tangent to the meridian DC (y-axis), 


‘The strain of the middle surface is neglected, and the change in curvature 
is obtained by dividing the angular change by the length ri <J*> of the arc. 
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the rotation of the side AB in its own plane has a component «ith 
respect to the p-axis equal to 

^(Z + J^coa^de. 

\ri ri dip/ 

This results in a change of curvature 

+ r. V' 

Using expressions (b) and (c), we tire** obtain 

.If, - -D[i + ^) + r.(r. + irr) “‘41 <260) 

Bubstituting expressions (^9) and f, w and 

obtain three equations with three un ^ 9 

Q,. Discussion of these ^^uations a « 

We can also use expressions (260) theory dis- 

conclusion regarding the accuracj o calculating the 

enssrf in Chap. X. In Art. sf luttoting thn 

displacements v and io were «vnressions (260), the 

dispkeementa given by „ bn cakolaled- Those 

bending moments and bending slrc^ air-nn' By comparing 
stresses were neglected in the .tries, a con- 

their magnitudes with those of of the membrane 

elusion can be drawn regarding 

theory. Bnherical ^hell under the 

We take an a patliculnr he supports arc as shoan 

action ot its own weight (page 35JI- rnembrane theory 

in Fig. 140a, the displacements as given i 
from Eqs (/) and (6) (Art. 76) are 


a*o(l + »-)/ 1 _ _ J 

+ log 

, 1 cos ^)' 

0 - i- cot v- - + cos i> / 


1 4- cos 

+ log ^ 4, cos^ 


(<0 
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SuiMitutinR cxpri-^ions into fomtiil'ui (2G(i} for tlio I>cndinK 
mompnt-*, obtain 

(0 

The* rorro«j)ornlnii; iM'mliiiR Mrw-s at tho “iirfacc of the phcll H 
immencftUy ofnial to 


Takinj; the ratio of thU Ktrc^i lo the eotnpre*i.‘«ivc streM a given 
by the memhrane theory Joec we fimf 


The maximum value of tlni ratio is fotiml at the top of the rhell 
where ^ » 0 and iia.« n macnitude, for > » 0.3, of 


3.2<)-- 


a 


(/) 


It ia peen that m the ea.«c of a thin rheU the ratio (/) of licnding 
fltresse? to membrane «ures«i“s is small, and the membrane theorj’ 
gilt's lati-.f'ietory fe*ulta provldtti that the conditions «t the 
supports arc puch that the shell ean freely expanil, aa shown in 
Fig I4t)a. Substituting expres.sion (c) for the Ix'iidmg moments 
in Eqs. (25S), closer approxiinatious for tlic membrane forces j\', 
and N* can lx? obtained. Tlic^ results will differ from solutions 
(211) only by small quantities having the ratio h*/a* a.s a factor. 

From this discussion it follows tliat in the calculation of the 
strcbses in s}Tiiinetrically loaded pheUs wc can take a.s a first 
approximation the solution pven by the membrane theoo' <tnd 
calculate the corrections by means of Cqs. (258). Such corrected 
values of the etrcsscs will be accurate enough if the edges of the 
shell are. free to expand. If the edges are not free, such forces 
must bo so applied along the edge ns topatisfy the boundarj’ condi- 
tions The calculation of the stres-ses produced by these latter 
forces will be disens-sod in the next article. 

93. IReductioa of the Equations of Equilibrium to Two Differ- 
tntisi ■E.rpiatkiTft tA \lie SeconA Order. — -YTam the disciK^^w 
the previous article, it is been that hy using expressions (259) and 
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(2G0) can obtain from Eqs. (258) tlireo equations with the 
tlirec unknowns v, w and By using the tlurd of tho^c equa- 
tions the shearing force Q, can be readily eliminated, and tlic 
three equations reduced to two equations with the unknowns v 
and u>. The resulting equations were used by the first investiga- 
tors of the bending of shells.* Considepablc ?implificatio;i of the 
equations can lie obtained by introducing new Variables * As 
the first of the new vanaWes we shall take the angle of rotation 
of a tangent to a meridian Denoting this angle by V, we obtain 
from Eq. (a) of the previous article 

As the second variable wc take the quantity 
V = 

To simplify the transformation of tbc equations to the new 
variables we replace the lir't of the equations (25S) hj one similar 
to Eq. (209) (see papc35S),whichean be obtained by considering 
tlie equilibrium of (he portion of (he shell al>ove the parallel cirtle 
dofiti^ by the angle f (Fig. ISO). Assuming that there Is no load 
applied to the shell, (h‘n ertnation gite*» 

2rri>U, sin v» + 2rr^, cos i? =» 0, 

from which 

*» — O^cotv' * — — Cf cot ip. 


(a) 

lt>) 


(0 
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cincl, ol)‘'('r\ing tliat r* = ri bin ip, we olitain 


N, = 




T\ dtp' 


(<l) 


Thus both of the membrane forcei A% nnd arc represented in 
terms of the quantity U which is, as we sec from notation (b), 
dependent on the shearing force 0, 

To c'tabh'h the first equation connecting V and 1/ we use 
Eqs (259), from which wc leadily obtain 


« tot {/) 


Eliminating tc from these equations, wc find 

^ - V cot - ^l(r, + »T,)JV, - (r, + >T,)jV#l. (?) 


Differentiation of Eq (/) gives* 

The derivative dv/dp can be readily eliminated from Eqs. { 3 ) and 
(b) to obtain 


-Ate'"* 

Substituting expressions (c) and (d) for N, and Nt, we finally 
obtain the following equation relating to U and V: 


(261) 


CtA dpj dp 


The second equation for U and V is obtained by substituting 
expressions (260) for M, and Jl/* in the third of the equations 


‘ We consider a general case by assuining in this derivation that the thick- 
' ness h of the shell is variable 
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(258) and u‘<ing notations (a) and (6). In this ivay ^\e find 


r* dip* 


riLdA^i/ ’■» 


f, dh 
cot VI + 3^ s; 


ujdp 


3"£S^^ + Gcotv|l’ - -f!- <262) 

h U I ^ 


Thu, the preblcm ot bending ot a «hell hat mg the term of a 
Burface ot revolution by lorcc and moment, ^ 

Iributed along the parallel circle reprccnting the rfge i. teduen 
to thettegration rf the Itvo E„. (261) and (262) of the second 

°1t 'iho thicknea, of the shell i, constant, the terra, 
dh/d, an a factor vanish, and the dcnvativc, ot 
U and V in both equations have the same coefficients. y 
introducing the notation 

,, , r,d'( . . j . lUfa) 

,r, .„ld( J_r,_col^if( ), (0 

+ -cotpJ— jj— „.r, 

• the equation, can be repre^tnlcd in the tolloning simpliCed fonn. 


MV) + fV - Bl’,) 

I,. V 1 

«n - r> - -B 


(203) 


From this sj'stem of t^o mmultanwus 

the second order w c readily obtain for eac i un . g 

ot the fourth order. To accomplish this no f 
of the diuation-s (263) the operation uidicatctl bj the .J 
L( . . . ), uliicli gives 

UAU) + ''•(^) " 

SubstitHtinR from the M-eond of the *siii»tions (263) 


/.(V) ■ 


' 0^“ rl^ 
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Wi obtAiii 

l;.io + - ’yun - 'yf - -’^v. (2<i.) 

ill tlip ^amc manner wo aJMj find the wMrond equation 

/./.in - + yim - 'Jf - -“v. ( 265 ) 

If the radius of curvature ri w ean»lnnt. as is the co-'c of a 
■•phcncal or a romcai ^hoIl or in a ring shell such na is shown in 
Fig 145, a further simplification of Eqs. (204) oud (2C5) is 
possible. Since in this case 


'•('.) ■ n''"’’' 

bj’ uejijg the notation 

. to 

both cqviations can lx* reduces! to tlic form 

LLkV) + ii*i/ - 0, (266) 

wliich can Iw written m one of the two following forms: 

I[L(t') + iwHl - lanf-ffO + « 0 


LIUU) - i^*V] + lAUU) - - 0. 

These equations indicate t!iat the solutions of the second-order 
equations 

L(.V) + t»i*y •= 0 (267) 

are also the solutions of Eq. (266). By proceeding as was 
explained in Art. 85, it can be shown that the complete solution 
of Eq. (260) can lie obtained from tlie solution of one of Eqs. 
(267). The application of Eqs. (267) to particular rases will be 
discussed in the two following articles. 

94. Spherical Shell of Constant Thickness. — In the cn'c of a 
spherical shell of constant thickness n = rj = a, and the symbol 
(f) of the preceding article is 
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Considering the quantity aQ„ instead of T, ns 
unknomis in the further discussion and introducing, instead of tlie 
constant n, a new constant <> defined hy the equation 




la’d - ■■■r 


«e can rcptcscnl the first ot the equations (267) in the follouins 
form: 

^ ^ - cot> tQ, + 2ia’«. - “■ 

difi* Oifi 

A further simplification is obtained by introducing the new 
variables^ 


J>in* 49,) 
sm ¥> ; 


With these variables Eq. (268) becomes 


a(.-l)S + 


*■ (i’ “ ^ 


- 2»/>*, 


(c) 


(d) 


This equation belongs to a knorni type ot difiercntial equation of 
ihe second order which has the form 

a(l - *)y" + w - (. + « + 'MS'' 

Equations (d) and (c) coincide if we put 


= 2, 


3 ± -y/S + 

= 4 


3 Ip y/o + 8ip*. 


(/) 


A solution of Eq. (c) can be taheu iu the form ot a pouor senes 
4 4. A»i* "b ^ 

Substituting this series in Eq- (c) ^^^“^'follmring relations 

for each power of X to zero, we obtain tiie 10 

‘ This solution of the equation was hy ^ Meishru-r. loc 
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between the coefficients: 


A A (« + m + 1) . 

2 (r+i) 

(g + n - l)(g + « - 1) 

* »l(7 + B - 1) 


With these relations series (3) becomes 


]. m 

This is the so-called hypergeometricai series. It is convergent 
for all values of s less than unity and can be used to represent one 
of the integrals of Eq (d) Substituting for a, and y their 
values (/) and using the notation 




. ofi g(g + l)g(g + 1) .., 

*■ 1 • / 1 2 y(y + l) ^ 

, a{a + l){a + 2)0(0 + l)($ + 2) 
^ 1-2 3 Mv+lXv + S) 


S> - 5 8ip* - 5 -b - 7, (f) 


we obtain as the solution of Eq (d): 




(3» - a»)(7» - , . . 

16* 1 2 2 3 


]’ ^ 


which contains one arbitrary constant ^lo 

The derivation of the second integral of Eq. (d) is more 
complicated.* Tins integral can be written in the form 


Zt = Zi log z -I- (^) 

where v{z) is a pon emeries that IS convergent for ]z| <1. This 
second solution becomes infinite for z = 0, t c., at the top of the 
sphere (Fig. 170), and should not be considered in those ca.®c.s 
in which there is no hole at the top of the sphere. 

If wc limit our investigation to these latter ca-ses, we need 
con.«ider only solution (j). Substituting for 6’ its value (1) and 
•Differential equations that are solved by hjpergeometncftl series are 
discussed in the book '*ni™»ani»-W«ber, die partiellen Differential-Gleich- 
UBgen,” vol. 2, pp 1-29, 1901. 
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dividing series (j) into its real and imaginarj' parts, ^ve obtain 
2, = S. + iSi. 

where S, and S, are power series that arc corivcrgent when 
\x\ < 1. The corresponding solution of the first of the equation 
(267) is then 

Ui = a^n v2i — Ii + 

where h and /■ are two series readUy obtained from the senes 

nteesaary integral ot the seeond o( the equat.on, (267) can 
be represented by the same series 1 1 and /* (•'cc page 41 ) 
for the case of a spherical shell without a ® ^ ® . 

general solution of the differential t^uation (266), which is o 
the fourth order, can be represented in the form 
£7 * oQf » Ah + Bh, 

where ^ and B are constants to be detemired from the two 
conditions along the edge of the sphencal shell. ..-rtitd 

Having expression (») lor U. wc can read.ly find he see^d 
unknown V. We begin by substituting expression (m) in the 
first of the equations (267) which pves 

l(/i + •/.) - -iVtli + 'll)- 

Hence, v a 

L(/.) - n-/., '-('•) - ‘ ’ 

Substituting esprresion (n) in the first of the eqnal.ons (263) and 
appljTng egressions (o), we then obtain 

EkaV = aL(l/) 4* rU , • • • . (p) 

It is seen that the second unknown I' is .!«> represented by the 

series Ji and /i. j V we can obt^n all the 

Having the expressions for U ana , 

forces, moments and displacements. The bending 

found from Eqs. (c) and (d) of the prewou /nfiO). Observing 

moments ih and M$ are obtained rom ^ ^ ii«ing notation 
that in the case of a spherical shdl n - ri 
(a), we obtain 
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( 9 ) 


In calculating tho cnmponenti r and v of di«i)lacement we use 
the expressions for the strain in the middle surface: 


.. - J^OV, - 


Substituting for N, and A'» their expressions in (/ and I’, we 
obtain expressions for «, and <* which can be used for calculating 
V and u) aa was txplainesl in Art. 70 

In practical applications the displacement S in the planes of 
the parallel circles is usually important It can be obtained by 
projecting the components r and tc on that plane. This givea 
(Fig 180) 

J “ c cos ^ — tc sin ifi 

The expression for this displacement in terms of the functions V 
and V is readily obtained if we ol>scr\e that I represent* tho 
increase in the radius r« of tlie parallel circle Thus 

^ « sin 

(0 

Thus all the quantities that define the bending of a spherical 
shell by forces and couples uniformly distributed along the edge 
can be represented in terms of the two senes /i and /* 

The ease irith which practical application of this anal>'Bis can 
be made depends on the ra|ndity of convergence of the senes It 
and It This convergence depends principally upon the magni- 
tude of the quantity 



which, if K* is neglected in comparison with unity, becomes 



SHELLS Fomrisa surface of rlfoli tios 

c,taktio,« .ho«- that tor , < 10 the 

is satWaclor,-, ami all accessary .,m.nl.t.c can he tama 

much lilfficully tor various i-rlp- cottrinioiis. 



tnd the i 


oponding membrsne forces 


that top ‘■''■•‘•'l™'’"’'*"” 


ere 




E1 

'i 


(«) 


By auperposmg on the' niembrene foreee horuontel forces 


tmiformly distributed along the ^ supported by vertical tcm- 

eenud in Fig 18U. m which the »« obtained by 


tions of a honiontal plane The atressea in 

j Boll*. ScAireu Bowed""?. 60. 

• Such calculations were made by !*• 
p 105, 1915 
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The total stresses obtained in tWs way tot the previously cited numerical 
ciampJe are ehoivo in Fig 383 

From the calculation of the maximum compressive and maximum tensile 
stresses for vanous proportions of shells submitted to the action of a uniform 
normal pressure p, it «as found* that the magnitude of these stresses depends 
prmcipally on the magnitude of the quantity 





Fkj. JS3. 


represented in Fig. I8la thc-« formulas for the mimeneally grsatcal stress 
arc as follows: 


For j sin* a < J.2, 

for 1.2 <j sin* a < 12. 




-} 


■ See paper liy Hollo, (oc cil , p. 463 



466 


THEORY OF PLATES AND SHELLS 


For the case represented in Kig J81b the forsiulns are' 

r„ < 3, . . - 003s(^)'„.,]; 

!0T 3 < <12, , „ _J 2^ 


It ^as assumed in tlie roreftotn^ diitcussioii that the shell has no bole at the 
top If there is such a hole, ne must satisfy the boundary conditions on 
both the lower and the upper edges of the shell This requires a considera- 
tion of both integrals (j) and (t) of Eq (d) see p 460 and finally results in a 
solution of Eq <266} n hieh contains (our constants rrhich must be adjusted 
in each particular rase so as to satisfy iheboundaij- conditionsou both edges 
Calculations of this kind show> tliat, if the angle a is not small, the forces 
dutnhuted along the upper eilga liaxc onlj a lery small influence on the 
magnitude of stres^^s at the lower edge Thus, since these latter stresses 
are usually the most important, «e can obtain the necessary information 
for the design of a shell with a hole hy using (or the calculation of tbein»t> 
mum ttressca the formulas derived for shells without holes 
The method of calculating stresses in sphenenl shells discussed in this 
article can also be applied to calculafing therms} stresses Assune that (he 
temperatures at the outer and at the inner surfaces of a spherical shell are 
constant but that there is a hacar variation of temperature in the radial 
direction It ( is the diSerence in the temperatures at the outer and inner 
surfaces, respectively, the bending of the shell produced by the temperature 
differeoeo IS entirely arrested b> constant bending momenta (see Art 14) 


if* - . 11 * 


(r) 


In the case of a complete sphere these iDoments actu.ilty exist and produce 
bendmg stresses the maxiinum values of which are 




6«rfD(t + ») alE 
i> “ 2(1 - *)■ 


(w) 


If we have only a portion of a sphere, supported aa shown in F^g. 18Ia, the 
edge is free to rotate, aod the total thermal stresses are obtained by super- 
posing on stresses (le) the stresses that are produced in the shell by the 
moments 


M. 


qtPfl + >) 


uniformly distributed along the edge These latter stresses are obtained 
by using the method discussed in this artiele • In the case shown in Fig. 
‘ See paper by BoHe, foe cit , p. 463. 

’ Thermal stresses in shells bare been dtscusaed by G. Eichelberg, Forseh- 
unffiarbeiten, no 263, 1923. 
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m<, the .h™.i E’v.. b, S 

^iddl. .e«.™ “• O*'™” “ ‘ “r^hU 

must be superposed stresses presdoced 4’J'**’”^ ^ £ the boundsry 

must be deletmiued m curb psHirubr esse so ss to ssl.stj 
coaditioas. 

96. Approiimute Methods of AaalyiioE Stresses m SpherM 
Shells.-in the previous .rticlc it has already beet. 
the application ol the rigorous solution tor the 
shells depends on the rapidity of eonvergence of the J 

into the solution. The convergence brumes f 
and more terms of the series must t« c.alculated, a, the mt.o ajh 
increases, (e., as the thickness of the shell teoome smaller and 
smaller in comparison with its radius ‘ For such '''.’‘J’’’ ' PP 
mate methods of solution have been dot eloped u Inch gii c ry 

^tneTripJraZat^troIlst^ 

i,r method of asymptotic iolegration ’ StarUng oath Eg 
(200) and introducing, instead of the shearing fore Qti 

rr rxr-. (") 


we obtain the etiuajiion 

ri* + oit" + rut' + W‘ + "•)' “ 

in which 


16 fin* 8 pin* v 


+ Tfi' 


_ 3 cos <p ' 
~ «n* 1? 1 

_ 4- 4/J* = (1 - '’)(l + , 


(r) 


2 sin^ v 2 
It can lie seen that for thin shell*, m which 
the quantity 43* is very Urge i« c«»mp.an oi 
oo, o» and oi providwl the angle v> «s »'> ’ tj,e «Ige 

further discussion wc shall ho inicrc* ncclccl the 

whore „ = n (I'ig. iSO and « i-* In this way 

terms with the coefficients n», oi an* t 



40S riiiortY nr ruTFx asd siieuj^ 

Vic obtain tbc *t4iiati<)ii 

j” + ia*2 « 0, (rf) 

Thus (Miiniinn ii Mmilnr i« I >1 (230) «lurJi wp usc<l in tho 
im coliEation of iho xyinmi'lnral dtformstum of cirfular cylindri* 
ml (■Iti'lls I’miib ltu‘ Ri-nornl M»lutioi» of lUj OO toRctlicr with 
notation (a) wp obtain 

Q» “ ' C(W tty* + (’t Mn 0if) 4- r*'(.c» ro« 0^ 

vain 

+ Cl pin (0 

From tho prouious invmiiBatimi of the Ix'ntiini; of rylindrical 
pIipUs we know tliat the Ix'ndinc produced by forces 

unifonnly distributed alons; the c< 1 rp dpcrm.«c rapidly aa the 
distance from the edge mfr«ax*s A nimdar condition also cxiitP 
in the caw of thin vphcneal phefU Olwrcing tliat the firet in'® 
terms in joUition (c) dccn-aw while the pocond two incrcopc M the 
anRlc ^ dpcrcapu's, we conchide that in the caw of a pphere without 
a hole at the top itia jicrmisMldp to take only the first two terms 
in polution (c) and apsiimc 

<3» “ ^ (Cl cos dv + Cl pin /J^) (/) 

vsm >fi 

Hat inR this pxpres-ion for Q, and »i«inc the relations (t), (c) and 
(d) of Art. 03 and the rclatioiLH (p), ( 9 ) and (r) of Art. 94, all the 
quantities definiiiR the bcndiiiR erf the shell can Ik* calculated, and 
the con.stanLs C| and C| ran lx* slctcrmintsl from the conditions at 
the edge. This method can be applied without any difficulty to 
particular ca.«es and gives good accuracy for thin sheik.* 

Instead of working with the differential equation (266) of the 
fourth order, we can take, os a basis for an approximate investiga- 
tion of tho bending of a spliencal shell, the two Eqs. (263).* In 
our ca.«e these equations can he written as follows: 

* .\n example of sppliratusn of the method of asymptotic integration fa 
given in Ibe author’* paper; m fiall Soe Eng Tech , St. Feiersburg, 191^ 
In tb« papers by lilumentha]. previoudy mentioned, means are pven for 
the improvement of the approximate solution by the calculation of a further 
approximation. 

• Tbit ffleUwd waa pre^wsed by J »' Geebelei', EerteJiuitffarim.'e.'v, JW>- 
276, Berlin, 1926. 
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^ + cot 


dQ, 


(cot* V ■ 


d^Q, 

dv* 

^ + cot «> + Ol" = " 


y)Q, = EhV, 

fl’O. 


(ff) 


^vhore 0, h the ehearing force, aod V U the rotation of a tangent 

to a meridian as defined by Eq (a) of Art 93 . n 

thin shelb, if the angle is hot small, the quantities Q, and 7 a 

damped o^t rapidly as the distance from the edge m r ase« and 

have the same oscillatory character as has 

Since 0 is large in the case of thin ^and he 

function (/) is large in comparison xxilh the 

second derivative is large in companson wi u+oiTipd bv 

indicates that a satisfactory approximation can f 

neglecting the terms containing the fa) 

first derivatives in the left side of Eqs (?) IV^7!LSon8‘- 

can be replaced by the following simplified system of equations . 


= EhV, 


d^Q, 

^ - -io, 

<f^ ^ 


By eliminating V from these equations ne obtain 


dt?, 


^ + 4X*Q, “ 0, 


where 


X* = 3(1 


-itf- 


w 

(i) 

(i) 


The general solution of this equation is 

Q, = Cie^* i:m\v + C^BtnXv + Cte-^* , 

' 4- sm X^. (X; 

Considering the cnee in nUch there h no hole at ^ 

1840 ) and the el, ell ie bent by force, and moment, undormly 
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di'trilmtcd along the edge, «e nml consider from the general 
solution (A) only the first two terms, which decrease as the angle 
Ip decreases Thus 
0 * = Cie*' ro.sXv» + Cjc^' riii \ip. (/) 
The two constants C\ and C* are to 
iH'dptcrmincsl in each particular ease 
from the conditions ut the edge 
iv =• a) In diseiis«ing tlic edge 
conditions it is adiantageous to in- 
troduce the angle ^ » a — ^ (Fig. 
181). Substituting a — ^ for 
expression (I) and using the new con- 
I'lnnts C and y, we can reprej>cnt solu- 
tion (0 in the form 

Q, Ce-^* sill (X^ + y) (”0 
Now, employing Eq«. (b), (c) and (cf) 
of Art 0-1, we find 



col (a - "in (X^ 4 - 

(u + y-i) I 


— X\/2Cc sin {x^ + 7 


( 200 ) 


From the first of the equ.stions (k) we obtain the expression for 
the angle v{ rotation 

■ Eh “■ Eh'' 


V 


■■ - cos (X^ + 7) 


(270) 


The bending moments can be determined from Eqs ( 9 ) of the 
preceding article. Neglecting the terms containing F in these 
equations, wc find 


M, - -5^' - ™ fw + 7 + ?)■) 

o dr XV 2 \ i) ( ( 271 ) 

M, . rf/, - + y + ) 

Finally, from Eq (r) of the previous article w e find the Iwrizontal 
component of displacement to be 

»“ + j)- 

(272) 
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Wjtli the aid of formulas (269) to (272) varioiii particular ca«es 
can readily be treated. 

Take as an example the c*a*<e shown in I'lg 1841; The bound- 
ary conditions are 

(.1/,),-. = (A%)^ = 0 (ti) 

By substituting ^ = 0 in the first of the equations (269), it can be 
concluded that the second of the lioundary conditions (n) is 
satisfiofl by taking the constant y equal to zero. Substituting 
7 = 0 and ^ = 0 in the first of the equations (271), wc find that 
to satisfy the first of the conditions (n) we must have 


which gives 


C 


Jf.2X 

a 


Substituting values thus determineil for the constants 7 and C 
in express-ions (270) and (272) and taking ^ 0, wc obtain the 

rotation and the horizontal displacement of the edge as follawsr 


(Of-s - 






• 2 \* sin ow 

■ — sr-''- 


(273) 


In the ra-v* reprapented in Fig 184c, the botindarj' conditions 
arc 


= fl, (AV)r-. = - /f cos «. (0) 

To f.ui'fy the first of the'<e mnditioiis, we mu^t take 7 = — -ir/t 
To sati'-fy the second boundary condition, wc u-'c the first of the 
emulations (2G9) which gives 

~ // ixit. a — C col a sin ? * 
i 

from which we dotm*rmitic 


,, . 2 // rin a 

Sub'‘tituling the values of the constants 7 and C in (270) and 
(272), We find 
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formula' (273) i' iho wtsu- of // In lb<* firtl of ll>o 

formiil.t-i {274) TIim folfuti nt ona- Inmi (hr n-riprorjJy 

tlu-orom 


Fortnulw v773 *H'( iJT*' r»n <a •olruii; |>ai1iruUr 

jifolilrm* Tskr »» an nf « »{'hi‘n<-*l ihall •«h a I'lilV-io 

r<l(r sn‘l nil-mitW to iba artK'unf a iinifonn twnnti pmsurr p If'ui 
Ctin»iJrnnj( fint iKr runnpoioiirx tivml.ranr pniM^m (fie 1 V>6). w tin<1a 
«in4torm n'tnpR^tim (if tba 



A', - Xt • - — 


n»<* (if f(ii« 

Oilattim an<{ iin 
«li«ptvcn>rnl 


pi‘'f« - ») 

3F* * 


I a If) 


ami tlie rormixinilmK 
l•Xtl*>nK(orTmllall (7731 and {77|), 
drtrrmlnation of .U« I 


To ot.fain (ha xifutam of (ha Rt' «i prnf-* 
lain %r on ilia tnrtnlirane forrra 

of I'm |b54 for«« ami inommls util* 
f.mntjr dittnlmtail alotit ilia aifia aa (n 
I'l* IsSa Tli'«o forra* ami nmmrtila 
ara a( a»»ah mapotuila llial lha forPa* 
•poniUnRhuncmul ili<plan-mant iaaffual 
ami «>ppniiiip In iba di*pl*rro'Pf‘t (p). 
nf Ilia Mica u a<iital lo t<TO In thra «B7. 
obtain llic (oIlnrlnK ac^natlona for tha 



from which 


•If. 

ir 


f»Hl - a ) 
4a* 



. _??? /ZEZ.1 

4 V3[l + a) I 
pad -* a) I 

2Xwa a i 


(') 


The nepitire siipis indicate that .W« and II have (liTaclionn oppoaita (o thoae 
chown in Fig. IM. 

The approsunatc afjnaliona (fc) wen- etitainnl ly iiealcctinn the unknown 
functions Oa *t»l et**l Ihei* fiiat denvatives In the exact e<|uatK)n« (?)• 
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A better approximatton is obtained if »e liil«»luce the new variables* 
Qi = 0^\/sm V, I'l •= V •v/wnTp 

' Substituting 



in Kqs (9), we find that the terms containing the first derivatives of Qi and 
V'l vanish. Hence, to obtain a simplified sjstem of equations similar to 
Eqs. (A), we have to neglect only the lema containing the quantities Qi and 
I’l in comparison with the terms containing the second derivstives of the 
same quantities Tliis gives 


€ 9 .' 

dv* 

rf*V, 

dv* 


Eh\\ 



The solution of Uicso equations can be obtained in the same manner as in 
the CMC of Kqs. (A). Returning to the original vanablea <?» and V, «c then 
obtain, instead of capreasiona (w) and (270), the following solutions-’ 


■y/sin (a - it) 


r- 


* (Alt + y) 


.(278) 


a/sw (« — #> 

PioccMtmg now in exactly the same way as in our previous discussion, we 
uhtam thefollowiDgevpreMbnainplaceoffonnuJas (269), (271) and (272); 


col (a -- ^)C- 



ein (A« + t). 


-7=s===l», 
Vsm (a -tf) 


V«n (« - ,t) 

12 CO* (Xf + v) - (Jt, + t.) Bin (X# + y)l,J 

H, CO* (X^ + 7) + Bin (Xf + v)!. 


V'em(o-<) 
i „ aain (w ~ 


KU + r*)(*i +*») - 2*iJ + yn 


Vsm (- 


^[cwi (X* + v) ~ t,an (H + >11. / 
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A I " 1 — cot (« — if), 

I +2* 

i» - » cot (« — *). 

Applying formula* (276) to tho particular case* previoustv discusswl 
and represented m Fig 1846 anti 18te, ne olitatn, instead of (onnutaa (273) 
and (274), the (oUovtmg belter approximatioti* 




4X«li. 


(V)*.. 


2\‘ am g 
Ekki 


H, 



(277) 

(278) 


By apjilymj? thew; formnlaa to the particular case shown m Fig. 185a, 
secontl approTiniations for the reactixe momenta Afo and reactive forces H 
are readily obtained 

To compare the first and second approaimations with the exact solution, 
wo shall eonsnler a numencal example lo which a ■« 00 in , A •• 3 lo i 
a a 35 cleg , p <■ 1 lb per square inch and r • I Tlie first and second 
approximations for ,V« ha\c l>ccn ealculatoii by using the first of the equa- 
tions ^271) and the third of the equations (276) and are represented by ^he 
dotted Imea in Fig 186 For comparison tlie exact solution' has also been 
calculated b> usuig the «enes of the pm loiia article This exact solution Is 
represented by the lull Ime tn F»g 186 In Fig 187 the force A’» as calcu- 
lated hr the same nunierieaf example t* shown From theee tno figures it 
ran bo concluded that the second approximation has xery satisfactory 
accuracy Observing that in our example the ratio a/h is only 30 and the 
angle a =• 35 deg is comparatiiely small, it can be concluded that the 
second approximation can be applied with sufficient accuracy in most cases 
encountered in present structural practice * 

' It was necessary to take JO terms m the senes to obtain sufficient accu- 
racy in this case 

‘Tile ease in whicli the angle n is amall and the solution (275) is not 
sufTicicnlly accurate is di'cusscd bv J W. Gcckeler, /npenieur-itrchiV, xol. 1, 
P 255, 1030 Application of the equations of finite difTerencea to the same 
problem has been made by P Pasternak, Z atigtv Math. Mech ,’vo! 6, 
p. 1, 1926 The case of non-tsotropicshrilsisconsulemiby E. Steuermann, 
Z anjfui .IfatA .Vreh.wl 5, p 1,1925 One particular case of a spherical 

shellof xariahlcthicknesaiadisciis^byM F.Spotts,/ App ifeeh,Tranj 

AjS.I/.B.vo! 61, 1939 The problem of non-ajinraetrical deformation of 
spherical shells is considered by A Havers, fngenieiir-ArrAfp, vol 6, p 2S2, 
1935 Further discussion of the aame problem in connection with the stre** 
analysis of a spherical dome supported by cbluiana is given by A. Ans Jakob- 
wn, Injenietir-ArAir, viA. S,p.T5S,l'9S7. 
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insteail of ff»- as w as prcvioxialy used. As a result of such changes in the 
\ftnnhlea, the following tmnsfonnitiona of the derivatives with rwpoct 
to ifi are iieccssuiw 


il „ -i/r— ^ - r»— + —J.. 

i<* iltey dg) dg* dtf dy 
the ajniliol (») m Art, 93 hceomes 

(drt rt \d{ . . .) I ^ 

\d3f r, / dy r. 


With these transformations, the ajniliol (») m .Art, 93 hceomes 
L( 1-.^^ 


Ohscrving that for a lonc the angle <f is constant and using notation a for 
»,2 - r (Fig 188), wc obtain 


Substituting the e*pre<>sicm» 

(a) and putliiigri " ■< , the syinhul 
L{. ... i becomes 




Using the notation 0) of Art 93 and introducing the new Dotation 
12(1 - »») 


• The subscript y is used instead of * in the further discussion of conical 
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Considering the fir«t 0/ these equations, «e tninsform it to (he known 
Bessel equation by introducing, instesil of g, a new vanabJe 

, - 2X^/i\/i, (<0 

which gives 

A siToilar equation baa already been discussed in the treatment of a cylindri- 
cal shell of non-uniform thickness (Art 8S). The functions ^1, . . . , ^4 
which were introduced at that tunc and whose numerical vaiuea are given 
in Table 47 can also bo applied in this rase. The general solution for j/Q, 
which satisfies both.of Eqs. (c) can then be represented m the following 

yQ, “ + ^1(0 j + Ctj^#»(() — j 

+ c.[mi) + w 

whew f “ SX\/y, and (ho prwnw denote derivatives with respect to (. 
From our previous discussion and from the values of Table 47 w e know that 
the funetions and and their denvativea and have an oscillatory 
charaetet such that the osciltationa are damped out rapidly as the distance 
V decreases. These functions should be us^ in invwtigatmg the bending 
of A eooical shell produeed by forces and momcota distributed uniformly 
along the edge g •* 1. The fenclions |t« and with their derivatives also 
have an oscillatory character, but their oscillations increase as the distance 
y decreases Hence the third and fourth terms in solution (J), which con- 
tain these functions and their derivatives, should bo omitted if we are dealing 
with a complete i^ne. The two constants Ci and Ct, which (hen remain, 
will be detennuied In each pariievUr case from the boundary conditions 
along the edge p = Z. 

In the case of a truncated eonical shell there w ill be sn upper and a low er 
edge, and all four constants Ch, . . . , C4 in the general solution (J) must 
be considered to satisfy all the conditions at the two edges Calculations 
ebow that Sot thin shells such os ere corainoaly used in engineering and for 
angles a which are not close to w/2, the forces and momenta apphed at one 
edge have only a small effect on the stresses and displacements at the other 
edge * This fact simplifies the proUem, since we can use a solution w'lth 

I A very complete discussion of eonical shells is given in F. Dubois 
doctorate dissertation "Uber die restigkeit der Kcgelschale,” Zilrich, 1917; 
this paper also contains a series of numerical csamplcs with curves illustrat- 
ing the stress distribution in conical rfiells having various angles at the ape*. 

* For «« 84 deg., F. Z>ubou found that the stress distribution in a trun- 
cated conical shell has the same charaeter as that in a circular plate with a - 
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only two conslJVnts We use thetenniiof the iiitpfcrnl (/) with tlie fonjt«nt< 
Oi and Tt when deiihne with the lower odije of llie sliell niid the terms with 
constants C> and C* when coiiMdennit the conditions at the upper edge 
To catcuHte lhe«e roustanla incAcIi particular cftKc w e neoil the expressions 
for the angle of rotation V, fur the forces A', and A'# and for tlic moments 
If, and tf» From Fejs |c) and (d) of Art 93 we base 

A', “ —Q, tan «, ) 

‘"S'0.5 ^ ( <«) 

‘ rfy dg dy ) 


From the finl of the equations 1233) we olitsm the rotation 


1 . tan*o .FiyQ.) d 

The bending tnonienta as toiuui from (2331 a 




(A) 


(») 


Ily substituting V a for o m Eq <c)«f Art Otwcfmd 


■ atang f djyQ,) - 1 

F.h I rfy 


U) 


Tlius all theqiisfl titles Chat dcftiie (lie bending of it eonieni shell are expressed 
ja terms of the eheanng force Q, which is given by the general solution (/) 

The functiona V'l 'i’ and their 6r3l derivatives are given in Table 47 

fori <6 Forlargervslucsof tthea.symptoticGxprei<sions (250) (page420) 
of these functions can Iw used with aulTicirnt accuracy 

Asanesatnple wc take thccasc repreecntedin Fig ISSa Weassumethat 
the shell is loaded only by its weight and that the edge (y 2) of the shell 
can rotate freely but cannot move laterally Considering first the corre- 
sponding jneiubrajie probJem (F>g ISSh). we find 


JV, - 


Xf - 



(A) 


where q is the weight per unit area of the shell. As a result of these forces 


hole at the center. Tins mdieates that for such angles the forces and the 
momenta applied at both edgea must be coiisidereil simultaneously. 
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there wiit iic a circumferential compreasion of the shell along the edge of 
the amount 


- iy.-. - (0 

To satisfy the boundary eonditions of the actual problem (Fig 188<i) 
we must superpose on the membrane stresses (oven li> E cjs (lE) the stresses 
proiluceil in the shell bv horuoDtil forces II (Fig 188f) the magnitude of 
Tvhich is determined so as to eliminate the coaipression (11 To solve this 
latter problem we use the first two terms of solution (f) and take 

yQ. - + ?’#:«} j + ~ j C'O) 

The constants Ci and Ci wd) oo» lie determined from the hioundary 
Conditions 


,>v'i - “• «l|.2.Vi - -■> •» ■ - • - ’>■ <"> 

in which ettprewions (»> and 0> tou-’t aubstitutid (or .1/* and i After 
the introduction of oxpreaion (<n) for i/l,. erpreasions (0 and (jl licconus 

31, +■2(1 - r)^,(f) - If'.ttjj 

+ f’|wl(t) - 2(1 - 

' - : ?■'*'] 

+ - 2^,(0 ( p ^ 

+ + ^^«>] + C, [*.(() - 
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The case of a corneal shell the Uuckness of which is proportional to the 
distance y from the ape^ can abo be ngorouaiy treated The Bofution is 
Bimplcr than that for the ease of nmfonn thickness ‘ 


97. General Case of Sh^s Earing the Form of a Surface of 
Revolution. — The general method of solution of thin shell prob- 
lems as devclopeil in Art. 93 can also be applied tg nng shells such 
as shown in Fig 145 In this way the deformation of a ring such 
asshowninFig 1 89a can be discussed * Combining several rings 
of this kind, the problem of compression of corrugated pipes such 
asshowninFig 1896 can be treated * Combiningseveralconical 




shells, we obtain a corrugated pipe shotm in Fig 189c. The 
compression of such a pipe can be investigated by using the solu- 
tion developed for conical shells in the previous article. The 
method of Art. 93 is also applicable to more general surfaces of 
revolution provided the tWekness of the wall varies in a specific 

* MeissssB, E., VierUliakrttehr. N^mjortth. Cei Zurich, vol. 60, p. 
23, 1015; see also E. HoneRg*r, “FesligkeiUberechnung von Kegelschalen 
mil Lnesr veranderheher WandstSrte,” doctoral thesis, Zurich, 1919 

* ProWeios of this kind are rigorously trosted in the psper by II TViasJer, 
“Featiglceitaberechnung von Itingflichenschalen," doctoral thesis, Zurich, 
1916 

‘Such corrugated pipes were considcted by K. Sunge, lnttn\tvr-Areh<v, 

vol. 2, p 47, 1931. 
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manner, that the general eqtiations (261) and (2G2) obtain the 
form (263). ‘ The solution of these equations, provided it ean be 
obtained, b usually of a complicated nature and cannot readily 
be applied in solving practical problems. 

At the same lime, all the existing solutions indicate that for 
thin shells for which the angle tp is not small, the stresses produced 
by forces and moments uniformiy distributed along the edge are 
of a local character and die out rapidly as the distance from the 
edge increases. This fact suggests the use in more general eases 
of the same kind of approrimate solutions as were discussed in the 
case of spherical shells Starting ivith the general equations (261) 
and (262) (page 457), wc neglect on the left sides of these equations 
the functions U and V and their first derivatives in comparison 
with the second derivatives.* This results in the following 
simplified system of equations: 


j-id*K [/ ( 

-b ) 




Differentiating the first of these (-quathns twice, nc obtain 

If after differentiation wc again retain on each side only one term 
containing the derivative of the highest order of the functions U 
and V, we obtain 


rtd*ir _ 




iKhr* 

’*7;^ “ 


fArlt; 

““frir 

(c) 

n 

{-i) 
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Eq (c) becomes 

— + 4\*U = 0. (e) 

a>p* 

This IS of the same form asEq {*) m Art. 95, nliich was obtained 
for spherica] shells. The difference betneen the tivo equations 
consists only m the fact that the factor X, given by expression (d), 
IS no longer constant in the general case but vanes mth the angle 
v> Since the function V dies out rapidly as the distance from the 
edge increases, we can obtain a satisfactory approximate solution 
of Eq. (e) by replacing X by a certain constant average value 
The apprommate solution previously obtained for a sphere can 
then be directly applied here 

To obtain a more satisfactory result the shell can be divided 
by parallel circles into several rones for each of which a certain 
constant average value of X ts used. Beginning with the fiist 
lOM at the edge of the .«helJ, the tno constants of tiie general 
solution (275) are obtained from the conditions at the edge in the 
same manner as was illustrated for a spherical shell Then all 
(luantiiies defining the deformations and stresses in this zone arc 
obtaineti from Eqs (276). The values of the«c quantities at the 
end of the first zone give th© initial values of the aamc quantities 
for the second zone Thus, after changing the numerical v aliio 
of X for the second zone, we can continue tho calculations by 
again using the general solution (275) ‘ 

It the factor X can be represented by the expression 



in which o and b arc constants, a rigorous solution of Eq (e) can 
be obtained.* However, since Eq (e) is only an approximate 
relation, such a rigorous solution apparently has little advantage 
over the previously desenhed approximate calculation. 

1 An application of thU method to the eakulstion of stresses in full hrsds 
of pressure vessels » given m the paper hy W M Coates, Trant. Am Soe 
Meth £nj,vol. 52, p 117,1930 

* Soe Ceckcler’s paper, loe e>t , p. 481; an application of this solution to 
the calculation of stresses in a steep-^ed dome is given in HOgge’s book, 
“Statik und Dynarnik der Sebalen,” p 172, Berlin, 1934 
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